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The beta-ray spectra of several radioactive elements 
have been investigated by means of a cloud chamber in a 
uniform magnetic field. The spectrum of Mg?’ gave an 
upper limit of 1.8 Mev on the basis of 586 tracks. The 
spectrum of Cu® gave an upper limit of 2.6 Mev on the 
basis of 803 tracks. The spectra of the two nuclear isomers 
of Rh were found to have the same upper limit and the 
same shape within experimental error. Their upper limits 


are 2.3 Mev on the basis of 524 and 529 tracks. The simi- 
larity in shape of the two spectra indicates that a direct 
beta-transition from the 4.37-minute level does not occur 
to any appreciable extent and that as far as can be de- 
termined by this work the disintegration of the 4.37- 
minute isomer proceeds entirely by a gamma-ray transition 
to the ground state of Rh™ followed by a beta-transition 
to the ground state of Pd, 





HE use of a cloud chamber in a magnetic 

field for the measurement of beta-ray 
spectra is ultimately limited by the scattering of 
the beta-particles in the gas which must neces- 
sarily fill the chamber and by the practical 
limitation on the number of tracks observable 
in a reasonable length of time. However, the 
method will give quite dependable spectra if 
sufficient care is exercised in the choice of tracks 
to be measured and if a fairly large number of 
tracks are utilized. This method was used to 
obtain the spectra of several beta-radioactive 
elements. The spectra of Mg?’ and Cu® have 
been investigated as well as the spectra of the 
two nuclear isomers of Rh™. The latter two 
spectra are of particular interest as they give 
information concerning the course of the dis- 
integration of the isomers. 


Apparatus 


The essential features of the design of the 
cloud chamber were taken from Kurie’s modifi- 


* Now at Case School of Applied Science. 


cation! of the pressure operated sylphon chamber 
of Dahl, Hafstad and Tuve.? The active region 
of the chamber was 17 cm in diameter and 2.5 
cm deep. The chamber was filled with helium 
at atmospheric pressure. Helium was employed 
as the gas with which to fill the chamber in 
order to decrease the scattering of the beta- 
particles. This gas was selected in preference to 
hydrogen as the low viscosity of the latter 
allowed the liquid droplets to fall too rapidly to 
permit sharp photography. Ethyl alcohol was 
employed as the liquid vapor in the chamber. 

The magnetic field for deflecting the beta- 
particles was produced by a pair of Helmholtz 
coils capable of producing 900 oersteds under 
intermittent operation. The field was carefully 
checked for uniformity and found to be uniform 
within 2 percent over the visible region of the 
chamber. The magnitude of the field was 
measured by two independent methods agreeing 
within 0.5 percent. 

1F, N. D. Kurie, Phys. Rev. 47, 97 (1935). 


20. Dahl, L. R. Hafstad and M. A. Tuve, Rev. Sci. 
Inst. 4, 373 (1933). 
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Since the radioactivities investigated all had 
fairly short half-lives, the samples could not be 
placed directly in the cloud chamber. Instead, 
the samples were placed in a “well” in the top 
plate of the chamber and the beta-particles 
admitted through a thin aluminum window. 
This window had a thickness of 7 mg/cm? which 
was estimated to be equivalent to 0.01 Mev for 
electrons of 2 Mev. 

The illumination for the cloud chamber was 
furnished by a bank of eight incandescent lamps 
of a type intended for series operation as street 
lamps on 32 volts and 6.6 amp. A lamp of this 
type has a double-coiled line filament and gave 
a fairly parallel beam when used with a cylindri- 
cal condensing lens. A Sept camera with an f: 3.5 
lens was used for the photography. After de- 
velopment, the negatives were projected through 
a similar camera to give a full size image as 
determined by a template. No detectable dis- 
tortion was introduced in the projection. The 
tracks were classified into groups differing in 
radius of curvature by 0.5 cm by the usual 
method of matching them to a series of circles. 
The lack of exact knowledge of the position of 
the tracks as a consequence of nonstereoptic 
photography introduced a small error in the 
radius of curvature. The maximum error from 
this cause was calculated to be 2.4 percent. 

Several criteria were established which each 
track was required to satisfy in order to be 
considered acceptable for measurement. Most of 
these criteria have been discussed at some length 
by other writers*: ¢ and will be merely listed here. 
The criteria were as follows: (1) The track must 
be of the proper direction of curvature. (2) The 
track must be visible to 7 cm or more from the 
aluminum window. (3) The track must be 
visible to within 1 cm of the aluminum window. 
(4) The track must appear to have its origin in 
the source. (5) The track must suffer no de- 
tectable deflection from a circular path in 7 cm. 
In addition to the above criteria tracks which 
showed noticeable diffusion of the ions were 
excluded. 


*E. R. Gaerttner, J. J. Turin and H. R. Crane, Phys. 
Rev. 49, 793 (1936). 

‘J. R. Richardson and F. N. D. Kurie, Phys. Rev. 50, 
999 (1936). 


The spectrum of Mg” 


Metallic magnesium was bombarded by 1.2- 
Mev deuterons from the cyclotron for the 
purpose of studying the spectrum of the 10- 
minute activity. The accepted reaction, assigned 
by Henderson! is: 


i12Mg?*+ ,H?—;2Mg??+ ,H!}, 
12Mg??—,;Al*7+8+y. 


Na*, of 14.8 hours half-life, is also formed on 
bombardment of Mg by deuterons. On the 
basis of Henderson’s® results on the excitation 
functions of Mg?’ and Na*™, the excitation 
probability of Na*‘ is estimated to be less than 
0.05 percent of the excitation probability of 
Mg?’ for a deuteron energy of 1.2 Mev. The 
Na* should thus not affect the spectrum observed 
for Mg?’. 

The Mg samples which were prepared for 
cloud-chamber measurements were first cleaned 
to remove the oxide coating and then bombarded 
directly in the deuteron beam inside the vacuum 
of the cyclotron chamber. The target, when 
bombarded, collected some deposit of carbon 
from the pump-oil vapor recoiled onto its 
surface. This carbon gave N™ on bombardment 
which has an 11-minute positron period and thus 
is easily distinguished from the Mg?’ electron 
spectrum. For the purpose of determining the 
half-life, the sample was covered with a thin 
aluminum foil to avoid deposition of carbon and 
bombarded as above. The activity of the target 
so prepared was measured with an Edelmann 
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Fic. 1. Distribution in energy of 586 tracks for Mg*’. 
5M. C. Henderson, Phys. Rev. 48, 855 (1935). 
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electrometer and argon-filled ionization chamber. 
The same method of measurement was employed 
to obtain the data used in the other half-life 
determinations. For Mg, a half-life of 10.0+0.1 
minutes® was obtained. This result is in agree- 
ment with the value of 10.25+0.25 minutes 
previously determined by Henderson.‘ 

There were 586 acceptable tracks observed in 
the cloud chamber. The distribution in energy 
of these tracks appears in Fig. 1. Visual extrapo- 
lation of this curve to the energy axis gives an 
upper limit of 1.8 Mev. This is considerably 
lower than the results obtained by other workers 
using the absorption method. Henderson‘ ob- 
tained an upper limit of 2.05 Mev by the use of 
Feather’s rule. Widdowson and Champion’ also 
measured this upper limit by absorption and 
obtained 1.96 Mev. 

K-U and Fermi plots were made for this 
spectrum. These led to end-points of 2.0 Mev 
and 1.7 Mev, respectively, the latter fitting a 
straight line possibly somewhat better than the 
former. 


The spectrum of Cu” 


Metallic copper was bombarded by the high 
energy neutrons resulting from the bombardment 
of Li by 1.2-Mev deuterons and the beta-ray 
spectrum of the 10-minute activity studied. The 
accepted reaction, assigned by Heyn* is: 


eg Cu + ont!—29Cu® + on! + on!, 
o9 u™— og Ni? +e?, 


The bombardment of Cu by high energy 
neutrons, which in this case involves bombard- 
ment by neutrons of all lower energies, leads to 
a number of radioactive products. Only two of 
these products other than the one studied emit 
positrons. These are Cu, of 12.8 hours half-life, 
and Cu®, of 3.4 hours half-life. These activities 
should not interfere with measurements on Cu® 


* The writer is indebted to Mr. B. L. Moore of this 
laboratory for these measurements on the Mg*’ half-life, 
which were made in connection with other work. The 
error quoted here and for the other half-lives to be re- 
ported in this paper is the estimated error in drawing a 
straight line through the points in a plot of the logarithm 
of the intensity vs. time. 

7E. E. Widdowson and F. C. Champion, Proc. Phys. 
Soc. 50, 185 (1938). 

(1937) A. Heyn, Nature 138, 723 (1937); Physica 4, 160 
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Fic. 2. Decay curve for Cu®. 


as they should be excited only weakly under 
bombardment for a short time. 

The samples to be exposed to the high energy 
neutrons were placed outside the vacuum of the 
cyclotron, separated from the Li target by a 
wall of copper 0.24 cm thick. The samples had 
a thickness of 192 mg/cm? which was estimated 
to be equivalent to 0.2 Mev for electrons of 
2 Mev. Such a thickness of the sample should 
not appreciably alter the value obtained for the 
visually extrapolated end point. It may, however, 
cause the curve to approach the axis more 
slowly than if a thin source were used. 

The samples were bombarded for 15 minutes 
with a deuteron current of 7 microamperes on 
the Li. The decay curve of one of the samples is 
given in Fig. 2. There is no evidence in this 
curve of the presence of the longer period 
activities. The half-life obtained was 9.92+0.05 
minutes. This is in agreement with Ridenour 
and Henderson’s® value of 10.0+0.1 minutes. 

Measurements were made on 803 acceptable 
tracks. The distribution in energy of these tracks 
is plotted in Fig. 3. The curve extrapolates 
visually to an upper limit of 2.6 Mev. (K-U 
upper limit 3.0 Mev.) 


The spectra of the isomers of Rh'* 


Rh bombarded by slow neutrons gives rise to 
two electron activities with half-lives reported 
to be 44 seconds and 4.2 minutes.” These have 


*L. N. Ridenour and W. J. Henderson, Phys. Rev. 52, 


889 (1937). 
10 E. Amaldi and E. Fermi, Phys. Rev. 50, 899 (1936). 
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Fic. 3. Distribution in energy of 803 tracks for Cu®. 


been ascribed to isomers of the single isotope 
Rh'™ in which one isomer represents a meta- 
stable state and the other isomer the ground 
state.!! Pontecorvo” has found that the continu- 
ous spectrum of the 4.2-minute activity is 
accompanied by a homogeneous group of elec- 
trons of 35-60 kv. These he concluded are 
formed by internal conversion of gamma- 
radiation of about 80 kv emitted in a transition 
from the metastable state of Rh to the ground 
state. He further concluded that the 44-second 
beta-ray activity was due to transitions from 
the ground state of Rh™ to the ground state of 
Pd'. This same transition would account for at 
least part of the continuous spectrum of the 
4.2-minute activity. 

An alternative process to the gamma-ray 
transition from the metastable state of Rh™ is a 
direct beta-transition to Pd. The occurrence 
of this direct beta-transition would probably 
leave the resultant Pd'™ nuclei in one or more 
excited states, since a transition directly from 
the metastable state of Rh™ to the ground state 
of Pd'™ would require a large change of spin. 
The superposition of this spectrum on the 
spectrum due to transition from the ground state 
of Rh" would give the spectrum of the long 
period activity a shape different from that of the 
short period activity. A study of the shape of 
the spectra of the two isomers then affords a 
means of detecting the presence of the direct 
beta-transition. 

Neutrons were produced by bombardment of 
metallic Li by 1.2-Mev deuterons. The Rh 
samples had a thickness of 184 mg/cm? which 


1B. Pontecorvo, Nature 141, 785 (1936). 
12 B. Pontecorvo, Phys. Rev. 54, 542 (1938). 


was estimated to be equivalent to 0.2 Mev for 
electrons of 2 Mev. These samples were placed 
about 4 cm from the neutron source and sur- 
rounded by paraffin. The decay curve after 
exposure for 17 minutes is shown in curve I of 
Fig. 4. Observations were taken with two 
instrument sensitivities indicated by the circles 
and crosses on the figure. The half-life of the long 
period activity was determined to be 4.37+0.05 
minutes. Subtracting the ordinates of the line 
from the ordinates of the decay curve for small 
values of the time resulted in the curve shown 
in curve II, Fig. 4. This gave a half-life of 
42+2 seconds for the short period activity. The 
ratio of initial intensities corrected to infinite 
bombardment time was determined to be 12+1. 
This is in agreement with Pontecorvo’s'" value 
of 11+0.7 obtained under bombardment by 
Rn+Be neutrons after passage through paraffin. 
A further measurement of the short period 
half-life using a bombardment time of 2 seconds 
gave a half-life of 41.8+0.7 seconds. 

For the cloud-chamber work the short period 
activity was separated by bombarding for 15 
seconds and making the first expansion 24 
seconds later followed by one expansion every 
15 seconds up to 10 expansions. It was calculated 
that under these conditions 3.7 percent of all 


2 


rane) 


ASF 


as| 





iL L j 
O 500 1000 4500 
t+ in Seconds 








Fic. 4. Decay curves for Rh. I. Decay curve of both 
activities. II. Decay curve for short period activity. 
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the tracks observed were due to the long period 
activity. 

The long period activity was separated by 
bombarding for 17 minutes and making the first 
expansion 420 seconds later followed by one 
expansion every 15 seconds up to 40 expansions. 
Under these conditions 0.8 percent of all the 
tracks observed were due to the short period 
activity. 


r r r r a 
Number of Tracks 











Fic. 5. Distribution in energy of 529 tracks for the short 
period activity of Rh. 


The distribution in energy of the tracks from 
the short period activity is given in Fig. 5. 
This curve represents a total of 529 acceptable 
tracks. Visual extrapolation of this curve to the 
energy axis yields an upper limit of 2.3 Mev. 
The spectrum of this same activity has previ- 
ously been investigated with a cloud chamber 
by Gaerttner, Turin, and Crane* who reported 
a K-U upper limit of 2.8 Mev. For comparison 
with their work a K-U plot was made for this 
spectrum which led to a K-U upper limit of 
2.7, Mev. 

The distribution in energy of the tracks for 
the long period activity on the basis of the 
observation 6f 524 acceptable tracks appears in 
Fig. 6. The visually extrapolated upper limit 
obtained from this curve is 2.3 Mev. This value 
is the same as the upper limit of the short period 
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Fic. 6. Distribution in energy of 524 tracks for the long 
period activity of Rh. 


activity. Furthermore the two spectra have 
shapes which are the same within experimental 
error, as briefly reported before.” 

Some conclusions can be drawn from these 
results. (1) The common value for the upper 
limit of the two beta-spectra agrees with Ponte- 
corvo’s conclusion that the beta-transition from 
the ground state of Rh™ to the ground state of 
Pd™ is responsible for at least part of the 
continuous spectrum of the long period activity. 
(2) The similarity in shape of the two spectra 
leads to the conclusion that the direct beta- 
transition from the metastable state does not 
occur to any appreciable extent. Thus, as far as 
can be determined from this work, the long 
period activity proceeds entirely by a gamma- 
ray transition from the metastable state of Rh™ 
to the ground state, followed by the beta-ray 
emission to the ground state of Pd™. 

This work was aided by a grant from the 
Research Corporation which made possible the 
use of the cyclotron. The writer wishes to 
express his appreciation to Professor M. S. 
Livingston and Professor R. F. Bacher for 
frequent advice and helpful criticism. 


13 E. C. Crittenden, Jr. and R. F. Bacher, Phys. Rev. 54, 
862 (1938). 
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Well-defined, intense beams of fast neutrons have been 
produced by using shields of paraffin and lead in conjunc- 
tion with the 8-Mev deuteron-beryllium source of a cyclo- 
tron. Essentially, the beam is delimited by an outward 
tapering channel through a wall of paraffin (or water) 
over 50 cm thick. Accompanying gamma-radiation was 
greatly reduced by lining the channel with 3 cm of lead 
and by walling the outside of the hydrogenous shield with 
over 2.5 cm of lead. Gamma-rays from the source are 
suppressed by a 3-cm thick lead filter in the channel. 
Ionization measurements and photographs showed that 
the fast neutron effects are mainly localized to a collimated 


beam which radiates out along the projection of the 
aperture through the lead channel. To distinguish between 
neutron and gamma-radiations the responses of small 
ionization chambers with different walls were studied. The 
ionization produced by the fairly uniform background of 
gamma-radiation is only a few percent of that caused by 
fast neutrons in the beam. With an ordinary deuteron 
current of 60 ua the ionization produced in air at the beam 
outlet by fast neutrons alone is 1.14 e.s.u./cc per min. 
To produce a neutron beam of this intensity would require 
a Rn-Be source of over 10° curies. The beam was found 
suitable for many physical and biological experiments. 





INTRODUCTION 


OR the use of fast neutrons in many physical 
and biological experiments it is desirable to 
employ the radiation as a collimated beam. 
Although collimation is readily achieved with 
x-rays through the use of lead diaphragms, there 
is no correspondingly effective absorber for fast 
neutrons. Limiting diaphragms for these pene- 
trating rays must consist of channels through 
large thicknesses of matter. Special problems 
then arise concerning the scattering of radiation 
by the sides of the apertures and the production 
of secondary radiation by the material of the 
diaphragms. 

The design of an arrangement to collimate fast 
neutrons will depend on the uses contemplated 
for the beam. In the present case a beam was 
sought that would be comparable with those used 
in x-ray therapy, for example, a beam having an 
area of 50 to 100 cm? at 70 cm from the source 
with only a small intensity of radiation outside 
of the beam. Consideration must also be given to 
the thickness and type of materials for shielding 
the regions outside the desired beam, to the 
reduction of scattered and secondary radiations, 
and to geometrical factors that determine the 
disposition of absorbing material. 

A further essential consideration concerns the 
intensity available at the outlet. Since fast 
neutrons necessarily demand thick diaphragms, a 


* Fellow of the Finney-Howell Foundation. 


beam with an intensity feasible for many 
interesting biological experiments cannot be 
gained by close approach to the source but must 
be attained by the use of an intense source. 
Fortunately, the source used for these experi- 
ments, a beryllium plate bombarded by deuterons 
accelerated toan energy of 8 Mev in the cyclotron 
of Lawrence and Cooksey,! was adequate for the 
purpose; for with the prevailing deuteron cur- 
rents of 60 to 90 microamperes, it was determined 
that the outlet of the beam could be 70 cm or 
more from the source and still give good in- 
tensities. This allows a thickness of 60 cm or 
more of absorber in the diaphragming arrange- 
ment. Fortunately, too, this thickness of paraffin 
or water is quite effective in attenuating the 
intensity of neutrons. 


DESIGN OF THE DIAPHRAGMING ARRANGEMENT 


As a result of its greater hydrogen content, 
paraffin effects a greater reduction of fast neutron 
intensity for a given thickness than any other 
practicable material, making it the most efficient 
and compact shielding material. Water has about 
85 percent as many hydrogen nuclei per cc as 
paraffin, and, according to Dunning et al.,?: * the 
mean free path of fast neutrons in water is 15 


( 1E. O. Lawrence and D. Cooksey, Phys. Rev. 50, 1131 
1936). 
2 J. R. Dunning, Phys. Rev. 45, 586 (1934). 

3’ Dunning, Pegram, Fink and Mitchell, Phys. Rev. 48, 
265 (1935). . 
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percent greater than in paraffin (5.9 and 5.1 cm, 
respectively). Other advantages of paraffin are 
that it can be molded into special shapes and 
stacked in various arrangements, but, where 
large masses of shielding material are needed, 
water is more economical and more easily 
transferable. 

The shielding to be expected of thick, extensive 
diaphragms cannot be calculated without taking 
into account the resultant scattered radiation. 
Values given by Dunning on the transmission of 
fast neutrons out of spherical absorbers are 
pertinent to the present problem. These may be 
used in estimating that a spherical shield of 
paraffin with a radius of 55 cm around the source 
will reduce the fast neutron intensity, measured 
on the basis of recoil proton ionization, by more 
than a factor of one hundred. Such a reduction 
was noted in preliminary measurements with the 
cyclotron source. 

If an open channel to the source is put through 
the shield, fast neutrons can emerge from this 
channel and elsewhere most of them will have 


been slowed down and largely absorbed. Pre- 


liminary tests with a channel through a wall of 
paraffin showed that the fast neutron intensity at 
the outlet of the channel was much greater than 
the intensities aside from it, but the arrangement 
was unsatisfactory for general purposes be- 
cause it afforded very little shielding against 
gamma-rays. 

Not only do gamma-rays come from the source 
to the extent of one or more quanta per neutron, 
but ultimately every neutron is absorbed in a 
nucleus and may give rise to several quanta. 
Gamma-rays from the source with energies above 
one Mev will scatter through a paraffin shield toa 
much greater extent than fast neutrons. Gamma- 
rays created by neutron absorption in hydro- 
genous shields, 2.2 Mev quanta from the forma- 
tion of deuterons, and those created in other 
surrounding materials will add in making a 
general gamma-ray background. 

Whether lead, which is ordinarily used for 
gamma-ray shielding, should be used in this case 
depends on how much gamma-radiation is 
created in Pb by neutrons. Fleischmann found‘ 
that the “‘infinite’”’ thickness yield of gamma-rays 


*R. Fleischmann, Naturwiss. 22, 839 (1934). 





from Pb by slow neutron bombardment is but a 
third of that for paraffin, an eighth to a ninth of 
that for Fe and Cu, and about a twenty-fifth of 
that for Cd whereas it is only about twice that of 
the lowest emitters, B2O; and C. Investigations 
of the excitation of gamma-rays by medium 
energy neutrons have all shown that the maxi- 
mum cross section occurs in the region of atomic 
number 50 and that for Al and Pb the cross 
sections are around a fifth of the maximum. For 
higher energy neutrons, above 4 Mev, Grahame 
and Seaborg,' and also Soltan,® report cross 
sections for inelastic scattering that increase with 
atomic number and are about 0.4 of the total 
cross section for absorption plus total scattering 
given by Dunning. In most places where lead 
shielding would be employed, however, the 
average energy of the neutrons would not be 
high. In any event, the gamma-ray yield by 
neutron excitation from a thickness of lead 
required for a certain absorption of incident 
gamma-rays will be less than that for a thickness 
of a lighter material needed to cause the same 
absorption. 

The most direct way of obtaining a region for 
experiments at the outlet of the neutron dia- 
phragm that is fairly free of gamma-rays would 
be to build a lead-walled box or room outside the 
neutron shield. If, however, a thick lead wall is 
allowed to extend across the opening at the 
receiver end of the channel, the fast neutrons 
encounter a mass of lead as they emerge and can 
be scattered sufficiently to destroy much of the 
collimation effected by the channel. If, on the 
other hand, an opening is provided through the 
lead wall at the channel outlet, gamma-radiation 
from a large region of material around the channel 
is admitted past the gamma-ray shield. Both of 
these difficulties can be overcome by lining the 
channel and covering the target end of the 
channel with lead. 

The question arises whether a lead lining, 
which should be a few cm thick for the necessary 
gamma-ray shielding, will make the channel 
unsuitable for neutron collimation. Although Pb 
nuclei are not so effective as H nuclei in slowing 
down neutrons, the average distances between 


5D. C. Grahame and G. T. Seaborg, Phys. Rev. 53, 
796 (1938). 
6 A. Soltan, Nature 142, 252 (1938). 
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collisions in lead and in paraffin are not much 
different as has been shown by Dunning. 
Although the collisions in lead do not result on 
the average in nearly so much loss of energy, a 
neutron that undergoes even a fairly small angle 
of scatter in the lead will have a good chance of 
suffering its following collisions in the surrounding 
paraffin and there being robbed of its kinetic 
energy and absorbed. If the amount of lead used 
does not materially reduce the extent of paraffin 
shielding, the greater transmission of neutron 
energy that occurs in the lead will not be serious. 

With these points in mind, an arrangement 
was set up in which some lead shielding was 
employed. The neutron diaphragm consisted 
mainly of a 55 cm thick wall of paraffin which 
occupied the available space between the coil 
tanks of the cyclotron magnet and which had a 
channel through it lined with an inch of lead. 
The receiver side of the paraffin wall was covered, 
except for the channel opening, with an inch of 
lead. To prevent energetic electrons ejected from 
the lead by gamma-rays, or the soft x-rays that 
follow ejection of electrons from Pb atoms, from 
affecting things exposed on the outside of the 
lead shield, the whole receiver side, including the 
end of the channel, was covered first with a sheet 
of Cu, 0.5 mm thick, and then a sheet of Al, 1 mm 
thick. At the target end of the lead-lined channel 
there was space provided for a filter, as much as 
6 cm thick, to be penetrated by the radiation 
before entering the opening down the lead-lined 
channel. Generally a 3 cm thick lead filter was 
used at the target to insure that all the gamma- 
radiation coming from the source as well as that 
from the paraffin shield would be attenuated by 
at least an inch of lead before emerging on the 
receiver side of the collimation arrangement. 
The opening through the lead channel tapered 
from 3 cm by 5 cm at the target end to 7 cm by 
7 cm at the receiver end. Because of the space 
allowed for filters at the source and for the lead 
shield on the outside of the paraffin, the end of 
the channel was 70 cm from the target. For 
reasons of convenience the channel was not 
directed along the forward direction of the 
deuteron beam but at an angle of about 30 
degrees from it away from the cyclotron vacuum 
chamber. Gamma-ray shielding was not at- 
tempted in other directions than toward the 
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source, the paraffin shield, and the cyclotron 
vacuum chamber. Shielding was thus not pro- 
vided against gamma-rays coming from the 
30-inch thick tanks of water that surround the 
cyclotron magnet for purposes of protection nor 
from parts of the cyclotron magnet and coils. 
Such shielding would have been heavy and 
awkward to handle, and it was not introduced 
after it was found from ionization measurements 
that the simple shielding already described was 
sufficient for many experiments. 

Considerable use was made of this first ar- 
rangement, but the intensity at the outlet was 
less than expected. Measurements on the distri- 
bution of neutron intensity around the source 
showed that the intensity could be approxi- 
mately doubled by having the direction of the 
channel coincide with the direction of the 
deuteron beam instead of at 30 degrees to it. 
Some obstructions were removed to permit this, 
and the second arrangement, shown in Fig. 1, was 
set up. 

Other changes were also made in setting up the 
second arrangement. The central portion of the 
neutron diaphragm was changed from paraffin to 
a tank of water in order to allow draining for 
ease of removal. The tank also makes a support 
to which a double row of one-inch thick lead 
plates can be bolted, an increase of one inch over 
the first arrangement. The lead shielding is of 
larger extent, reaching over to the magnet yoke, 
which itself is a good shield. Paraffin blocks were 
put around the target between the magnet coils 
in order to slow down and absorb the neutrons at 
the rear of the target, thereby decreasing the 
amount of neutron and gamma-radiation scat- 
tered from matter outside the forward shielding 
and coincidentally the amount of gamma- 
radiation formed by neutron absorption in 
regions past the lead shields. 

The outlet of the channel was increased to 10 
by 10 cm and the opening at the target end was 
increased to 2.5 by 7.5 cm to allow the use of a 
greater portion of the deuteron beam. The 
source and channel are thus wider. For con- 
venience in making clinical tests the end of the 
lead lining of the channel was designed to 
protrude 10 cm past the lead shield and to form a 
rounded, removable cone, the outlet of which is 
70 cm from the target. When a tapered insert 
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Fic. 1. Horizontal section of an arrangement used to obtain a beam of fast neutrons. In vertical directions, 
shielding is afforded by the poles, yoke, and coil tanks of the cyclotron magnet itself. 


cone is put in the channel and a smaller sized end 
cone is used, a 7 by 7 cm outlet is obtained. In 
some experiments the removable cone can be left 
off and exposures can be made closer to the 
source. The removable cones and the lining of the 
channel (master cone) were cast in forms made 
of one-eighth inch brass sheet. This brass 
covering not only adds strength but eliminates 
any secondary electrons from the lead. Since 10 
cm was taken up by protrusion of the cone and 
5 cm by the lead shield, a tank of water only 50 
cm thick could be used. The intensity is sufficient 
to allow a thicker tank, hence greater target-to- 
outlet distance, but the outlet then is too close to 
the magnet yoke for some uses. Rotation of the 
cyclotron chamber could avoid this. 


MEASUREMENT OF THE BEAM BY IONIZATION 


Because of the connection of this work with 
biological experimentation, the radiation meas- 
urements were made with small ionization 
chambers. Under conditions given by Gray’ the 


7L. H. Gray, Proc. Roy. Soc. London A156, 578 (1936). 





ionization that occurs in a small chamber can be 
related to the energy absorbed from the radiation 
by the material of the wall. Accordingly, if the 
wall is comparable in composition with tissue, 
the ionization can be correlated with the energy 
absorbed from the radiation by tissue. Although 
accompanying gamma-rays also produce ioniza- 
tion in the chambers, the ionization caused by 
fast neutrons alone can be determined by a 
comparison of the ionization responses of 
chambers with various walls. 


Technique of measurement 


A series of thimble ionization chambers were 
made all identical in construction but of different 
materials. The hydrogenous materials chosen 
were amber, Bakelite, Celluloid, hardwood, and 
hard rubber. The nonhydrogenous materials 
suitable for the construction were carbon, alumi- 
num, copper, brass, zinc, cadmium, tin, and 
lead. The chambers were cylinders with walls 
1.0 mm thick, an internal diameter of 10.3 mm, a 
length of 21 mm, and a gas volume of 1.75 cc. 
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The ionization produced in the chambers was 
measured by means of the Victoreen condenser- 
chamber and electrometer arrangement used for 
x-ray dosage measurements. Each chamber can 
be mounted coaxially on a cylindrical amber 
condenser of 48 cm electrical capacity which can 
hold several times more charge without signifi- 
cant leakage than the total charge (of one sign) 
on ions formed in the chamber by the exposures. 
The inner coating of the condenser is connected 
to an aluminum wire which extends into the 
chamber along its axis and serves as a collecting 
electrode. The outer coating of the condenser 
connects with the conducting part of the chamber 
wall, which for the hydrogenous walled chambers 
was an extremely thin layer of graphite. The 
system consisting of the collecting electrode of 
the chamber, the inner coat of the condenser, and 
the fiber of the electrometer is charged to 400 
volts at the start of an exposure while the 
chamber wall, outer coat of the condenser, and 
the electrometer case always remains at ground 
potential. A collecting field then exists in the 
chamber of about 400 volts/cm at the walls and 
about 1000 volts/cm at the wire. During exposure 
to radiation this field causes a flow of ions that 
discharges the electrode system and the exposure 
or amount of ionization produced is proportional 
to the resultant change in potential of the 
system. When used with the Victoreen string 
electrometer of 12 cm capacity, a charge of 1.14 
e.s.u./cc collected from the ionization chamber 
causes a shift of the electrometer fiber of one 
division or a change of potential of the system of 
condenser and electrometer of ten practical volts. 
In order to prevent discharge of the electrometer 
itself by extraneous radiation, the chamber and 
condenser are disconnected from the electrometer 
and exposed to the radiation while the elec- 
trometer is maintained charged. The only dis- 
charge is then caused by the ionization in the 
ionization chamber itself. At the end of an 
exposure the condenser and chamber are returned 
to connection with the electrometer and the 
reading is the same as if the connection had been 
maintained during irradiation and no ionization 
had occurred in the electrometer. In order to 
maintain an adequate collecting field, readings 
are not taken for a fall of potential below 200 
volts. The amber insulation that is between the 
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Fic. 2. Relative responses of thimble ionization chambers 
of different wall materials to various radiations. 


collecting electrode and the chamber wall is 
practically covered by an insert of the same 
material as the chamber wall to prevent amber 
from being the effective wall for this region of the 
chamber. 


Responses of the chambers to different radiations 


Exposure of these ionization chambers to 
different kinds and qualities of radiation has 
shown that their relative responses are charac- 
teristic of the radiation and that a comparison of 
the responses is valuable in diagnosing the 
character of a radiation that arises for measure- 
ment. The results of exposing the chambers to 
x-rays, gamma-rays, and neutrons are shown in 
Fig. 2. The reading of each chamber relative to 
that of the carbon chamber for the same exposure 
is plotted against the atomic number of the 
material of its wall. The abscissa marked H does 
not represent a pure hydrogen wall but instead, 
amber, the material used having the most 
hydrogen per gram. The values for the latter 
were plotted at this position to indicate the 
effect on the response of adding H atoms to the 
wall material. 

The curve marked 200-kv x-rays was obtained 
with the x-rays from a 200-kv x-ray apparatus 
after filtration through 0.5 mm of Cu. The 
average energy of the quanta was around 100 
kev. One sees that there is a rapid rise of the 
response produced by changing the wall from C 
to Al to Cu, but that the rise from Cu to Sn is 
not large, while from Sn to Pb there is a large 
decrease in the response. The rapid rise is to be 
expected from an increased production of photo- 
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electrons, the production per electron increasing 
as the cube of the atomic number. The actual 
response does not increase nearly so rapidly as 
this because for x-rays of this energy the main 
response in C and even in Al is the result of 
Compton rather than photoelectric absorption. 
The reason for the apparent decrease in the 
response in this case for the elements above Cu is 
that the photoelectric absorption increases so 
rapidly that the rays are greatly absorbed in 
going through the millimeter thick wall before 
they reach the thin, inner effective region of the 
wall. In order to reduce the absorption the wall 
should be no thicker than the range in the 
material of the most energetic electrons produced 
and even then a small absorption correction 
enters. For the more penetrating radiations, 
encountered generally in the collimation tests, 
the absorption in the wall is not serious. 

The curve labeled 1000-kv x-rays was obtained 
with the x-rays from a Sloan type generator® 
after filtration through about 3 mm of Pb. The 
average energy of the quanta was around 500 
kev. The curve is lower and the rise with atomic 
number is less than for the softer rays, but the 
difference is not so large as would be expected 
from the photoelectric effect alone because for 
500-kev quanta the Compton process plays a 
large part. Since the absorption in the wall is 
much less in this case the curve continues to 
rise even up to Pb, although the Pb value would 
be about 20 percent greater if there were no 
absorption. 

A curve was also obtained with the gamma- 
rays from a mesothorium salt after filtration by 
4 mm of Pb and 2 mm of brass. The average 
energy of the quanta was in the region of 1 Mev. 
As a consequence of this further increase in the 
hardness of the radiation there is less photo- 
electric response in Pb and the rise in response 
from C to Pb is seen to be less. 

If the only process occurring were the Compton 
process, the total energy of recoil electrons 
released per unit number of electrons would be 
about the same in C and in Pb. The ratio of the 
ionizations in chambers of these materials would 
be, according to Gray, the inverse ratio of the 
stopping powers per electron for these materials. 


* Stone, Livingston, Sloan and Chaffee, Radiology 24, 
153 (1935). 





The stopping power per electron for particles of 
the speed concerned is possibly 20 percent smaller 
for Pb than for C. Thus, if only the Compton 
process occurred, the Pb chamber would still 
read a little greater than the C one. The differ- 
ence in the readings will be mainly, however, a 
measure of the electrons arising from other 
processes. 

On the basis of the photoelectric process a 
continual increase in the energy of the gamma- 
rays should result in a continual decrease in the 
difference of the Pb and C readings. However, at 
energies above 1.1 Mev the formation of electron- 
positron pairs occurs. Since the coefficient per 
electron for the formation of pairs increases as 
the atomic number, here again is a factor which 
makes the Pb chamber read higher than the C 
one. This coefficient increases with the energy 
of the quanta, becoming equal to the Compton 
coefficient at 5 Mev and far surpassing it at still 
greater energies. 

Since the photoelectric and pair production 
processes vary im an opposite manner with 
quantum energy, one should observe a minimum 
in the difference of the Pb and C readings for 
quanta somewhere between say 1 and 5 Mev. A 
given difference in the Pb and C readings could be 
caused by quanta either below or above this 
minimum. The different variation of the processes 
with atomic number would allow one to tell by 
using chambers made of other elements whether 
the energy of the incident quanta were lower or 
higher than the value at which the minimum 
difference of Pb and C occurs. The relative 
responses of the chambers have not been 
calibrated at enough quantum energies to allow 
their use in estimating the energy of incident 
quanta, but the method might be employed. The 
relative responses have been useful, however, in 
determining the presence of gamma-radiation. 

Special mention needs to be made of the 
responses of the hydrogenous walled chambers to 
x-rays and gamma-rays. If H atoms were added 
to the atoms of the C wall, the response would 
fall slightly as shown by the dotted line labeled 
x-rays. However, since oxygen and traces of 
heavier elements are present in the hydrogenous 
materials that were used, enough greater photo- 
electric response exists for the 200-kv case to 
make the readings 2 to 4 percent greater than for 
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carbon. For hard rubber, in which there is 
sulphur, the reading was 2.6 times that for 
carbon. For the 1000-kv case, all of the hydro- 
genous chambers gave readings practically the 
same as for carbon, except hard rubber which 
gave a 1.5 percent greater response. The Al 
value was only 14 percent greater than the C one. 
For the gamma-rays the chamber with walls of 
any of these light materials gave practically 
identical readings. The difference in the responses 
of hydrogenous walled and carbon walled cham- 
bers to gamma-rays will be negligible in these 
measurements. 

The chambers were first tested for responses to 
neutron rays by exposure to the unfiltered 
radiation coming from beryllium bombarded by 
6-Mev deuterons. The exposures were made 20 
cm from the target so that the chambers would 
be closer to the target than to surrounding 
sources of scattered or secondary radiation. The 
curve marked total Be radiation was obtained. 
It shows a rise in response from C to Pb which is 
less than that for the gamma-rays from the 
thorium. Because of the rise analagous to that for 
gamma-rays, it was suspected that this rise 
might be caused largely by the gamma-rays that 
accompany the production of neutrons in this 
type of source. A block of Pb 5 cm thick and of 
sufficient extent was placed back of the target so 
that the radiation emerging in a large solid angle 
about the source was filtered through the Pb 
block. The observed rise of response with atomic 
number was then much less, as shown in the plot 
labeled neutrons. The responses relative to 
carbon for this case are Al 1.02, Cu 1.10, Cd 1.15, 
Sn 1.08, Pb 1.23. A further 2.5 cm of Pb filter was 
introduced to see if the Pb to C ratio could be 
further decreased. The result was Cu 1.04, Cd 
1.15, Sn 1.03 and Pb 1.18. The additional 2.5 cm 
of Pb produced only a few percent decrease in the 
values relative to carbon, indicating that the 
5-cm Pb filter had already absorbed most of the 
gamma-rays coming directly from the source. 
Scattered and secondary gamma-rays could still 
reach the chambers, and these could readily 
account for the 18 percent greater reading 
observed for Pb than for C. 

The slightly greater responses for the chambers 
of elements heavier than carbon could also be 
caused by the neutrons themselves if (1) disinte- 
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grations, or (2) gamma-rays were obtained by 
inelastic collisions in yields that increase with 
atomic number. The first cannot be justified from 
known nuclear reactions, but the second occurs, 
as was first shown by Lea.® Grahame and 
Seaborg® using neutrons with energies above 4 
Mev found a yield of gamma-rays per atom that 
increased with atomic number, while Kikuchi, 
Aoki, and Husimi!® using monokinetic neutrons 
of lower energy (2.4 Mev) and Grahame and 
Seaborg® using medium energy neutrons found a 
maximum yield in the region of atomic number 
50 and much lower yields in C and Pb. For the 
relative chamber responses cited above there 
were neutrons of all energies incident on the 
chambers. Putting a 1-mm thick cylinder of Pb 
around the C chamber made no appreciable 
change in the response. In a Pb-walled chamber, 
however, there would be more absorption of the 
resulting gamma-rays and for Pb atoms internal 
conversion is more probable; consequently it is 
possible that a good share of the 18 percent 
greater reading found for the Pb than for the C 
chamber could be caused by incident neutrons 
rather than by incident gamma-rays. 

In conclusion, it seems quite safe to assume 
that the difference will be quite small between 
the response of the carbon walled chamber and 
that of say the Pb chamber when the effects of 
other radiations than fast neutrons are excluded. 
Since the recoils from such walls will contribute 
little to the ionization in chambers of the size 
used, the main response can be attributed to the 
gas inside the chamber. In the case of air, the 
recoil nuclei of N and O will have an average 
range much smaller than the dimensions of the 
chamber and the air can be considered to be 
practically under conditions of particle equi- 
librium. That this conclusion is justified was 
determined by varying the air pressure in the 
chambers. The ionization per gram of air re- 
mained constant from atmospheric pressure, at 
which the chambers are normally used, down to 
pressures below one-tenth of an atmosphere. 
Thus, for neutrons the reading of the carbon 
chamber can be taken as the value for the 


® D. E. Lea, Proc. Roy. Soc. London A150, 637 (1935). 

10 Kikuchi, Aoki, and Husimi, Proc. Phys. Math. Soc. 
Japan 18, 115 (1936); H. Aoki, Proc. Phys. Math. Soc. 
Japan 19, 369 (1937). 
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ionization produced in air. Since carbon is 
effectively an air wall for gamma-rays, the 
reading of the carbon chamber is a measure of the 
ionization in air by either or both neutrons and 
gamma-rays. 

Of course, for neutrons the chambers having 
hydrogen in the wall material give much larger 
responses than the carbon and metal walled 
chambers. The value of 4.55 times the carbon 
response, shown in Fig. 2, is for the amber walled 
chamber when 5 cm of Pb filter was used. No 
change in the ratio was detected, within an 
accuracy of 2 percent, when the filter was 
increased to 7.5 cm of Pb. When no filter was 
used, the ratio was only 3.70 because of the 
gamma-rays. 


Identification of ionization caused by neutrons 
and by gamma-rays 


It is now evident how one can obtain the 
ionization caused by only the recoil protons from 
a hydrogenous walled chamber, i.e., solely a 
measurement of fast neutrons. The ionization in 
the carbon walled chamber will in general be the 
sum of the response caused by incident gamma- 
rays and the response caused by collisions of the 
neutrons with the nuclei of the air inside the 
chamber. Both of these responses will be the 
same for an amber chamber as for a carbon one. 
Subtracting the carbon reading from the amber 
reading in effect subtracts from the amber 
reading the gamma-ray response of the chamber 
and the neutron response of the gas in the 
chamber, the difference being the reading pro- 
duced only by the recoil protons from the walls. 

Since the neutron ionization of the air in the 
Pb and in the C chambers is also equal, a similar 
procedure for the Pb and C chambers gives the 
ionization resulting only from the excess pro- 
duction of electrons in Pb, by any means, over 
that produced in C. The latter, which may be 
called the Pb-C electron production, can be used 
as measure of the presence of gamma-rays, 
although a small part of it may be attributable to 
neutrons that undergo inelastic collisions in the 
walls. 

The effects on the responses of these chambers 
caused by varying the enclosed gas, the gas 
pressure, and the collecting voltage have been 





tested." The results of the tests and a discussion 
of the validity for these measurements of the 
conditions specified by Gray will be the subject 
of a subsequent paper. For the present purposes 
it is sufficient to use the difference of the amber 
and carbon chamber readings to measure fast 
neutron intensity and the difference of the lead 
and carbon chambers to indicate the presence of 
gamma-rays. It is of interest to note that the 
hydrogen content per gram of amber is almost 
95 percent of that of water and that calculations 
show the recoil proton response of the amber 
walled chamber to be within 35 percent of that 
of a tissue walled chamber, making it quite 
suitable for biological tests. Accordingly, the 
character, intensity, and definition of the beams 
achieved with the previously described arrange- 
ments were tested with these chambers. 


Beam produced by arrangement 1 


The first arrangement, with the paraffin dia- 
phragm, lead shield, lead-lined channel, and 3-cm 
thick lead filter, was found to give a well-defined 
beam of fast neutrons. The intensity was fairly 
uniform over the area of the outlet, decreased 
abruptly at the edges, and then fell off from the 
edges of the beam with increasing distance. At 
5, 10 and 20 cm away from the edge of the 
outlet the intensities were, respectively, less than 
3 percent, 2 percent and 1 percent of the value in 
the beam. Increase of intensity as the edge of 
the beam is approached is the result of radiation 
that comes through the channel obliquely and 
thus traverses less material by going through the 
corners of the outlet. Such diverging radiation in 
the channel may arise both from a broad source 
and from scattering in the material around the 
channel. The definition of the beam at 40 cm 
from the outlet was still quite sharp, except for a 
small spread due to the extent of the source. 
This maintenance of definition, together with the 
fact that the intensity along the beam was found 
to fall off only a little more rapidly than expected 
from the inverse square of the target distance, 
showed that there was not a great deal of 
scattered radiation spreading out from the 
channel. Thus, the arrangement is not only a 
diaphragm for delimiting a beam of fast neutrons, 


1 P. C. Aebersold and G. A. Anslow, Phys. Rev. 55, 
680 (1939). 
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but the tapered channel, by not allowing a large 
divergence, effects a collimation as well. 

Attenuation of the beam by paraffin was 
tested by putting thicknesses up to 6 cm at the 
target end of the channel. From the recoil proton 
response of the amber chamber, the mean free 
path of the fast neutrons in the paraffin was 
found to be 5.2 cm, a result close to the value 
5.1 cm found by Dunning under very different 
conditions. That most of the ionization produced 
by the beam when filtered through 3 cm of Pb is 
caused by fast neutrons can be concluded from 
the ratios of chamber readings observed at the 
outlet: amber/C=4.0 and Pb/C=1.3. Adding 
3 cm more Pb filter only increased the amber/C 
ratio to 4.2 and decreased the Pb/C ratio to 
about 1.2. It is to be recalled that without any 
collimation arrangement the Pb/C ratio was 
over 1.9 with no Pb filter, and 1.18 with 7.5 cm of 
Pb filter. Consequently, with just the 3 cm of Pb 
filter the gamma-ray content of the beam is 
effectively reduced, for then only a few percent 
of the ionization in the amber chamber, hence in 
biological material, exposed to the beam is due 
to gamma-rays. In most experiments the use of 
more than 3 cm of Pb filter would be inefficient 
because fast neutron intensity would be sacrificed 
just to suppress a little further the remaining 
gamma-rays. 

Although introduction of the lead shielding 
greatly reduced the gamma-ray effects existent 
with a paraffin diaphragm alone, the shielding 
was not sufficiently complete to eliminate a 
general background of gamma-radiation. Ten 
centimeters from the beam the amber/C chamber 
ratio was only 1.03 whereas the Pb/C chamber 
ratio was 1.8. Putting a box with walls of lead 
2.5 cm thick around the chambers outside of the 
beam reduced both the amber and carbon 
chamber readings by a factor of 6, the Pb/C 
chamber ratio being reduced to 1.6. This shows 
that the main background ionization is caused by 
penetrating gamma-rays. Surrounding the lead 
box with cadmium decreased all of the readings 
by about 25 percent. Thus a small amount of the 
background ionization results from thermal 
neutrons, some of which may be due to disinte- 
gration of the nitrogen of the air in the chambers." 
The reading of the amber chamber 10 cm from 
the beam was 5 percent of its value in the beam. 
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Since 5 percent or less of the reading of this 
chamber when in the beam is also due to gamma- 
rays, the gamma-ray intensity both in and out of 
the neutron beam is about the same. This is 
because there is so much scattering and pro- 
duction of gamma-rays in the paraffin and other 
surrounding materials that a nearly uniform 
background results. By placing lead blocks in 
various positions about the chambers it was 
found that the gamma-radiation came largely 
from directions in which shielding had not been 
attempted. If the one-inch thick lead shielding 
wall had been extended to form a complete box or 
room outside of the paraffin diaphragm, the 
gamma-ray ionization outside of the beam would 
have been less than 1 percent of the ionization in 
the amber chamber in the neutron beam. 


Beam produced by arrangement 2 


The beam of fast neutrons produced by the 
second arrangement, Fig. 1, also emerges from 
the channel and proceeds with well defined edges, 
but the background of neutrons outside the beam 
is considerably larger than for the first arrange- 
ment. The intensity drops abruptly at the edges 
of the outlet by a factor of ten, then continues to 
fall off slowly aside from the outlet. At 2, 5, 10, 
20, and 50 cm horizontally from the beam the 
intensities are approximately 8 percent, 6 percent, 
4 percent, 2.5 percent, and less than 1 percent, 
respectively, of the intensity in the beam. Tests 
showed that this larger neutron intensity out of 
the beam is the result of several factors: (1) a 
wider channel, which allows radiation to come 
more obliquely through the corners of the outlet, 
(2) the lesser neutron shielding afforded by the 
use of water instead of paraffin and of smaller 
thicknesses than 50 cm in places, and (3) a 
protruding end cone, from which radiation can be 
scattered laterally. Because the source extends 
only 2.5 cm vertically, whereas it is 7.5 cm wide 
horizontally, neutrons come through the channel 
less obliquely in vertical planes, and it is found, 
therefore, that the upper and lower edges of the 
beam are sharper and that the intensity near 
these edges is not so large. Also on the side on 
which the water tank is thicker the intensity is a 
little smaller. 

The character of the beam was tested by 
chamber responses and by absorption. The 
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amber /C chamber ratio was 4.25 and the Pb/C 
chamber ratio was 1.22. The addition of 3 cm 
further Pb filter in the channel did not change 
these ratios within the experimental accuracy, 
showing that already with the initial Pb filter 
only a small fraction of the ionization in the 
chambers is caused by gamma-rays. From the 
chamber responses and from ionization measure- 
ments in gases exposed to the beam, it is esti- 
mated that only about 10 percent of the C 
chamber reading (air ionization) and 2.5 percent 
of the amber chamber reading in the beam are 
caused by gamma-rays. The transmission of the 
beam through paraffin, C, and Pb absorbers 
placed in the channel was tested with the recoil 
proton ionization. The mean free path of the fast 
neutrons in paraffin was found to be 5.1 cm, 
agreeing with both the value from the first 
arrangement and that given by Dunning. For C 
(density 1.5) and Pb the values were 9.8 and 
6.8 cm, respectively, which were also found with 
the first arrangement, but which are considerably 
higher than Dunning’s values. The latter disa- 
greements with Dunning’s results could be ex- 
plained by a difference of neutron energies, the 
paraffin values agreeing because of little depend- 
ence of the cross section of H nuclei with energy. 

The background ionization by gamma-rays as 
compared with the neutron intensity in the beam 
is less with this arrangement than with the first 
for two reasons: (1) The neutron yield was about 
doubled by moving the channel to the forward 
direction of the deuteron beam, whereas the 
gamma-ray yield, which is nearly homogeneous 
around the target, remained the same. Ac- 
cordingly, the gamma-ray contribution to the 
ionization in the beam was about halved, being 
approximately 2.5 percent of the amber chamber 
reading in the beam. (2) The lead shielding was 
extended and increased. The gamma-ray in- 
tensity outside of the beam behind the two-inch 
thick lead shield is in some regions about half 
that in the beam. In other regions where the 
shielding is less complete the value is about the 
same as in the beam. By providing one-inch thick 
lead walls against the coil tanks above and below 
the irradiation cubicle, the gamma-ray back- 
ground could be reduced by over a factor of two. 
In any event, for most of the uses of the neutron 
beam this background is not important. 





Although part of the more intense neutron 
beam obtained with the second arrangement 
could have been the result of increased target 
area, measurements of the distribution of neutron 
intensity around the target showed that the 30- 
degree change in the direction of the beam could 
account for the whole increase. It would have 
been convenient to use the neutron beam at 90 
degrees to the deuteron beam, but with the 
uncollimated source the neutron intensity in this 
direction was found to be only a fifth of that in 
the forward direction. The greater flux of neutron 
energy in the forward direction of the deuteron 
beam is in agreement with the formation in the 
target reaction of a temporary B" nucleus which, 
while moving with the momentum acquired from 
the deuteron impact, emits the neutron. At still 
higher bombarding energies of the deuteron the 
forward concentration of neutron energy flux 
will in itself be an aid in collimation. 


Ionization effects by slow neutrons 


The slow neutrons that occur with these 
arrangements need also to be considered, for they 
can result in ionization in two ways, first, by 
charged particle emission following absorption in 
the receiver itself and, second, by gamma-rays 
coming from absorption in the shields and other 
surrounding materials. 

Although the first process occurs to a large 
extent in Li or B, it occurs only slightly in N and 
rarely in other elements. Thus, in tissue and 
most hydrogenous materials little ionization 
would be expected as a result of the slow neutrons 
present in the beam. This point was tested by 
putting ByC or BOs; screens, more than a cm 
thick, over the outlet of the beam or around the 
amber chamber in the beam. Effects of only a few 
percent were noted, which, because they could be 
duplicated with C screens, were attributed to 
scattering of the fast neutrons. Out of the beam, 
a small part of the ionization measured was 
ascribable to slow neutron disintegrations in the 
nitrogen of the air in the chambers. However, 
since the relative concentration of nitrogen in air 
is much larger than in tissue and since the 
biological effects of slow neutrons have not as yet 
been demonstrated, no serious attempt was made 
in this case to absorb the slow neutrons. 

Since each neutron produced in the source can 
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eventually give rise to a penetrating gamma-ray 
by the second process, this may be of more 
consequence in regard to the shielding than the 
first. Boron, because of its large cross section for 
slow neutron absorption (1500 times that of a 
proton) and its small gamma-ray emission, could 
be dispersed throughout the paraffin and water 
shields to reduce the resulting gamma-ray 
background. Simultaneously, the slow neutron 
background would be reduced. A test was made 
by adding borax to the water tank of Fig. 1 until 
a saturated solution was obtained. An inappreci- 
able change was observed in the gamma-radiation 
observed beyond the thick Pb walls on the water 
tank. The test was not made without the Pb 
walls, for these are needed for shielding against 
gamma-rays from the source. Thus, unless a 
much greater concentration of boron could be 
used and unless it could be distributed throughout 
more of the regions around the source, little 
reduction of the gamma-ray background would 
be afforded by this method over that already 
produced by the necessary Pb walls. The borax 
did make a small difference in the slow neutron 
background, the ionization in a Li-lined chamber 
being reduced by 35 percent. Cd wrapped 
directly around the chamber, however, reduced 
the reading by over a factor of ten. Hence, the 
simplest and most direct way of shielding against 
slow neutrons, when it is desired, is to surround 
the receiver with a suitable absorber. Cd was 
found to give rise to a large gamma-ray emission, 
making B a much better absorber for this work. 
In conclusion, then, the slow neutron effects are 
best taken care of at the receiver, the resultant 
gamma-rays by Pb and the slow neutrons 
themselves by B. 


Intensity of the neutron beam 


The ionization produced in the small chambers 
filled with air measured at the neutron beam 
outlet (Fig. 1) in e.s.u./cc per microampere-hour 
of deuteron bombardment is 5.40 for the amber 
chamber, 1.27 for the carbon chamber, and 4.13, 
the difference, for the recoil proton response. At 
an ordinary steady running current of 60 
microamperes the air ionization is 1.27 e.s.u./cc 
per min, or, subtracting a 10 percent gamma-ray 
contribution, 1.14 e.s.u./cc per min by neutrons 
alone. The strength of a Rn-Be source needed to 
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produce this neutron ionization can be calculated 
from estimates given the author by Dunning 
which place the ionization by recoils in air at 
30 cm from a one-curie Rn-Be source as approxi- 
mately 1500 ion pairs cc per sec. This is equiva- 
lent to 0.8 X10-* e.s.u. cc per min. at 70 cm from 
the source, the distance of the Be target from the 
channel outlet. Thus, a source of over 10° curies 
of Rn-Be would be needed to produce the above 
neutron beam. A beam that would require 10° 
curies of Rn-Be is readily obtainable. It should be 
remarked here that in comparing yields on the 
basis of the total number of neutrons emitted 
from the source the increasing forward concen- 
tration of neutron flux with increasing deuteron 
energy needs to be taken into account. Also in 
comparing the relative ionizations produced, it 
is to be noted that the ionization by the gamma- 
rays from a Rn-Be source exceeds by more than 
two thousand times the ionization produced by 
the emitted neutrons. 


PHOTOGRAPHS OF THE NEUTRON BEAM 


The photographic response was found to give 
valuable information in this work. Maps of the 
intensity of radiation in and around the beam 
outlet were quickly obtained by exposing films 
large enough to cover the whole region. Ordinary 
radiographic film was wrapped in black paper 





Fic. 3. Reduced reproduction of a film exposed along 
the axis of the fast neutron beam that emerges from the 
channel of the arrangement of Fig. 1. The darkly exposed 
region is the beam, and the lighter strip extending cen- 
trally along the beam is the shadow cast by a 3-cm thick 
strip of paraffin purposely inserted in the mouth of the 
outlet. The beam had traversed a 3-cm thick lead filter 
before incidence on the paraffin strip. The edges of both the 
shadow and the cone of radiation radiate out along sharp 
lines directed from the source. 
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Fic. 4a. Half-scale reproduction of a film ex- 
posed perpendicularly to the beam at the outlet 
of the first arrangement. This film was at the 
surface of a body of paraffin over 20 cm deep in 
order to include the scattered and secondary 
radiations from such an irradiated body. The 
area exposed to the beam is seen to be sharply 
demarcated. 


and exposed without the intensifying screens or 
cassettes employed in radiography. Under con- 
ditions in which mainly gamma-rays and fast 
neutrons are incident upon the film, the darkening 
can be assumed roughly proportional to the 
energies released in the emulsions by the radi- 
ations. A qualitative distinction of gamma-ray 
and neutron effects can be made by using 
absorption schemes or by placing emitters of 
secondary particles in contact with the film. The 
beauty of the photographic method lies in the 
graphic depiction of detail that is obtainable in a 
single exposure ; also the results are more directly 
perceptible than those of a large number of 
ionization measurements. The neutron intensity 
could be mapped by the exposure of sheets of 
material susceptible to induced radioactivity, 
but, because of the special sensitivity of such 
detection to neutrons in certain energy ranges, 
this method is more selective than that desired in 
the preliminary work. If one were interested in 
the distribution of neutrons of specific qualities 
the induced activity method would be applicable. 

A film was exposed in a vertical plane along the 
axis of the beam that emerges from the arrange- 
ment of Fig. 1. A strip of paraffin 3 cm thick 








Fic. 4b. Film exposed simultaneously with 
that of Fig. 4a but at a depth of 11.5 cm below 
the surface. It is seen that a beam is maintained 
even through this depth of paraffin. Fuzziness of 
two of the edges is the result of the width of the 
source. 


was placed in the mouth of the collimating cone 
for the purpose of casting a shadow. In the 
reduced reproduction, Fig. 3, the beam appears 
as the darkly exposed region and the shadow cast 
by the paraffin is seen as a central lighter strip 
extending along the beam. That the beam is well 
collimated can be seen from the fact that the 
edges of both the shadow and the cone of 
radiation radiate out along sharp lines directed 
from the source. In the original the beam is 10 cm 
wide at the outlet and the film is 30 cm long. 
Tests showed that fast neutrons are responsible 
for the darkening of the film along the beam. 
First, as seen in Fig. 3, after the radiation has 
traversed the 3 cm Pb filter a marked shadow is 
cast by 3 cm of paraffin. Second, ionization 
measurements showed a large difference in fast 
neutron intensity, but only a small difference in 
gamma-ray intensity, in and out of the beam. 
Third, thin pieces of C, Al, Cu, Pb, and paraffin 
placed in contact with the film gave no effects 
indicative of gamma-rays. Fourth, slow neutrons 
were eliminated as a cause of the exposures by 
taking pictures with the film between B,C 
screens; moreover, the slow neutrons form a 
diffuse background. The contrast between the 
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beam and the outer regions, which are affected 
mainly by gamma-rays, is not so large as it 
should be because of darkening due to unremoved 
silver, shown by development of unexposed 
films. 

The photographic effect of the fast neutrons on 
the film can be readily ascribed to the recoil 
protons that arise in the film, the emulsion, 
and the paper envelope, all of which are rich in 
hydrogen. The exposure for the film of Fig. 3 as 
measured in terms of ionization at the outlet was 
34 e.s.u./cc in the amber chamber (8 e.s.u. cc 
ionization of air). A comparison of the sensitivity 
of the film to neutrons and gamma-rays would be 
of interest, but this has not yet been undertaken. 
Although with high voltage x-rays only a few 
e.s.u..cc in air is a_ sufficient exposure, the 
exposure needed with gamma-rays would be 
considerably greater; consequently, it can be 
estimated that roughly the same _ ionization 
density in the film with both fast neutrons and 
high energy gamma-rays will produce the same 
darkening. 

Penetration of the beam into a body of 
paraffin was demonstrated by the simultaneous 
exposure of one film on the surface and a second 
at a depth. Fig. 4a is a reproduction of a film 
exposed at the surface of a paraffin body con- 
sisting of slabs 3.53030 cm stacked to a 
depth of over 20 cm. Fig. 4b is from the film 
exposed simultaneously with that of Fig. 4a but 
between slabs at a depth of 11.5 cm. The beam 
of the first arrangement, 7X7 cm at the outlet, 
was directed through the body so as to pass 
perpendicularly through both films and thus give 
a cross section of the beam on each. At the outlet 
the beam is seen to be sharply demarcated. At 
the depths the intensity in the region defined by 
the projection of the channel is much more than 
that outside of it. The edges of the beam at the 
depths have a spread due to the extent of the 
source. Although scattered and secondary radia- 
tions result in about a doubling of the ionization 
intensity outside of the beam over that present 
without the paraffin, a primary beam is main- 
tained through the paraffin that is traceable to 
large depths. At the 11.5 cm depth the reading 
of the amber chamber was about 25 percent of its 
reading on the surface, and the surface reading 





Fic. 5. Epilation produced on the back of a rabbit 
exposed to the fast neutron beam of Fig. 4a. The epilation 
started in two weeks and was complete after six weeks. 
The effect is seen to be sharply limited. 


was about 10 percent greater with than without 
the presence of the paraffin. 


BIOLOGICAL TESTS OF THE BEAM 


The suitableness of the beam for biological 
experiments that necessitate localized adminis- 
tration was tested by exposing the backs of 
rabbits to the 7 X7 cm field of the first collimating 
arrangement. Graded exposures were given, and 
the region of exposure was watched every few 
days following the irradiation. In two to six 
weeks the hair on rabbits given sufficient ex- 
posure began to fall out of the exposed region. 
On those given large enough dosage the epilation 
in the region was complete after about six weeks. 
Fig. 5 shows one of the rabbits thus treated. The 
region of exposure is sharply demarcated. The 
small background dose of gamma-rays and slow 
neutrons caused no noticeable ill effects upon the 
rabbits as a whole, and they lived for over six 
months, regrowing their hair in most instances 
and appearing normal in all respects. 

Mice could be exposed so that only their tails 
extended into the beam, the mice, of course, 
being quite close to the edge of the beam. Doses 
sufficient to cause the tails eventually to de- 
generate, about ten times the whole body lethal 
dose, could be given without any apparent illness 
of the mice. 

Exposures of the human skin to the beam gave 
well demarcated regions of erythema, tanning, 
and epilation, followed by recovery. 
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The doses required for the rabbit epilation 
were between five and six hundred e.s.u./cc in 
the amber chamber. Tests with x-rays showed 
that a dose three to four times as great measured 
by ionization in the same chamber would be 
needed if the radiation coming from the outlet 
were x-rays or gamma-rays. Whether the effect- 
iveness of the fast neutrons will also be greater 
when the dose is measured in terms of the 
ionization resulting in the tissue is of considerable 
importance and, although investigations thus far 
indicate an increased effectiveness that is de- 
pendent on the biological object employed, the 
important point for the present is that for the 
measurements as made the biological effective- 
ness of fast neutrons is greater. As a result the 
gamma-ray background will have less biological 
importance, making the biological dose in the 
beam from fifty to one-hundred times that 
outside of it. 


CONCLUSION 


Although enough arrangements have not been 
tried to arrive at the best choice and disposition 
of materials for the collimation of fast neutrons, 
these preliminary tests lead to some general 
conclusions: (1) A beam of fast neutrons that is 
satisfactory for some purposes can be obtained 
by means of a channel through a wall of paraffin. 
The wall should be 60 cm or greater in thick- 
ness and of large extent around the source. 
(2) Shielding is needed against gamma-radiation 
that originates not only in the source along with 
the neutrons but in surrounding materials as the 
result of absorption and inelastic scattering of 
neutrons. Several centimeters of Pb is sufficient 
to reduce the ionization caused by gamma-rays 
from the high energy deuteron-beryllium source 
to a small fraction of the ionization caused by 
the fast neutrons. Likewise, the scattered and 
secondary gamma-rays can be well suppressed by 
using Pb several centimeters thick to line the 
collimating channel and to form shielding walls 
outside the paraffin diaphragm. (3) The Pb 
lining of the channel is also satisfactory for 





delimiting a beam of fast neutrons and, because 
of a different angular scattering of neutrons in 
Pb, it may even be better for the collimation 
than just a paraffin channel. (4) The smaller the 
source and the longer the channel, the more 
sharply the beam will be defined. For the best 
collimation the channel should taper out radially 
from the source to the outlet. The effect of 
scattering material at the back and at the sides of 
the source in increasing the effective size of the 
source needs to be considered. Also in connection 
with scattered, as well as with secondary, radia- 
tion the effect of the position in the channel of 
the gamma-ray filter is still to be investigated. 
(5) To reduce effectively the production of 
gamma-rays by slow neutron absorption, boron 
would have to be dispersed throughout all the 
materials around the source in sufficient amount 
to be the predominant absorber of slow neutrons 
in all regions. This would also reduce materially 
the background of slow neutrons, but for this 
purpose alone the more direct method is to 
surround the receiver with walls rich in boron. 
(6) By taking advantage of the greater energy 
and number of the neutrons emitted from 
beryllium in the forward direction of a deuteron 
beam of high energy, not only is the most 
efficient use made of the source but the neutron 
beam is more intense relative to the gamma-ray 
background and the collimation is enhanced. 
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The molecular-beam magnetic-resonance method for 
measuring nuclear magnetic moments has been applied 
to the proton and the deuteron. In this method the nuclear 
moment is obtained by observing the Larmor frequency 
of precession (v=yH/hI) in a uniform magnetic field. For 
this purpose HD and D:2 molecules are most suitable 
because they are largely in the state of zero rotational 
momentum. Very sharp resonance minima are observed 
which makes it possible to show that the observed values 
of v/H are independent of H, and to make a very accurate 
determination of the ratio up/up. With molecules of ortho- 
hydrogen in the first rotational state a radiofrequency 
spectrum of six resonance minima was obtained. This 
spectrum when analyzed yields a set of nine energy levels 
from which are obtained (1) the proton moment from its 


Larmor precession frequency; (2) the proton moment from 
the magnitude of the dipole interaction between the two 
proton magnetic moments (the directly measured quan- 
tity is up/r*); and (3) the value of the spin orbit interaction 
constant of the proton moment with the rotation of the 
molecule or the magnetic field H’ produced by the rotation 
of the molecule at the position of the nucleus. The 
numerical results are pwp=2.785+0.02 nuclear mag- 
netons; ywp=0.855+0.006 nuclear magneton; (up/up) 
=3.257+0.001; H’=27.2+0.3 gauss; up/r?=34.1+40.3 
gauss which gives up=2.785+0.03 nuclear magnetons. To 
within experimental error there is no disagreement of the 
results of these direct measurements with those from 
atomic beam measurements of the h.f.s. Av of the ground 
states of H and D. 





INTRODUCTION 


N this paper we shall describe experiments in 

which the magnetic moments of the proton 
and deuteron are measured to a much higher 
precision than heretofore. In addition there will 
be presented some experimental results which 
throw light on the inner dynamics of the hydro- 
gen molecule, such as the magnetic field at the 
position of the protons which is produced by the 
rotation of the molecule as a whole. The mag- 
netic moments will be deduced from two inde- 
pendent quantities: (1) the Larmor precession 
frequency of the proton or the deuteron in an 
externally applied magnetic field, (2) the mutual 
magnetic energy of interaction of the two proton 
moments in the hydrogen molecule. The first of 
these two measurements depends on principles 
briefly described in the first paragraph of the 
section on method and more adequately in a 
paper by Rabi, Millman, Kusch and Zacharias.’ 


* Publication assisted by the Ernest Kempton Adams 
Fund for Physical Research of Columbia University. 

1], I. Rabi, S. Millman, P. Kusch and J. R. Zacharias, 
Phys. Rev. 55, 526 (1939). 


The results are given in the first part of the 
section “‘Evaluation of Experimental Results.”’ 

In a previous paper’ called ‘‘The Gyromagnetic 
Properties of the Hydrogens,”’ experiments were 
described which measured the h.f.s. separation of 
the normal states of atomic hydrogen and 
deuterium. The magnetic moments of the proton 
and the deuteron were evaluated from these 
measurements by the application of the Dirac 
theory of the hydrogen atom. These calculations 
depend on the assumption that the interaction of 
the nuclear spin with the external electron is 
purely electromagnetic in nature. The values 
which were obtained from this experiment were 
2.85 and 0.85 nuclear magnetons for the proton 
and deuteron, respectively, with a precision of 
about 5 percent. 

These values, particularly that of the proton 
are to be compared with the earlier value of 2.5 


given by Estermann and Stern® as a result of a 


2 J. M. B. Kellogg, I. I. Rabi and J. R. Zacharias, Phys. 
Rev. 50, 472 (1936). 

31. Estermann and O. Stern, Zeits. f. Physik 85, 17 
(1933). 
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straightforward molecular beam deflection ex- 
periment with molecular hydrogen. Since this 
value was not claimed to be accurate to better 
than 10 percent the results of the two experi- 
ments, which differ entirely in principle, could 
be said to agree within the limits of error. 
A value of the proton moment was also given by 
Lasarew and Schubnikow* who measured the 
variation of the diamagnetic susceptibility of 
liquid hydrogen with temperature. They in- 
terpret the change in susceptibility as a para- 
magnetic effect of the nuclear moment and from 
measurements at three different temperatures 
obtain two values 2.7+10 percent and 2.3410 
percent. However, later experiments by Ester- 
mann, Simpson, and Stern® yielded a value of 
2.46+3 percent. They used the same method as 
in the previous experiments of Estermann and 
Stern, but with a more refined technique, which 
they applied to both He and HD molecules. 

The wide divergence between the values 2.85 
and 2.46 is quite outside the sum of the limits of 
error. As an explanation the possibility of some 
sort of spin interaction between electron and 
proton not electromagnetic in character was 
suggested. Another possibility was a breakdown 
of the Dirac equation for the electron in the 
hydrogen atom. 

These considerations which bring into question 
the fundamental entities of nuclear and atomic 
physics make a further experimental study of 
the proton moment a matter of great interest, 
particularly if the methods are independent. 
Further interest is added to these studies by 
recent theoretical investigations® of the nature 
of the proton and neutron moment and their 
composition in the deuteron. 


METHOD 


The method we employ is the molecular-beam 
magnetic-resonance method! modified to apply 
to gas molecules. As used in our experiment this 
method provides a means of observing the re- 
orientations of molecular and nuclear moments 


*B. G. Lasarew and L. W. Schubnikow, Physik. Zeits. 
Sowj. 11, 445 (1937). 

° 1. Estermann, O. C. Simpson and O. Stern, Phys. Rev. 
52, 535 (1937). 

6 J. Schwinger, Phys. Rev. 55, 235 (1939), Abs. 13; 
H. Fréhlich, W. Heitler and N. Kemmer, Proc. Roy. Soc. 
166A, 154 (1938). 
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which may occur with respect to a constant 
homogeneous magnetic field when an oscillating 
or rotating magnetic field is superposed. In our 
experiments this oscillating magnetic field will 
be weak compared with the constant field and 
perpendicular to it in direction. In the absence 
of any interaction between the molecular con- 
stituents this reorientation will occur when the 
Larmor frequency of precession, 


v=pH/hI (1) 


and the frequency of the oscillating field are in 
resonance. 

More generally, when there are interactions 
between the molecular constituents, the reso- 
nance reorientations occur when the frequency 
of the oscillating field is in resonance with the 
frequency given by the Bohr relation 


hvan=AEw=E,— En, (2) 


where E, and E,, represent the energies of two 
states of the whole molecular system in the 
homogeneous magnetic field. There are selection 
rules which govern these transitions, and in the 
cases which we will discuss this selection rule is 
Am=+1 where m is the magnetic quantum 
number of the system. It is to be emphasized 
that the method detects not only transitions 
from state m to m, but also the inverse transition 
m to n. One of these corresponds to absorption 
of radiation and the other to stimulated emission. 
As Einstein has shown these two processes are 
equally probable. The above two descriptions 
are equivalent in the absence of interactions 
within the molecule because the energy differ- 
ences between the successive states of spin 
quantization are then all equal to nH/J, whence 
the Bohr frequency is the same as the frequency 
given by Eq. (1). 

To detect the reorientations, a beam of mole- 
cules is spread by an inhomogeneous magnetic 
field and refocused onto a detector by a subse- 
quent inhomogeneous field. The transitions be- 
tween the states of different space quantization 
are produced in the homogeneous field of an 
electromagnet placed in the region between the 
two deflecting magnets. In the gap of this 
electromagnet is placed a loop of wire which is 
connected to a source of current of radio fre- 
quency to produce the oscillating field at right 
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Fic. 1. Schematic diagram of apparatus. Longitudinal dimensions from source to detector are drawn to scale. Flattened 
copper tubes 13.5 cm long to carry radiofrequency current are not shown. They should appear between the pole pieces 


of magnet C. 


angles to the steady field. If a reorientation of 
spin occurs in this field the subsequent conditions 
in the second deflecting field are no longer correct 
for refocusing and the intensity at the detector 
goes down. The experimental procedure is to 
vary the homogeneous field while maintaining 
some given value of the frequency of the oscil- 
lating field until a resonance is observed by a 
drop in intensity at the detector and the subse- 
quent recovery when the resonance value is 


passed. 
APPARATUS 


The apparatus used in these experiments is 
similar to that used by R. M. K. Z.,! the chief 
modifications being those which result from the 
use of gas molecules in the beam. The present 
apparatus is shown schematically in Fig. 1. 
The outer 6” brass tube is divided into three 
parts to facilitate pumping, each part having 
its own high vacuum system. In the source 
chamber, where much gas emerges from the 
source, a pressure of 4X10-5 mm of mercury is 
maintained by two brass oil-diffusion umbrella- 
type pumps with dry-ice-cooled helical baffles. 
The pumping speed measured at the position of 
the source slit is 100 liters of air per second. In 
the separating chamber, which is connected to 
the source chamber only by a slit 0.05 mm wide 
and 3 mm high through which the molecular 
beam passes, and to the main chamber by a slit 
0.1 mm wide and 6 mm high, the pressure is of 
the order of 10-* mm. The purpose of the sepa- 
rating chamber is to provide vacuum isolation 
of the main chamber from the gas in the source 
chamber. Finally in the main chamber, where 
the magnets are located and where the molecules 


are for the greatest length of time, a pressure of 
better than 5X10-7 mm is maintained with 
another brass oil-diffusion pump with a speed of 
50 liters per second and with a glass pump of 
the Zabel design.’ To diminish pressure fluctua- 
tions in this chamber, an extra section of brass 
tube 3 ft. long and 7” in diameter is added beyond 
the Pirani gauge detector to provide ballast 
volume. All the diffusion pumps of the separating 
and main chambers pump into a glass pump 
which in turn pumps into the source chamber 
which serves as its fore vacuum. The two brass 
pumps of the source chamber are backed by a 
glass pump which in turn pumps into a Leybold 
three stage mercury diffusion pump capable of 
pumping against 10 mm of pressure. The gas 
from the Leybold pump goes back to the source 
feed line so that it is used over again. With this 
recirculation system as little as 6 cc of gas at 
NTP is required for a day’s run and, if desired, 
even that amount may be recovered at the end 
of the day for subsequent use. 

The source is mounted at the bottom of an 
Invar Dewar to which it is soldered. The mole- 
cules being investigated must pass through a 
long 2-mm tube in the Dewar before entering the 
source so their temperature becomes approxi- 
mately that of the refrigerant in the Dewar. 
The Dewar is supported at the top by a ground 
brass joint so mounted that the trap can be 
moved both transversely and vertically under 
vacuum. The ground joint permits rotation 
about a vertical axis. This motion is necessary 
because of the canal effect of the slit jaws. In 
addition to the support at the top of the trap, 


7R. M. Zabel, Rev. Sci. Inst. 6, 54 (1935). 
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two long Invar screws pass through the sides of 
the outer brass tube and are used to clamp the 
source rigidly in place. This was found to be 
necessary to prevent random 0.001 mm lateral 
motions of the source. The gas pressure inside 
the source is usually of the order of 4 or 5 mm 
of mercury. The source slit is 0.015 mm wide, 
3 mm high, and 0.25 mm thick.- Although the 
source slit is made vertical optically before the 
apparatus is pumped out, slight changes of its 
angle with the vertical can be made under 
vacuum by clamping the source box with the 
Invar screws and then moving the top of the 
Invar trap. This procedure bends the trap a bit 
and thus changes the angle of the slit with the 
vertical. 

The collimator consists of two sharp slit jaws 
0.015 mm apart mounted eccentrically on a 
vertical ground joint. Small rotations of the joint 
therefore make possible slight adjustments of 
the collimator position while large rotations 
completely remove the collimator from the path 
of the molecular beam. Although the geometry 
of the apparatus is such that the collimator 
cannot conveniently be put halfway between the 
source and the detector, it is placed as near to 
this position as possible, since, as pointed out by 
Manley,® this is the optimum position. The total 
beam length, source to detector, is 77 cm. 

The detector is of the Stern-Pirani type and is 
shown diagrammatically in Fig. 2. The most 
important difference between this detector and 
the Pirani gauges previously used? is that use is 
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Fic. 2. Horizontal cross section of the detector. The block 
and tubes are 10 cm long. 


*J. H. Manley, Phys. Rev. 49, 921 (1936). 























made of all four arms of the Wheatstone bridge, 
two electrically opposite arms being in the 
detector chambers and two in the balancing 
chambers whereby the sensitivity is increased. 
Each set of gauge chambers, which must be of 
small volume to diminish the time lag of the 
detector, is formed by inlaying in solder two 
1.6-mm (inside diameter) copper tubes in a 
rectangular trough cut in the surface of a brass 
block. A transverse hole is drilled from the out- 
side through both tubes to form the intercon- 
necting channel shown in the diagram. The faces 
of the block are then surface ground and lapped. 
The slit jaws shown in the diagram are carefully 
lapped brass blocks screwed to the lapped faces 
of the gauge block. The slit itself is formed by 
forcing these slit blocks together against 0.015 
mm spacers of aluminum foil to form a channel 
0.015 mm wide, 2 mm high, and 4.5 mm long. 
The gauge wires are made of nickel ribbon 9 cm 
long, 0.25 mm wide, and 0.004 mm thick. These 
ribbons are kept taut by small spiral springs of 
6-mil nickel wire formed on the point of a needle. 
Nickel leads are brought out of the ends of the 
gauge chambers through small glass tubes which 
are ground to fit snugly into the copper tubes. 
The ends are then sealed with a drop of clear 
glyptal lacquer. Finally, the gauge is baked at a 
temperature of 150°C for three days. 

To prevent electrical disturbances in the de- 
tector circuit when the oscillator is turned on, 
the entire circuit is well shielded and by-pass 
condensers are attached between the leads of 
the hot wire arms of the bridge and ground. 

The portion of the outer brass tube near the 
detector is surrounded with rubber tubing 
through which is circulated water from a large 
tank which stays at the average room tempera- 
ture. The whole system is lagged with crumpled 
Alfol (aluminum foil) to provide thermal insula- 
tion. This is necessary to diminish the large 
galvanometer drifts which accompany even 
small changes of the detector temperature. After 
the apparatus has been opened to air, it takes 
about a week for the detector to outgas suffi- 
ciently for accurate measurements to be possible. 
Therefore one oil diffusion pump and a mechan- 
ical pump are left running all the time so that 
“sticking” vacuum is maintained even when the 
apparatus is not in use. 
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The inhomogeneous deflecting magnets A and 
B (Fig. 1) are of the type described by Millman, 
Rabi, and Zacharias.* They are 19 cm and 24 cm 
long, respectively. The gaps are bounded by two 
cylindrical surfaces, one convex of radius 1.24 
mm and the other concave of radius 1.47 mm. 
The gap width is 1.06 mm. Each magnet is 
wound with four turns of heavy, water-cooled 
copper. With 300 amperes the field is about 
12,000 gauss and the gradient of the field about 
90,000 gauss/cm. 

The magnet C producing the homogeneous 
magnetic field is a single yoke magnet of Armco 
iron carefully annealed in a hydrogen atmos- 
phere. It is wound with 9 turns of heavy, water- 
cooled copper. The surfaces of the air gap are 
0.6 cm apart, 3.2 cm high, and 15 cm long. 
They are surface ground and lapped, and the gap 
is spaced with a ground and lapped spacer so 
that the air gap should be constant to about 
0.05 percent. 

Although the gradients of the two inhomo- 
geneous magnetic fields must be in opposite 
directions for refocusing to be possible, it is 
essential! that all three magnetic fields be in the 
same direction and that the three magnets be 
close together to prevent reorientations of the 
molecules in the regions of weak rapidly changing 
field between the magnets. To further diminish 
these reorientations iron slabs are attached to 
the ends of the inhomogeneous magnets to in- 
crease the value of the magnetic field in the gaps 
between the magnets and to make the changes 
of field more gradual. With these precautions the 
refocused beam intensity in the present appa- 
ratus is about 95 percent of the beam intensity 
in the absence of the magnetic fields. 

The high frequency magnetic field within the 
air gap of the C magnet is produced by a radio- 
frequency current in a “hairpin” of the type 
described in detail by Millman.'° The two 
horizontal wires between which the beam passes 
are of flattened } in. (outside diameter) copper 
tubing 13.5 cm long and 1 mm apart through 
which water flows for cooling purposes. This 
produces a magnetic field of about 3 gauss per 
ampere at the position of the beam. As much as 

*S. Millman, I. I. Rabi and J. R. Zacharias, Phys. Rev. 


53, 384 (1938). 
10S. Millman, Phys. Rev. 55, 628 (1939). 


50 amperes of current at several megacycles 
have been used. The current comes from a 
single turn secondary inductively coupied to the 
tank coil of a conventional Hartley oscillator 
driven by an Eimac 250 TL tube. Frequencies 
between 0.5 and 16 megacycles have been used. 
The oscillator is sufficiently stable for the fre- 
quency to remain constant to 0.02 percent over 
the course of a day’s run. 


CALIBRATION 


The measurement of gyromagnetic ratios by 
the method of this experiment depends on the 
absolute measurement of only two quantities as 
is shown by Eg. (1): (a) the frequency of the 
oscillatory magnetic field and (b) the strength 
of the homogeneous magnetic field. 

The frequency is measured with the same 
General Radio Type 620-A heterodyne frequency 
meter used by R. M. K. Z.! with which fre- 
quencies can be measured to 0.01 percent. In 
our laboratory this meter was compared with 
another meter of the same type and found to 
agree with it to 0.01 percent. 

The homogeneous magnet C is calibrated as a 
function of the exciting current in the magnet 
windings. The current is measured by the po- 
tential drop across a shunt through which the 
current passes. This potential drop is measured 
to 0.01 percent with a type K potentiometer. 
As the same shunt is used in the calibration and 
in the measurement of moments, its absolute 
resistance is of no importance. 

In the process of calibration it was found 
that the field accompanying a current in the 
windings depended on the way the magnet was 
demagnetized. Therefore a standardized demag- 
netization procedure was used in both the calibra- 
tion and the subsequent measurements. Calibra- 
tions were made for several values of the current 
in the A and B magnets. When this procedure 
was followed, the magnetic fields were found to 
be reproducible to 0.2 percent. 

The calibration of the magnet was performed 
with flip coils, ballistic galvanometer and 
mutual inductance in the manner described by 
R. M. K. Z.! Two Leeds and Northrup 50-milli- 
henry mutual inductances were used in the 
calibration. The values of these two mutual 
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inductances, rated by the manufacturer to +0.5 
percent, were found to vary about 0.5 percent 
depending on humidity. This uncertainty to- 
gether with a slight uncertainty in the area of the 
flip coil is the chief source of error in the experi- 
ment. The absolute calibration of the field and 
hence the absolute values of the magnetic 
moments should be good to about 0.5 percent. 

Since the moments of a number of nuclei have 
been measured!: " on another apparatus with an 
independent field calibration, it is of interest to 
compare the results of the measurement of some 
one nuclear moment on the two apparatuses. For 
this purpose we chose fluorine which was avail- 
able to us in the form of CCl2F2. We found 
resonance minima which may be ascribed to 
fluorine. While these minima were not as narrow 
as those of hydrogen and could not be located 
as accurately, it was still possible to measure 
the moment of fluorine to an accuracy well 
within the limits of error claimed for the calibra- 
tion of the magnets of either apparatus. The 
fluorine moment we obtain” is 2.623+0.018 
nuclear magnetons. This is to be compared with 
the value 2.622+0.013 nuclear magnetons pre- 
viously reported by R. M. K. Z. 


PROCEDURE 


Although the final values for the nuclear 
magnetic moments do not depend on the accu- 
racy of the alignment of the apparatus or of the 
parallelism of the source, collimator, and de- 
tector slits, these adjustments must be carefully 
made in order that the beam intensity and 
deflecting power of the apparatus may be large 
enough. As in previous molecular beam experi- 
ments,” * much of the alignment is accomplished 
under vacuum with the beam, although part is 
done optically in advance. The three magnets are 
rigidly attached to a brass base plate which, 
together with the separating plate and foreslit 
between the separating and detector chambers, 
can be removed from the outer brass tube. As the 
magnets cannot be moved under vacuum, they, 
and the foreslit, are optically aligned on the 





Fs P. Kusch and S. Millman, Bull. Am. Phys. Soc. 14, 
No. 3, Abs. 35; S. Millman and P. Kusch, Bull. Am. Phys. 
Soc. 14, No. 3, Abs. 36; P. Kusch, S. Millman and I. I. 
Rabi, Phys. Rev. 55, 1176 (1939). 

# J. M. B. Kellogg, I. I. Rabi, N. F. Ramsey, Jr. and 
J. R. Zacharias, Phys. Rev. 55, 595 (1939), Abs. 24. 





base plate when it is outside the brass tube by 
running a tightly stretched number 40 copper 
wire down the line of the beam. The base plate 
and magnets are then inserted in the tube and 
clamped in position. The source slit, foreslits, 
collimator, and detector slit are approximately 
aligned optically and are carefully made vertical 
to make them parallel. The two wires which 
carry the high frequency current are set optically 
so that the beam passes between them. After 
these alignments have been made and the 
apparatus evacuated, gas is introduced into the 
source feed line and the beam is found by trial 
with the collimator removed from the beam path. 
The collimator is then introduced and the 
position of the beam relative to the magnetic 
field is found by moving the source, collimator, 
detector, and narrowest foreslit under vacuum. 
In this way the beam may be made to run 
parallel to the magnets and at any desired 
position in the air gap. 

The best currents for use in the deflecting and 
refocusing magnets A and B are determined by 
trial. The ratio of the currents in the two mag- 
nets is first selected so that the refocusing is a 
maximum. Then with this ratio preserved the 
total current is adjusted to a value large enough 
so that most of the molecules which have a 
constituent moment reoriented in the C field are 
not refocused, and small enough so that the 
deflections of the molecules are not too large to 
preclude good refocusing when no reorientations 
occur. A careful adjustment of the total current 
is particularly important in the measurement of 
the deuteron moment with HD where the 
deuteron magnetic moment being studied is in 
the same molecule with a much larger proton 
moment. 

The resonance minima are observed by keeping 
the currents in the A and B magnets and the 
frequency of the oscillator constant and varying 
the current in the C magnet which produces the 
homogeneous field. A measure of the number of 
molecular reorientations produced by the oscil- 
lating field is obtained from the change in beam 
intensity which occurs when the oscillator is 
turned off or on. As there is always some drift 
(of the order of } cm a minute) of the detector 
galvanometer spot, observations of the change in 
beam intensity are made by turning the oscillator 
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on and off at 15-second intervals for two minutes 
and then averaging the changes of the galva- 
nometer deflection. In all of the experiments here 
described the Dewar to which the source is 
attached was filled with liquid nitrogen. 

It is very important in these experiments that 
the correct high frequency current be used, 
since, as follows from the detailed theory of the 
reorientation probabilities as developed by Rabi,” 
the half-widths of the resonance minima are 
directly dependent on the strength of the oscil- 
lating magnetic field. If too much current is 
used the widths of the resonance minima in- 
crease proportionally to the current and if too 
little is used the depths of the minima decrease 
rapidly. The theoretical optimum strength of the 
oscillating field and the theoretical half-widths of 
the curves when this field is used are discussed 
in the next section. As is shown there, the 
optimum field depends both on the magnitude of 
the moment being measured and on the velocity 
and hence the mass of the molecule. In practice 
we usually determine the best values for the 
oscillatory current by trial. Since the positions 
of the minima are not affected by the magnitude 
of the oscillatory current, this determination is 
made only approximately. 


EXPERIMENTAL RESULTS 


In this section we shall present our data in the 
form of typical curves which represent beam 
intensity at the detector as a function of the 
value of the field in the C magnet while a fixed 
frequency and amplitude of the oscillating 
current is maintained. These curves we call 
resonance curves and the minima of intensity 
which are observed, resonance minima. Of 
physical interest are the numbers, locations, 
depths, half-widths, and asymmetries of these 
resonance minima. 

These curves are closely analogous to the 
absorption and stimulated emission lines of 
spectroscopy except for two distinct differences. 
First, instead of measuring the absorption of the 
radiation we measure the fraction of molecules 
which make transitions. Second, we employ a 
definite fixed frequency and shift the positions 
of the energy levels to correspond to this fre- 


#1. I. Rabi, Phys. Rev. 51, 652 (1937). 


quency by varying the magnetic field rather than 
scanning the spectrum through a range of 
frequencies at a fixed value of the field. Thus our 
results are analogous to what would be obtained 
if one measured the Zeeman pattern of a spectral 
line by measuring the absorption of some narrow 
spectral line as a function of the magnetic field 
in which the absorber is placed. The Zeeman 
lines would successively pass across this fre- 
quency interval and one would obtain an unusual 
set of absorption lines from which the Zeeman 
levels could be deduced. In the present experi- 
ment with hydrogen molecules, as the strength 
of the magnetic field is varied the resonance 
minima occur in groups, the positions of the 
groups being such that the Larmor precession 
frequency of a constituent magnetic moment of 
the molecule is near the frequency of the oscil- 
lating field. Since the regions of field that are of 
interest in the experiment are those in which the 
resonance minima occur, only these are included 
in the accompanying figures. It is to be empha- 
sized, however, that between groups of minima 
there are large regions of the magnetic field 
intensity in which no resonance minima occur. 
The gases used in these experiments were Hz, 
D, and HD, the latter having been purified for 
us by Drs. Brickwedde and Scott of the National 
Bureau of Standards. All experiments were per- 
formed with the source at liquid nitrogen tem- 
perature. For equilibrium at this temperature, 
the distributions of the molecules in the different 
rotational states are as given in Table I. The 
resultant nuclear spins to be associated with the 
different rotational states of Hz and Dz are also 
included in the table. These are different for 
even and odd rotational states since, as is dis- 


TABLE I. Relative abundance of different rotational states 
at 78°K. To obtain the abundance of a state with given I and J 
and m, and my divide the concentration given by the statistical 
weight. The calculations were made assuming an ortho-para 
ratio of 3 to 1 for Hz and 1 to 2 for D2. For HD there 1s no 
quantum number of total spin. 
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Fic. 3. Resonance curve for HD molecules chiefly 
showing transition of the proton spin for the zero rota- 
tional state. 


cussed in the theories of the rotational specific 
heat of homonuclear hydrogen molecules, only 
para-He and ortho-D2 may exist in the even 
rotational states and vice versa for odd. 

Figure 3 is a resonance curve taken with HD 


molecules at a frequency of 4.000 million cycles 
in a region of magnetic field varied from about 
900 to 1000 gauss. In this region the Larmor 
precession frequency of the proton is near the 
oscillator frequency. The very deep minimum 
arises from the reorientation of the proton in 
this molecule when the molecule is in a state of 
zero rotation as will be made clear in the next 
section. The small fine structure on both sides 
is due to the same reorientation process, but in 
molecules which are in the first rotational state. 
The discussion of the results in the first rotational 
state and of the similar ones which arise from 
reorientations of the deuteron in the first rota- 
tional states of HD and Dz: molecules will be 
reserved for another paper. Fig. 4 is a curve 
similar to that of Fig. 3 but taken in an entirely 
different region of frequency and magnetic 
field, the region being such that the Larmor 
frequency of the deuteron is near the oscillator 
frequency. Here again the deep minimum corre- 
sponds to reorientations of the deuteron when 
the molecule is in the zero rotational state while 
the structure on the two sides arises from similar 
transitions but in the first rotational state. 
Fig. 5 is a curve obtained with De. The deep 
central minimum arises from the reorientation 
of the deuteron in molecules in the zero rota- 
tional state and the structure on either side is 
due to molecules in the first rotational state. 

All of these groups of resonance minima have 
been observed at more than one frequency. It is 
found that the ratios of f, the frequency of the 
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Fic. 4. Resonance curve for HD 
molecules chiefly showing transition 
of the deuteron spin for the zero 
rotational state. 
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Fic. 5. Resonance curve for Dz 
molecules showing transition of the 





resultant nuclear spin for the zero 
rotational state. 
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oscillating field, to H, the magnitude of the homo- 


geneous field at which the principal minimum of 


any moment occurs, are constant. This constancy 
of f/H would be expected from Eq. (1) and is 
strong support for the assumption that the 
deepest minimum corresponds to the interaction 
of a magnetic moment with the applied magnetic 
field, since the constancy of f{/H shows that the 
energy of interaction is proportional to the 
strength of the field. 

The justification for identifying the resonance 
minima of Fig. 3 with proton reorientations and 
Fig. 4 with deuteron reorientations is that a 
group of minima with the same f/H as Fig. 3 is 
found in He, and a group with the same f/H as 
Fig. 4 in De (see Fig. 5). 

Each of these curves alone is slightly asym- 
metrical as would be expected from the dis- 
cussion of Millman.'° As pointed out by Millman, 
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Fic. 6. Radiofrequency spectrum of ortho-H, molecules 
arising from transitions of the resultant nuclear spin. The 
path of the beam in the radiofrequency field is 13.5 cm. 


MAGNETIC FIELD IN GAUSS 


the signs of the moments can be deduced from 
the asymmetry. The signs of the proton and 
deuteron moments found in this way are positive 
in agreement with the results of K. R. Z.? 

The depth of the minimum of H in HD 
corresponds to the occurrence of the reorientation 
process in about 75 percent of the molecules in 
the zero rotational state. That this quantity is 
not greater is to be expected on the basis of the 
theory given by Rabi and by R. M. K. Z. Since 
the molecules have a Maxwell distribution of 
velocity, some of the molecules are not under the 
influence of the oscillating field long enough, 
because of their high speed, to make the transi- 
tion probability unity, while others, because of 
their low speed, are in the field too long and are 
partially returned to their original state. A dis- 
cussion of the depths of the deuteron minima in 
HD and D., will be given in a later paper. 

The minimal widths of the resonance minima 
are given approximately by the relation ‘Av =l 
where t=L/v is the time spent by the molecules 
in the oscillating field and Ay is related to the 
width of the minima in gauss by Av=yAH/Al. 
The minimal width of the resonance minima at 
half-intensity (half-depth) is therefore given by 
AH =hIv/uL. If the resonance minima are con- 
siderably broader than this it is an indication of 
lack of resolution or of fine structure in the 
minima. If the oscillating field is made very 
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Fic. 7. Radiofrequency spectrum of ortho-H: molecules 
arising from transitions of the resultant nuclear spin. 
The path of the beam in the radiofrequency field is only 
2.7 cm. The radiofrequency current was too large. 


weak, the depth of the resonance minimum de- 
creases, but its width is approximately un- 
changed ; whereas, if the oscillating field is made 
too strong, the half-width of the minimum in- 
creases. The best value of the oscillating field 
for maximum depth of the resonance minimum 
and narrowest width when we deal with resolved 
lines is obtained when the amplitude of the 
oscillating field is approximately equal to hIv/uL. 
This relation was found to hold experimentally 
and is expected from the theory.' 

In Fig. 6 we have a set of six resonance minima 
which arise from reorientations of the nuclei in 
H» molecules in the first rotational state. Since, 
as is shown in Table I, the zero rotational state 
has zero resultant nuclear spin, this state has no 
resultant nuclear magnetic moment and con- 
sequently gives rise to no nuclear resonance 
minima. The observed resonance minima can be 
located to within 0.5 gauss. The depths of the 
minima are approximately equal. The sum of 
the depths of the resonance minima is approxi- 
mately equal to the total intensity of ortho-H2 
molecules which reach the detector. This is less 
than the amount to be expected under ideal 
conditions since each minimum is due to transi- 
tions between two states and in our experiment 
transitions from } to a are counted as well as 
those from a to b. Since, as will be shown in the 
next section, there are nine states all told and 
since the molecules are equally distributed 
amongst the states, the depth of each minimum 
should represent 2/9 of the intensity and the 
sum of the six minima 12/9 of the total intensity. 
The effect of the velocity distribution which was 
discussed above results in a 25 percent reduction 
of this intensity, so it is reasonable that the 
total depth should be approximately equal to 





the intensity of ortho-Hz molecules as found 
experimentally. 

Figure 7 represents a curve which was ob- 
tained with He molecules in an earlier form of 
our apparatus in which the C magnet as well 
as the wires which produce the oscillating field 
were about a fourth as long as they are now. 
This curve was one of the first to be observed 
and a value of the oscillating field much greater 
than the optimum value discussed above was 
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MAGNETIC FIELD IN GAUSS 


Fic. 8. Radiofrequency spectrum for ortho-H, molecules 
arising from transitions of the resultant nuclear spin. 
The path of the beam in the radiofrequency field is 2.7 cm. 
Optimum r.f. current for this case is 2 amp. 


used. Fig. 8 is another curve on the same appa- 
ratus but with the use of the optimum oscillating 
field. A comparison of these two curves shows 
how the stronger oscillating field broadens the 
resonance minima and causes the curious over- 
lappings which are responsible for the peculiar 
form of the curve in Fig. 7. By making the C 
magnet and the oscillating field four times longer, 
we were able to reduce the amplitude of the 
oscillating field by a factor of four since the time 
which the molecules are under its influence is 
four times as great. Fig. 6 when compared to 
Fig. 8 shows the effect of this improvement. 
The lines in Fig. 6 are much narrower and the 
resolution is consequently higher. There are six 
narrow and well separated minima, whereas in 
Fig. 8 there are only five separated minima. 
Figure 9 shows how the positions of the Hz 
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Fic. 9. Variation of radiofrequency spectrum with mag- 
netic field to show the progress of the Paschen-Back 
effect. The spectra have been shifted to make the positions 
of Ho coincide. Ho was obtained directly by adding 10 
percent of HD to the sample of Hy». In this way one can 
tell the shift in field of the individual lines. 
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resonance minima shift when observations are 
made at different frequencies. The vertical lines 
show the observed positions of the peaks at 
different frequencies. The positions of the differ- 
ent groups of minima in this figure are so ad- 
justed that the field position marked zero is the 
position on the different groups at which the 
Larmor frequency of a proton is equal to the 
oscillator frequency. The reason for the shifts in 
the peak positions will be discussed in the next 
section. 


EVALUATION OF EXPERIMENTAL RESULTS 


In this section we shall first deduce the mag- 
netic moments of the proton and the deuteron 
from the locations in field and frequency of the 
deep resonance minima with HD and Dz» mole- 
cules as shown in Figs. 3, 4, and 5. Then we shall 
discuss in detail the results of the theory of the 
energy levels of ortho-H, in the first rotational 
state and apply them to the experimental results 
obtained from curves like Fig. 6. Finally we shall 
present a derivation of the formulae which we use. 

When the molecule of HD or Dz is in the 
state with rotational angular momentum, J, 
equal to zero, the internuclear axis is oriented in 
every direction with equal probability. Since 
these molecules have no resultant electronic 
moment (! state) all interactions between each 
nucleus and the rest of the molecule become 
independent of the orientation of the nucleus 
in the external magnetic field. This follows 


TABLE II. Summary of data taken during the spring of 
1938 for the determinations of the proton and deuteron 
moments. The magnet used for these measurements was 
calibrated with a flip coil and mutual inductance. The path 
in the rf. field was only 2.7 cm. 











FREQUENCY FIELD 
MOMENT IN IN NUCLEAR 
SUBSTANCE MEASURED MEGACYCLES Gauss MOMENT 
H: H 5.662 1336 2.781 
H; H 7.000 1655 2.775 
Hz H 8.923 2107 2.779 
H: H 14,007 3299 2.786 
HD H 10.420 2456 2.785 
HD H 10.420 2461 2.780 
HD H 10.430 2457 2.786 
HD H 13.535 3180 2.793 
HD H 13.190 3106 2.787 
HD H 13.212 3106 2.791 
D2 D 2.103 3232 0.8536 
D: D 3.143 4832 0.8537 
D. D 2.103 3224 0.8560 
HD D 2.021 3106 0.8550 








because the axis of the molecule has all orienta- 
tions with equal probability independent of the 
nuclear spin orientation. Further, the magnetic 
interaction between the two nuclear magnets 
averages out to zero, because the mutual energy 
of two dipoles averaged over all possible orienta- 
tions of the line joining them is zero. Therefore, 
each of the two nuclei in the molecule has a 
definite energy in the external magnetic field 
depending on its own orientation but inde- 
pendent of the orientation of the other nucleus. 
These are exactly the circumstances under which 
the theory of Eq. (1) may be applied as well as 
the rigorous theory” for the transition proba- 
bility in the oscillating field. 

The experimental results show that these 
predictions are indeed true and that the half- 
widths and depths of the minima are as to be 
expected and that the ratio f/H is constant. 
From these values of f/H, from Eq. (1), and 
from the known results that the spin of the 
proton is } and of the deuteron 1, we compute 
the value of the magnetic moments. The results 
are tabulated in Table II, and show that those 
obtained for the deuteron with Dz and HD, and 
for the proton with He and HD, are in close 
agreement. 

These measurements were made when the 
homogeneous field magnet was the small one 
permitting a length of path in the radiofrequency 
field of only 2.7 cm. However, this magnet is 
the one that is carefully calibrated so that our 
values of the moments depend on this calibration. 
The averages, obtained by weighting proportion- 
ally to frequency, are 2.785+-0.02 nuclear mag- 
netons and 0.855+0.006 nuclear magnetons for 
the proton and deuteron, respectively. 

The longer magnet, put into the apparatus 
later, was not directly calibrated at all. Its field 
is known only in terms of the proton moment. 

A very careful determination of the ratio 
up/up was made with the longer magnet. The 
result is up/up = 3.2570+0.001. This agrees with 
the value 3.259+0.007 obtained with the short 
magnet. The difference in the precisions of the 
two results is chiefly due to the difference be- 
tween the lengths of the two radiofrequency fields. 

When the rotational quantum number is 
greater than zero, the various interactions men- 
tioned in the previous paragraph are no longer 
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zero and the energy of a nucleus in the external 
magnetic field depends not only on its own 
orientation but also on the orientation of the 
other nucleus and on the orientation of the 
rotational angular momentum of the molecule. 
We shall discuss only ortho-He in the first 
rotational state since, as discussed in the pre- 
ceding section, this is the only state which 
contributes resonance minima when Hg is ob- 
served at 78°K. 

In ortho-H, the two nuclei are in a state where 
the spins of the two nuclei are “‘parallel,’’ that is, 
the total nuclear spin angular momentum is 1. 
Transitions between this state and the state in 
which the total spin is zero cannot occur in our 
experiment for two reasons. First, such a change 
in spin involves a change from ortho-He to 
para-He and hence a change in rotational 
quantum number for which the energy difference 
is so large that it involves a frequency thousands 
of times as great as those we employ. Second, 
this transition is highly forbidden because it is of 
the triplet to singlet type. 

From these considerations we see that in an 
externally applied magnetic field, in which the 
energy of the protons due to interaction with the 
field is much larger than the magnetic energy of 
interaction between the two protons and of the 
protons with the molecular rotation, we obtain 
nine energy levels. These correspond to the three 
orientations of the total nuclear spin J with each 
of which three orientations of the rotation vector 
J are possible. The resonance minima shown in 
Fig. 6 arise from the six transitions and their 
inverses which can occur between these nine 
magnetic levels subject to the restriction 
Am, =+1. 


The theory of the location of these levels is 
very similar to that of the magnetic levels of a 
multiplet of the Paschen-Back effect. If we 
assume that the orientation dependent energy of 
the ortho-H, is due solely to interactions with the 
external field and to the spin-spin magnetic 
interaction between the nuclei and the magnetic 
interaction between the nuclear spins and the 
molecular rotation, then the theoretical expres- 
sion for the total energy of the ortho-Hz molecule 
in the magnetic field (apart from constants 
independent of the orientation) becomes 


E= —pup(o,+e2) ‘-H 
—urJ-H—yppH'(o,+02)-J 


bp? 
+— le1-¢2—3(o1-4)(o2-1)/r*}, (3) 
r 

where yup and yup are the proton and rotational 
magnetic moments, @; and @2 the Pauli matrices 
for the nuclear spins, J, the rotational angular 
momentum in units of 4/27, and r the radius 
vector joining the two nuclei. The first term is 
the energy of the two proton moments in the 
external magnetic field H, which we take in the z 
direction. This term can also be written as 
2upl-H since, as has already been stated, the two 
proton spins, each of value }, combine to form a 
total proton spin J of value 1, and the two 
proton moments yz, combine to form a total 
moment equal to 24,. The second term is the 
energy arising from the interaction of the 
rotational magnetic moment of the molecule 
with the external magnetic field. The third term 
is the energy of interaction between the proton 
moment and the field H’ caused by the rotation 
of the molecule at the position of the protons. 


TABLE III. Energy levels for the first rotational state of ortho-H_ molecules in a magnetic field. a=py/2py. 











my my ENERGY 
1 1 —2ue{| Ht+aH— H"/5 +H’'} 
1 —2yup{ aH+2H"/5 —(3H"/S—H’')*/H(i—a)} 
1 —1 —2up|-— H+aH— H"/5 —H'—[(3H"/5+H’)*+2(3H"/5)*)/Hi—a)} 
0 —2upe{| H +2H"/S +(3H"/5—H')*/H(i—a)} 
0 —2up| —4H"/5} 
0 —1 —2up|-— H +2H"/5 —(3H"/S—H’)*/H(i—a)} 
—1 1 —2up| H-aH— H"/5 —H'+([(3H"/5+H’)*+2(3H"/S)*)/H(1—a)} 
—1 0 —2up{ —aH+2H"/5 +(3H"/5—H’')*/ H(i—a)} 
~1 | —2up{— H-aH— H"/S +H’} 
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This field is parallel to the rotational angular 
momentum J. The last term is the well-known 
expression for the interaction between two 
magnets separated by a distance 7, which in this 
case is the internuclear distance. 

From this form of interaction the energy 
levels of the molecule may be obtained by the 
Schrédinger perturbation theory. The calculation 
is given at the end of this section. The results, 
good to the second-order perturbation theory, are 
given in Table III, where the resultant energy 
levels are classified by the quantum numbers m, 
and m,, which are the magnetic quantum num- 
bers of the total nuclear spin and of the molecular 
rotation, respectively, where each takes the 
values 1, 0 and —1. 

The terms involving (/7')? and (/I’’)? represent 
corrections to the energies which are inversely 
proportional to the external field. They arise 
because the magnetic field is not sufficiently large 
for the Paschen-Back effect to be complete. 
These corrections though small, are nevertheless 
measurable. The quantity H”’ is the value of 
u,/r® and comes from the term which involves 
the mutual magnetic energy of the two protons 
and is independent of the value of the external 
field. J7’’ is thus the field at one proton due to the 
magnetic moment of the other. 

This set of energy levels plus appropriate 
selection rules will give the observed spectrum at 
frequencies equal to the energy differences divided 
by h, as is shown by Eq. (2). At high fields where 
the first three terms in the energy expression are 
much larger than the last two, we have rigorous 
selection rules, namely : 


Am,;=+1, 
or 
Am, = +1. 


The first corresponds to a change in the orienta- 


tion of the total proton spin by one unit while 
the component of the rotational angular mo- 
mentum remains unchanged; while in the second 
the orientation of the nuclear spin remains fixed 
while the rotational m, changes. Since the above 
mentioned corrections are small compared with 
the other terms we obtain two groups of lines, 
one of which corresponds to transitions in which 
my, changes and the other when m, changes. The 
first set (of six) is grouped around the region 
where f= 2upH/h and the other set of six around 
the region f=yri/h. 

In this paper only the first group will be 
discussed. The second group does not yield any 
new information except the magnetic moment of 
rotation and will be discussed in a paper devoted 
to the rotational moments of He, De and HD. 
The six lines which we will consider correspond 
to the energy differences given in energy units in 
Table IV. 

We must now recall that we use a fixed oscil- 
lator frequency, fo, and vary the magnetic field in 
the neighborhood of Ho, where Ho is defined by 
Hy =hfo/2up. Ho is thus the field at which the 
Larmor frequency of the proton would be equal 
to the oscillating frequency applied. Setting AE 
as given in Table IV equal to 2u,/7» and dividing 
through by 2u, it can be seen that resonances will 
occur for the values of the magnetic field listed in 
Table V. 

Except for the effect of the small last terms in 
Table V, we see that the resonances are sym- 
metrical about the position Ho. This circum- 
stance permits us to deduce a value of the proton 
moment from the center of the pattern furmed by 
the six resonance minima with the results given 
in Table II. 

A unique identification of the transitions pro- 
ducing the minima of the curve of Fig. 6 makes 
possible an evaluation of the interaction con- 


TABLE IV. Changes of energy associated with a change of the orientation of the total nuclear spin by +1 for ortho-H 
molecules in the first rotational state. 














my Am, AE 
1 0-1 2up{\H—(3H"/5— H') +(3H"/5—H’')?/H(1—a)} 
1 —1—0 2up{H+(3H"/5+ H’) + 6H"/5(3 H"/5+2H')/H(1—a)} 
0 0—1 2up{H+ 6H"’/5 +(3H"/5—H’)?/H(1—a)} 
0 —1—0 2up{H— 6H"/5 +(3H"/5—H"')*/H(1—a)} 
—1 0—1 2up{H-—(3H"/5+ H’) + 6H"/5(3 H”/5+2H’)/H(i—a)} 
—1 —1—0 2up{H+(3H"/S— H’) +(3H"/S5—H’)*/H(i-—a)} 
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TABLE V. Magnetic fields at which resonances will occur for a fixed oscillator frequency fo=2upHo/h. 











my Am, MAGNETIC FIELDS 
1 o—1 Hot+(3H"/5— HH’) —(3H"/5— H’)*/H(1—a) 
1 —1—0 Ho—(3H"/5+ H’') — 6H"/5(3 H"/5+2H’)/H(i—a) 
0 o—1 Ho— 6H"/5 — (3H" /5—H')*?/H(1—a) 
0 —1—0 Ho+ 6H" /5 — (3H"/5—H')?/H(1—a) 
—1 0o—1 Ho+(3H"/5+ H’) — 6H"/5(3 H"”/5+2H')/H(i—a) 
—1 —1—0 Ho-—(3H"/5— H') -—(3H"/5—H')*/H(i—a) 











stants 7’ and /I”’. This identification is made 
possible by the asymmetry of the positions of the 
two outermost minima which is especially notice- 
able in low field. In fact Fig. 9 and Table VI 
show clearly that the minima labeled A,, Bz, Ar 
and Br are symmetrically located about Hj at all 
frequencies, while C, and Cr only approach 
symmetry at high frequency. 

Setting (1—a) =0.843 ~ 1, reference to Table V 
reveals two things. First, if four minima are 
symmetrical and two asymmetrical, the asym- 
metrically situated minima marked C,; and Cr on 
Fig. 6 must be assigned to the transitions m;=1, 
m;=—1-0, and m,;=—1, m,;=01. Second, 
the quantity (3/7’’—J/')*/HT must be small. 
Reference to Fig. 9 shows that the shifts from 
symmetry produced by this second-order term in 
a field of 1000 gauss must be less than 1 gauss. 
Hence (2/7’’—JI’) <(1000)!, and we must iden- 
tify A; and Ar with the transition m,;=1, 
m;=01, and my=—1, m;=—1<:0. This 
leaves B; and Br as the remaining minima, and 
they must be assigned to the other two transitions. 

Once the transitions are identified, the determi- 
nation of the separations in field between corre- 
sponding minima gives: 


Ar—A,=2(2H" —H')=13.5 gauss, 
Br—B,=(12/5)H” =81.8 gauss, 
Cr—C,=2(2H" +H’) =95.2 gauss. 


This assignment satisfies the obvious require- 
ment that (Ce—C,) =(Br—Bxr)+(Ar—A1z), and 
furthermore fixes the sign of H’ as the same as 
that of 7’, which is positive because the proton 
moment is positive. The experimental fact that 
at low fields the shifts of Cz, and Cr are toward 
lower field serves only as a check on the cor- 
rectness of the applicability of the theory. 

The best values deduced from the results in 
Table VII are: 





H'=27.2+0.3 gauss and 
H” =34.1+0.3 gauss. 


3H” = 20.5 gauss 


These values can be used to account quanti- 
tatively for the asymmetry. In fact, the term 
(6/5) H" (3H" +2H’)/(i—a)H=3660/H if we 
use the value of the rotational moment given by 
Ramsey.'* We compare the expected shift of 3.8 
gauss with the experimental value (see Table VI) 
of 4 gauss from (Cr+C,)/2 for the 4 Mc data. 
The fact that the three intervals and the 
asymmetry can be accounted for to such accu- 
racy by only two constants, strongly supports our 
theory. Furthermore, these values agree with 
similar results to be published by one of us 
(N. F. R., Jr.) using the resonances associated 
with transitions of the molecular rotation 
moment of He. These values for these same 
constants are: 
H’' =27.0 gauss, 
H” =34.1 gauss. 


The quantity H” is equal to (up/r*)y. We are 
indebted to Dr. Arnold Nordsieck for supplying 
us with the value of (r~*),, which he obtained 
from the band spectrum analysis of He by C. R. 
Jeppeson.'® The asymmetry of the potential even 

TABLE VI. Displacements in gauss of minima for H in H, 
from center (Ho) obtained from H in HD. These displace- 
ments are considered reliable to +0.5 gauss. Note that only 


Cr and Cr are unequal; that they approach equality in 
high fields. 











DISPLACEMENTS IN GAUSS FOR OSCILLATOR 
FREQUENCIES OF 
4.000 Mc 7.000 Mc 16.000 Mc 
CL —51.8 —49.3 —48.9 
Bi —40.7 —40.8 —41.0 
AL — 6.6 — 69 — 6.6 
Ho 942.3 1649.1 3769.0 
Ar 6.7 6.9 6.6 
Br 41.0 41.2 41.0 
Cr 43.8 45.5 46.5 











4 N. F. Ramsey, Jr., Phys. Rev. 55, 595 (1939), Abs. 26. 
%C. R. Jeppeson, Phys. Rev. 44, 165 (1933). 
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TABLE VII. Displacements in gauss between corresponding 
minima of H in H2. Note that the separations between corre- 
sponding minima are independent of oscillator frequency 
and that (Arp—Axz)+(Br—Br)=(Cr—Cx) as expected 
theoretically. 








DISPLACEMENTS IN GAUSS FOR ASSIGNED 
OSCILLATOR FREQUENCIES OF THEORETICAL 
4Mc 7Mc_ 16 Mc AVERAGE EXPRESSION 





Cr-CL 95.5 94.8 95.4 95.2 2(H’ +3H"/5) 
Br-Bi 81.6 82.0 81.9 81.8 12H” /S 
ArR-AL 13.2 13.8 13.3 13.5 2(H’ —3H”/S) 








for the lowest vibration state and the centrifugal 
effect of the first rotational level make the 
effective internuclear distance slightly larger 
than r,, the equilibrium internuclear distance. 
This value of (r~*), of 2.438X10+*%* cm-* com- 
bined with H” = 34.1 yields a value of up=1.403 
X10-* erg/gauss or 2.785+0.03 nuclear mag- 
netons, in too perfect agreement with the value 
obtained from the v/H result. It is of interest to 
note that this serves as a check on the correctness 
of the calibration of the magnet, because if the 
calibration constant were changed the two values 
would change in opposite directions, and would 
disagree if the magnet were incorrectly calibrated. 


DERIVATION OF TABLE III 


We shall now sketch a derivation of the 
formulae which are used to construct Table III, 
the table of energy levels obtained from the 
energy expression of Eq. (3). Since we use a high 
value of the external field, m; and my are 
“good” quantum numbers and we will use the 
my,and my, representation. The diagonal elements 
of the first three terms on the right of Eq. (3) in 
this representation are 


—2upHm;—urHms—2pepH'mymy. (4) 
The matrix elements of the fourth term 


pp?/r(IJm Imy 
|o:-02—3(0,:r)(o2-r)/r?|IJmi'my') (5) 


are evaluated from the nine wave functions of 
ortho-He. To a high approximation these wave 
functions are written as a product of the sym- 
metrical spin functions of the two protons and 
the coordinate wave functions of the first 
rotational state. These wave functions are given 
by 

Vmymy = gmyppmy (6) 


¥i= —}3(3/2r)!sin de*, Yo=3(3/27)! cos ¥, 
¥_1=}3(3/27)! sin de-‘, 
go = V2(a(1)8(2) ++8(1)a(2))/2 


g-1=8(1)B(2), 


where a and £ are the spin eigenfunctions for the 
spin components } and —}, respectively. 

The evaluation of these matrix elements is 
simplified by use of the following identity which 
may readily be verified by expansion: 


gi=a(1)a(2), 


re1:o2— 3(o1 r) (o2 . r) 

= (32? om r?) (3o2,022 —@\° a2) /2 

—3 { 3(¢x1+404;) (oxe+t042) (x ss ty)? 

+ } (ox, a ioy1) (oxe a toy2) (x+iy)? 

+ 3[ ose(ox; +ioy;) +.2;(ox2+t0y2) Je(x et ty) 

oe 3[ose(ox —ioy;) +o2;(ox2 ~~ 1oy2) Je(x+iy) } ° (7) 


The matrix elements of the first term of Eq. (7) 
give all of the diagonal elements of Eq. (5) which 
are equal to" 


(3m ;? - 2) (32,022 —C) 2) up? /5r°. 


For ortho-He, for which the three spin func- 
tions are symmetrical in the proton spin o,-02=1 
and we then obtain for the diagonal elements of 
Eq. (5) 

(3m sy? — 2) (3m 7? —2)2up?/5r°. 


The off diagonal matrix elements are used in 
our calculations to evaluate the second-order 
perturbations of the energies from complete 
Paschen-Back effect and give rise to the quanti- 
ties listed in Table III. The off diagonal elements 
of Eq. (5) are easily calculated from the three 
spin and three angular wave functions. The 
values of the nonvanishing elements are: 


(mz, my to my—1, my+1) =(2m;—1)(2ms+1) 
X { (my +1)(2—my)(1—my)(2+my) } 3 yp?/5r', 


(mr, my to m;+1, my—1)=(2m;+1)(2ms—1) 
X {(1—mz1)(2+m1)(1+m,)(2—my)} 3 yp*/Sr', 


(mr, mys to my—2, my+2) 
= {(1-+-m1)m1(2—my7)(3—mz)(1—my) 
X(—mys)(2+m)(3+my)} 3 ur?/St, 


(mr, mz to my +2, my—2) 
= {(1—myz)(—mz)(2+mz1)(3+mz7) 
X (1-+ms)(ms)(2—ms)(3— my) } 83 up?/Sr*. 


16 H. B. G. Casimir, ‘‘On the Interaction between Atomic 


Nuclei and Electrons,”’ Prize Essay published by Teyler’s 
Tweede Genootschap (1936), page 33. 
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The off diagonal elements of the term 
ppll’(o1+0@2)-J are: 


(mr, my to m;+1, my—1) 
= {(1—m1)(2+m1)(1+my)(2—my)}4upH’, 


(m1, my to mr—1, ms+1) 
= {(1+m)(2—m,)(1—my)(2+my)}*upH’. 


The value of the perturbation energy which is 
to be added to the diagonal elements is obtained 
from the usual second-order perturbation theory. 
Since the only nonvanishing matrix elements are 
between states with the same value of m;+my, 
we have 


(mr, mys\|E|\m,+6, ms—6) 
X(m1+6, my —6|E| mz, mz) 
Way, mz=)>, ’ (8) 


6 Emr, my —Emz+s, my—é 





where the sum is over all permissible values of 6 
except zero. Into this equation are inserted the 
appropriate nondiagonal elements listed above 
and for Em;, my the diagonal elements of Eq. (4) 
without the term which involves H’. The second- 
order terms of Table III are thus obtained. 


DISCUSSION 


The agreement between the measurements of 
the magnetic moment of the proton by two 
theoretically independent methods, i.e., the 
Larmor frequency in an external field and the 
magnetic interaction of the two proton moments 
makes our result quite certain. Our present result 
2.785+0.02 nuclear magnetons is in agreement 
with the previous atomic beam measurement of 
the proton moment through the hyperfine- 
structure of the normal state of atomic hydrogen. 
That result was 2.85+0.15 nuclear magnetons 
which is well within the limit of error. To this 





extent there is no reason for supposing some 
breakdown of the Dirac equation for the electron 
nor the assumption of any novel interaction 
between proton and electron. A similar discussion 
holds for the deuteron. If we assume that the 
neutron moment is the difference'’ between the 
deuteron moment and the proton moment then 
its value is —1.93 nuclear magnetons. 

The quantity H’ which is the constant of spin- 
orbit interaction or the magnetic field at a 
nucleus produced by the molecular rotation is 
27.2 gauss. Although no exact theory of this 
quantity exists in the literature a rough con- 
sideration shows it to be quite reasonable. The 
magnetic field produced by the orbital motion of 
one proton at the position of the other is 2ev/cr? 
which can be written as (2e/Mc)(Mor/r*). Setting 
Mor equal to h/27 we obtain 4y,/r° for this field, 
where uw, is one nuclear magneton. Inserting 
numerical values this becomes 49.0 gauss. The 
effect of the electrons is in the opposite sense. 
Since our results show that H’ is positive the 
magnetic field produced by the electrons is 
somewhat less than half that of the nuclei. 

Our results show that it is possible to apply 
exact spectroscopic principles and procedures to 
spectral regions which correspond to ordinary 
radio waves. The accuracy to which the laws of 
quantum mechanics hold and the necessity of 
their application in a region of frequency in 
which one is accustomed to think classically we 
consider a striking confirmation of the theory. 

This research has been aided by grants from 
the Research Corporation and the Carnegie 
Institution of Washington. 


7 However, see J. Schwinger, reference 6, for a dis- 
cussion of the effect of the deuteron quadrupole moment 
on these considerations. 
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Expansions for the computation of s wave scattering for square wells are arranged in a form 
convenient for numerical substitution. Effects of p wave scattering are estimated using Bethe’s 
neutral form of meson theory. It is found that effects of the order of 50 percent in the angular 
distribution may be expected for 16-Mev neutrons. 





INTRODUCTION 


BSERVATIONS on the scattering of neu- 

trons by protons have been made!~ in the 
energy range 0-16 Mev. The present note com- 
pares the experimental results with theoretical 
calculations. Wigner’s approximate formula® for 
a “‘square well” (potential having a constant 
value through a distance ro) is amplified by the 
addition of three more terms in the range of 
force. It converges satisfactorily in the above 
energy region. The virtual level for the singlet 
state is introduced in such a way that corrections 
for the range of force can be conveniently made. 
The above calculations take account of s scatter- 
ing only. The observations on fast neutrons fall 
below the theoretical curve for ro=e?/mc?, the 
value for ro suggested’ by experiments on the 
scattering of protons by protons.* These calcula- 
tions are of a provisional character, since the 
interactions obtained from field theories should 
supplant the use of arbitrary potentials. The 
“cutting off’’ of potentials which has so far been 
found necessary in field theories makes the pre- 
diction of phase shifts doubtful, however, and 
the formula for the square well has been thought 
to be of interest as a temporary way of esti- 
mating effects of range and neutron energy. 


1E. O. Salant, R. B. Roberts and P. Wang, Phys. Rev. 
55, 984 (1939). 

2H. Aoki, Phys. Rev. 55, 795 (1939). 

> R. Ladenburg and M. H. Kanner, Phys. Rev. 52, 911 


(1937). 

1937} T. Booth and C. Hurst, Proc. Roy. Soc. A161, 248 
’W.H. Zinn, S. Seely and V. W. Cohen, Phys. Rev. 56, 

260 (1939). 


6 E. Wigner, Zeits. f. Physik 83, 253 (1933). 

7G. Breit, H. M. Thaxton and L. Eisenbud, Phys. Rev. 
55, 1018 (1939). This paper is referred to as B. T. E. in 
the text. 

8R. G. Herb, D. W. Kerst, D. B. Parkinson and G. J. 
Plain, Phys. Rev. 55, 998 (1939). 
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The ~ wave phase shifts have been calculated 
using Bethe’s ‘‘neutral’’ form of meson theory.° 
For a meson mass n.=177 m the p wave scatter- 
ing cross section is 0.12X10-** cm? at 16-Mev 
neutron energy. This is to be compared with the 
experimental scattering cross section 0.6 10-* 
cm® which includes the effects of all angular 
momenta and the s wave cross section 0.56 X 10-*4 
cm? for the square well with range e?/mc*. The 
bp wave effects are seen to be appreciable and 
perhaps ultimately detectable for this u. Proton- 
proton scattering experiments suggest,!® on the 
other hand, ».= 330 m. Estimates for this shorter 
range of force (~ih/yuc) give 0.01 X10-** cm? for 
the scattering cross section due to the p wave at 
a neutron energy of 16 Mev. This amount is 
practically undetectable. The presence of p scat- 
tering can be looked for by studying the angular 
distribution of scattered neutrons or of recoil 
protons. Some modifications of the usual phase 
shift analysis are necessary on account of the 
spin-orbit-spin coupling. These are discussed at 
the end of the note. An effect of ~50 percent on 
the angular distribution is expected at 16 Mev 
using ~=180 m and roughly 3 of this amount 
for »= 330 m. 


NOTATION 


M=mass of proton or neutron (neutron-proton 
mass difference will be neglected through- 
out). 

«#=mass of meson. 

m=mass of electron. 

E=kinetic energy of incident neutron. 

E’ =energy in frame of center of gravity = £/2. 


*H. A. Bethe, Phys. Rev. 55, 1261 (1939). We are in- 
debted to Professor Bethe for communicating his results 
to us before publication. 

10S. S. Share, L. E. Hoisington and G. Breit, Phys. Rev. 
55, 1130 (1939). 








ME 56 


ulated 
eory.® 
atter- 
- Mev 
-h the 
10-2 
gular 
-10-%4 
. The 
» and 
oton- 
1 the 
orter 
for 
ve at 
nt is 
scat- 
rular 
ecoil 

hase 

the 

d at 

it on 

Mev 

ount 


»ton 
igh- 


> in- 
sults 


Rev. 


| 





SCATTERING OF NEUTRONS BY PROTONS 745 


v=relative velocity of proton and neutron be- 
fore collision. 

r=distance between proton and neutron. 

A=h/(Mv/2); k=2x/A; p=kr. 

ro=radius of square well. 

F=r times radial wave function, normalized to 
unit amplitude at . 

D,,Ds:=depths of square wells representing, 
respectively, proton-neutron interaction 
in the singlet and triplet states. 

Kw, Kos=phase shifts for singlet and triplet 
partial waves of zero orbital angular 
momentum. 

E,=energy of 1S virtual level of deuteron. 

(—E;)=|binding energy of deuteron in normal 
state]. 

a1, @3=intercepts on axis of r of tangents to F 
for zero energy neutrons, for singlet and 
triplet states. A positive a corresponds to 
tangent cutting axis on left of origin. 

@:,03=scattering cross sections for singlet and 
triplet states. 

§=scattering angle in center of mass system. 

o(@)=total scattering cross section per unit solid 


angle. 
o= fo(0)dQ. 
E,° defined by Eq. (8); € defined by Eq. (10). 
= (rd F/ Fdr)r=ro. 


m=1+E'/Ei; ys=1—E’'/Es. 
%1=[ME,/h?}'ro; xs=[M(—Es)/h? }'r0. 


S-SCATTERING 


The total neutron-proton scattering cross sec- 
tion is given by 
o=}[ 303+: ]. 


If the neutron energy is sufficiently low so that 
only the s (L=0) partial wave need be con- 
sidered, 


o,=(A?/m) sin? Koi; .03=(A?/m) sin® Kos. 


For a square well, where the potential energy 
has the constant amount —D for r<ro and is 
zero for r>ro, one obtains 


sin? Ko=(p cos p—x sin p)*/(p?+ x"), (1) 
where the value of p for r=ro is used. Here 


x= (rd F/ Fdr)r=ro=[(M(D+E’)/h*) iro] cot 
XC(M(D+E’)/h)'r0). (2) 





Triplet state 

One wishes to obtain oe; as a function of the 
binding energy (—£;3), E and fo. It is first 
necessary to eliminate the well depth D3; this is 
performed with the help of the series’ 


Ds x? 2 4 32 8 

-— =—+— ies ———— IX 

E; 4x3? x3 w* 3x? 
32 320 
——-—}si+---. (3) 


Expanding Eq. (1) in a series in x3, one obtains 
after a straightforward calculation: 





sin? Ko3 1 
= [1 +x3+Gox;? 
p* 3x3" 
+Gyxrs'+Gyrs't+---], (4) 
where 
G2=1—4/2?— y3/4=0.5947 —0.25y3; 


Gs=}3—4/1?+32/at+(1/2?—4) 73 
= 0.2566 —0.2320y3; 
Gy=4-—4/2°+48/x4—320/r° 
+(—34+2/r—8/n')ys 
+(—1/48+1/272")y? 
= 0.0880 —0.129573+0.0298y;’. 


4rh? 


M(E'—Es) 
X [1+x3+Gors?+Gare+Garst+---]. (5) 


For y3=2.3 the term Gox;* vanishes and the first 
two terms are a good approximation. 


Singlet state 

There is, according to present views, no stable 
singlet proton-neutron state. The depth D,; can 
be determined from a knowledge of o:(E=0), 
which results from the experimental value of ¢ 
for thermal neutrons and the computed o;(Z=0). 
(For the relevant formula see Eq. (8.6) of 
B.T.E.) It is, however, possible to avoid using D; 
in the expansion for 3 by the proper introduction 
of a virtual level. The definition of a virtual 
level is somewhat arbitrary; and the actual 
definition chosen for the problem in hand is 
designed to give the expansion for sin? Ko; a form 
closely similar to Eq. (4) for sin? Ko3. Let the 
energy of the virtual level be defined as a positive 
energy E; such that 
[(M(D:—E),)/h*) ro] cot 

x [(M(D:—E:)/h*)'ro]=(ME/h*)'ro. (6) 


Finally o3= (A?/z) sin? Kos= 
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This definition may be compared with the con- 
dition for the stable *S normal level of the 
deuteron, namely 


[(M(D3+Es)/h?)'ro] cot 
<[(M(D3+ Es) /h®)'ro] = —(M(—Es)/h®) vo. 


From Eq. (6) one finds 


sin? Ko 


1 
~ [1—2x1+Gex,? 
p? yx? 
—G3x3+Gyxi4— ceded 1, 





which is similar to Eq. (4), and finally 
Arh? 
X (1 —x1+Gexs? —Gyx13+Gaxit—--- J, 


og, = (A2/7) sin? Koi = 


(7) 


where the G’s are defined as in Eq. (4), but with 
1 substituted for v3. 

The virtual level is determined by the range 
and the quantity E£,°, defined by 


4rh?/(ME,°) =0,(E=0). (8) 


The quantity £,° is the energy of the virtual 
level for zero range. One can evaluate o;(E=0) 
from the experimental e(thermal) and the com- 
puted o;(E=0). Comparing Eqs. (7) and (8), 


(1/E,°) = (1/E,) (1 —x1+G2x,?—G3°x 3+ ---), 


where the upper suffixes on the G’s indicate that 
they are to be evaluated at E=0. One obtains 
the series 


Ey =E, {1 — (E,°/e)'+0.8447(E,°/e) 
—0.6666(E:°/e)i+---], (9) 
where 


e=h?/(Mr,?). (10) 


The above series gives the virtual level for an 
assumed range in terms of the virtual level for 
zero range. For zero range, Ei:=£,°, and the 
virtual level has a fairly direct physical meaning: 
for vanishing range of interaction the position of 
the virtual level determines o,(E=0) in the 
same way as the binding energy (—£;) deter- 
mines o;(E=0). 


Numerical formulae 


Using the values of the fundamental physical 
constants as given by B. T. E., p. 1022, one may 
rewrite Eqs. (5) and (7) in a form convenient 
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BREIT 
for numerical computation, if the range is kept 
fixed and the energy is varied. 
5.21 10-*4 
(E’—E3) Mev 
X [1+43+0.5947x3+0.2566x3+0.0880x5! 
+-+++3(—0.25x3 —0.2320x35 —0.1295x3') 





o3> (A?/7) sin? Ko3= 





+0.0298y3?x34+ allele ] cm?, (11) 
5.2110-*4 
v= (A?/z) sin? Ko = 
(E’+£,) Mev 
X (1 —x1+0.5947x,? —0.2566x2+0.0880x;! 
+--+ +71(—0.25x2+0.2320x —0.1295x;*) 
+0.02987:2x;4--- Jem? (12) 


The fundamental physical constants are in- 
volved only in the number 5.21 10-** cm?. The 
pure numbers occurring inside the square brackets 
are independent of these constants. Graphs of 
the square brackets against energy are suff- 
ciently linear to allow graphical interpolation. 
In each case the square bracket represents a 
correction for the range of force. 

Using E3= —2.17 Mev, and o(thermal) = 14.8 
X 10-*4 cm? reported by Simons," one finds, with 
ro=e?/mc?, the value E,=0.0978 Mev for the 
position of the virtual level, while for zero range 
E,°=0.112 Mev. For these values of 7, Ei 
and Es, 


5.21 10-4 


o3= [1.974 0.188073 
(E/2+2.17) Mev 








+0.0051373?—---]cem?; (13) 
5.21 10-4 
a= [0.8738 —0.004137, 
(E/2+0.0978) Mev 
+0.0000104y,2?—---]cm?; (14) 


ys=1+E/4.34; yi1=1+£/0.1956. 


These series have been checked against exact 
solutions. For E<10 Mev, Eq. (13) gives results 
less than one percent too small, and Eq. (14) less 
than one percent too large. For E=12 Mev, 
G(exact) = 0.789 K10-*4 cm?*; e(scries) = 0.780 XK 10-4 
cm’. In Fig. 1, @, o:, and #3 are plotted, using the 
above series, in the energy range 0-16 Mev. 


1 L. Simons, Phys. Rev. 55, 792 (1939). 
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Fic. 1. Abscissae: energy of incident neutrons in Mev. 
Ordinate: neutron-proton scattering cross section for 
square well according to Eqs. (13), (14), with range 
ro=e*/mc?. Only the effect of s waves is included. Curves 
@;,@; are for singlet and triplet states, and ¢ =¢,/4+3e;/4. 
Experimental points: A—Aoki; B—Booth and Hurst; 
C—Ladenburg and Kanner; D—Zinn, Seely and Cohen; 
E—Salant, Roberts and Wang. 


With the same values of ro, EZ; and E3, one 
finds D,=11.52 Mev, D3;=21.0(2) Mev for 
the well depths; and a,=1.91810-" cm, 
a3= —0.585 X10-" cm for the intercepts. 

The s wave scattering cross section for a square 
well with ro=e?/mc? is plotted in Fig. 1 as a 
function of the energy. The experimental value 
for the point E includes an unknown amount of 
dand p scattering. Estimates regarding the latter 
will now be discussed. 


P-SCATTERING 


The quadrupole moment of the deuteron indi- 
cates that nuclear potentials contain terms of the 
form f(r)[3(e.r) (oer) —r*(e102) | so that different 
phase shifts are expected for *Po, *P1, *P2. The 
phase shift analysis of the experimental data 
must be made, therefore, taking into account the 
differences of these three phase shifts. It must 
also be modified" to take account of the fact 
that a d wave arises out of the s wave, and that 
for this d wave the angular distribution contains 
no terms in (3 cos? @—1)?, but only terms in 
(3 cos? @—1). The usual formulas for the angular 
distribution are not applicable, and the general 
formulas are complicated. Nevertheless it is 
possible to look for the effects of the p wave by 


#2 J. Schwinger, Phys. Rev. 55, 235 (1939). 





determining the term in cos @ in an analysis of 
the scattering cross section per unit solid angle, 
in the center of gravity system, in powers of 
cos 6. 

Taking into account s and p waves only, one 
obtains for the cross section per unit solid angle 
in the center of gravity system 


3/A\? 
a(6@) --(—) {sin Kos 
4\2r 


5 
+6 sin Kel cos (62— Kos) sin be 


3 
* cos (6;— Kos) sin 6; 


1 
+ cos (69— Kos) sin ,| cos 6 
+(5 sin? 62+3 sin? 5;+sin? 59) cos? @ 
3 1 
+| Zin 5,—sin al a 5o—sin 52)? 


6:— de 





—3sin 6; sin 52 sin? 


4 50 — be 
= sin 59 sin 5, sin? 





|e cos? @— | 


1sA\? 
+(—) { sint Ko +6sin Kyscos (Ki Ke) 
4\2r 
Xsin K, cos 0+9 sin* K, costo} (15) 


Here 4o, 5:1, 52 are the phase shifts for *Po, *P,, 
’P.; and K;, is the phase shift for 'P;. The part 
of the expression in curly braces with the coeff- 
cient ? is due to triplet scattering. The s phase 
shifts for triplets and singlets are Kos, Kou, 
respectively. The last set of terms due to triplet 
scattering contains the factor (3 cos? @—1). 
These terms do not vanish for 6=7/2 as is the 
case for 59=6,=62. The necessity of terms of 
this type may be seen by considering the special 
case 690, 5;=52=0. The terms in sin* 59 cos* @ 
are then seen to cancel as they should since the 
Py part of the incident wave has no total 
angular momentum. The interference term in 
sin Kos sin 59 cos @ is present, however, in agree- 





748 C. KITTEL AND G. BREIT 


ment with the fact that the *S, part of the 
incident wave has an angular momentum. The 
terms in 3 cos? @—1=2P:2(cos @) do not affect the 
integral of the cross section over all solid angles, 
and thus have no influence on absorption meas- 
urements. Since the d wave which is coupled to 
the s wave also gives rise to a term in P2(cos @) 
for o(@) it is presumably not practical to try 
to disentangle these two contributions. The 
terms in cos @ are, on the other hand, not affected 
by the d wave, and can be used as a direct test 
of a combination of effects of 50, 51, 52, Ki. Using 
the neutral form of theory given by Bethe, with 
u=177 m, numerical integrations for E=16 
Mev give d9=—18.7°, 6:=23.7°, 52=—5.2°, 
K,=10.7°. For these values of the phase shifts 
one has as the combined effect of s and p waves: 


4ro(0)=[1+0.56 cos 6+0.62 cos? 6 
—0.17(3 cos? @—1) ]0.58 X 10-*4 cm”. 


Here the first term in brackets represents the 
combined effect of *S and 1S. The term 0.56 cos @ 
is due to the interference between s and p waves, 
and the last two terms in brackets are due to the 
p waves. The contribution to 417o(@) in cos @ is, 


0.3(2) X 10-** cos 6 cm?, 


which can be compared with the experimental 


value 
o=0.6X10-*4 cm? 


for the average over solid angles of 470(@). The 
analysis of o(@) into powers of cos @ may be 
expected, therefore, to show an appreciable 
term in cos 6. 

The above effect is sensitive to the range. 
Using a meson mass » ~ 330 m numerical integra- 
tions give 69=—6.1°, 6:=3.7°, 65:=—1.8°, 
K,=4.0°. For these values the terms in cos @ 
contribute ~0.1X10-**cos@cm? to 47o(@), 
which is about 3 of the amount for the cosmic- 
ray mass of the meson and at the maximum ~3 
of the solid angle average. The effect is obviously 
sensitive to the range of force; the important 
contributions to the p phase shifts come roughly 
from the regions r=h/uc to r=3h/yc. The effect 
is not sensitive to the choice of the method of 
“cut-off” (“‘straight”’ or ‘‘zero’’). 

The presence of p scattering affects «. The con- 
tribution to o at E=16 Mev due to the p wave 
is 0.12 10-*4 cm? for 1=177 m and 0.007 X 10-*4 


cm? for 1 = 330 m, in a total of ~0.6X 10-4 cm’. 
For the cosmic-ray mass of the meson one 
should, therefore, decrease the experimental 
value by ~20 percent at 16 Mev in order to 
obtain the net effect of the s and d waves. For 
the proton-proton range of force the correction 
is of the order of one percent and is insignificant. 
The interaction of *P2 and *G-z has been neglected 
above. 


APPENDIX I 
Effect of p wave 


The usual scattering theory must be modified 
if the phase shifts are different for *Po, *P1, *P2, 
1P,. Since the meson interaction energy is 
diagonal in the spin of the two particles the 
incident wave may be considered as a statistical 
mixture in the proportions }, $¢ for singlet and 
triplet states. The cross section is then ob- 


tained as 
o(8) =401(8) + $03(8). 


For o:(@) the usual considerations apply. For 
o3(0) the incident wave may be considered as a 
statistical mixture of the three states 


et*2S), e**2 So, e*z2S_, 


with weights of } for each. Here S;, So, S_: are 
spin functions for the two particles corresponding 
to magnetic quantum numbers 1, 0, —1. The s 
and p parts of the above waves can be expressed 
in terms of linear combinations of products of 
angular and spin functions corresponding to the 
states *Po, *P;, *P2. Thus, for example, 


pe***S) = FoS,+1(127)' Fi [(8P2)1+(8P1)1 1/23. 


Here (*P;)m is an angular-spin function for a *P 
state with total angular momentum j and mag- 
netic quantum number m. The normalization is 
such that the integral over all solid angles of 
the sum over spin coordinates is unity. The 
customary notation for Fo, F; is used.” The inter- 
action between the particles changes the differ- 
ential equations satisfied by the radial factors. 
For *Po, *P; there are then separate differential 
equations. For *P: there is besides a coupling to 
3G2 which is neglected here. The scale with which 
the radial solutions must be introduced in place 
of Fo, F; must be chosen so that the resultant 
wave is e***+-part in e**. For large p this condition 
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determines completely the form of the radial 
functions in terms of the phase shifts.’* Thus for 
instance Fo=sin p is replaced by 


sin p+e‘tXos) sin Ko3. 
Proceeding in this way one obtains 
(pe***.S1) 5c = e*tXos) sin Ko3Si 
+ (127)te'*{ 2-4(8P 2) ,e%? sin 52 
+2-4(*P;),e*' sin 5;} ; 
(pe‘** So) sc = et Xs) sin Ko3So 
+(127)tet*{ (2/3)—4(*P 2) oe? sin 52 
—3-4(%Po)e*° sin 5} ; 
(pe**?S_1) ec =e'tXo» sin Ko3S_1 
+ (127)te*#{2-4(%P,)_1e*? sin de 
—2-4(8P,)_,e*' sin 5,}. 
Here the index sc means that the contribution 
to the scattered wave due to e*** is taken. The 


choice of signs of the linear combinations in 
(3P ;)m is made so that 


(®P2)e=ViSi; (8P1)1=274(¥19Si+ Yi'So) ; 
(?Po)o=3-*4( Vs-1S,— Y1°So+ Yi-'S_1). 


The functions Y,” are angular functions normal- 
ized to unity for integration over solid angles. 
The orbital angular momentum and magnetic 
quantum numbers are, respectively, L, m. The 
function Y,°=(3/47)! cos 6. The others are de- 
termined by the requirement that the angular 
momentum matrices have the standard form." 
A computation of 42,((pe***S,)sc, (pe***S,)sc), 
with the scalar product applying to the spin 
coordinates only, gives the contribution to the 
triplet scattered wave which corresponds to the 
cross section used in the text (Eq. (15)). 


APPENDIX II. 


Calculation of small phase shifts due to concen- 
trated potentials 


If the potential causing the phase shift is 


sufficiently small, Taylor’s formula is convenient. 


_3N. F. Mott and H. S. W. Massey, Theory of Atomic 
Collisions (Oxford Press, 1933), Chap. II. 

4 E. U. Condon and G. H. Shortley, Theory of Atomic 
Spectra (Cambridge Press, 1935). 





The meson potential responsible for the p waves 
is large at small r, but the phase shifts are small. 
In such cases a transformation of the radial 
equation is useful. This is first put in the form 


DY /dx? + g0(x)F+E1°(x)F =O, 


where x is r expressed in convenient units (such 
as h/yuc in the present case). It is supposed that 
the solution of 


ad? F/dx*?+ go?(x) F=0 
is known, and the problem is to calculate the 


phase shift K of § relative to that of F. Intro- 
ducing 








dj} dF 
n= P(—--— (11.1) 
dx Fdx 
one finds 
dn 1° 
dx F?* 
—x/p 
K= , (II.3) 
(1/n)+(xG/pF) 
One also has 
dsi xG F°g,? 
—(-+=-) = ; (11.4) 
dx\n pF ”* 


Eq. (II.2) is used to obtain » by numerical 
integration. The occurrence of F*g,? is convenient, 
since in Taylor’s approximation / F*g;*dx is 
proportional to K. The method has an apparent 
disadvantage if the potential in addition to 
being large in absolute value locally has also 
moderate values over an appreciable distance. 
One must then play safe and integrate to 
sufficiently large x. If there is any phase shift the 
term in »?/F? in Eq. (II.2) makes 9 variable. 
It is then convenient to use Eq. (II.4) because 
(a) the desirability of carrying the integration 
farther can be judged by estimating / F*g:*n~*dx 
which determines the relative change of the 
denominator in Eq. (II.3); (b) a numerical check 
can be obtained by carrying the integration of 
Eq. (II.2) to two large values of x and checking 
by means of Eq. (II.4) the two values of 


1/n+xG/pF. 
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* Kapur and Peierls gave a derivation of the nuclear dispersion formula which differed from 
other treatments in defining the compound states by means of wave functions in coordinate 
space. We have carried through the derivation starting out in a similar way, but avoiding 
certain disadvantages of their treatment, which mainly consist in too restricting assumptions. 





HE dependence of the cross section for 

nuclear scattering on the energy of the 
incident particle is described by the nuclear 
dispersion formula. In this formula the cross 
section consists of two parts: One of them, the 
so-called ‘‘potential scattering,’ is a smooth 
function of the energy. The other part, the 
“resonance scattering,’ consists of a set of terms 
with resonance denominators containing the 
energy and decay constant of the compound 
states which cause the resonance phenomenon. 

Derivations of this formula have been given 
by Breit and Wigner,! Bethe and Placzek,’ 
Kalckar, Oppenheimer and Serber,* and Kapur 
and Peierls.‘ The authors mentioned first treat 
the problem by perturbation methods similar to 
the Weisskopf-Wigner theory of the dispersion 
of light by atomic systems. Kapur and Peierls 
have given a different treatment which they 
characterize as a perturbation calculation with 
perturbation of the boundary conditions rather 
than of the Hamilton operator. Their method 
promises to give a derivation which introduces 
the compound states in a simpler manner, by 
differential equations and boundary conditions 
in coordinate space rather than by inequalities 
between matrix elements. 

The advantage of their treatment is that they 
can start from a simple model: one particle 
inside a potential wall. They show how one can 
generalize this model to cover all cases of nuclear 
reactions. As far as this generalization is con- 
cerned we take over their results. But we would 

* Now with The Texas Company, Houston, Texas. 

1G. Breit and E. Wigner, Phys. Rev. 49, 519 (1936). 

2H. A. Bethe and G. Placzek, Phys. Rev. 51, 450 
OOF) Kalckar, J. R. Oppenheimer and R. Serber, Phys. 
Rev. 52, 273 (1937). 


‘P. L. Kapur and R. Peierls, Proc. Roy. Soc. A166, 277 
(1938). 


like to improve on the treatment of the model 
itself, because there are certain disadvantages 
connected with their way of treating it. 

The main objection is that Kapur and Peierls 
have made more stringent assumptions than the 
other authors to prove the dispersion formula. 
They assumed in fact that the width of all the 
compound states does not exceed their distance.® 
This would prohibit the application of the 
dispersion formula on actual nuclei and is, as we 
shall prove, an unnecessary assumption. 

Another objection against Kapur and Peierls’ 
treatment lies in the following fact: For mathe- 
matical convenience only, a radius fo is intro- 
duced outside of which the potential vanishes. 
Their distinction between resonance and po- 
tential scattering as well as their compound 
states turn out to be dependent on this parameter 
ro: An increase of ro changes both resonance 
and potential scattering and only the total result 
is unchanged. We shall change the definition of 
the compound states slightly, thereby avoiding 
also another disadvantage of Kapur and Peierls’ 
treatment, which consists in the dependency of 
energies and wave functions of the compound 
states on the energy of the incoming particle. 

Our way of treatment differs from Kapur and 
Peierls’ perturbation calculation mainly in that 
it is not an expansion in an orthogonal system. 
We investigate the singularities of the cross 
section which occur at certain complex values of 
the energy. Those singularities which lie near 
enough to the real axis, cause a sharp resonance 
maximum on the real axis and we can replace 
the cross section there by its singular part added 
to a smooth function of the energy. States with 


these singular values of the energy we call the 


5 Reference 4, p. 285. 
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compound states of the model. Their physical 
significance is easily seen: The cross section 
being the ratio of the intensities of outgoing 
and incoming wave becomes singular if there 
is only an outgoing wave. Our compound states 
are therefore the “‘radioactive’’ states of the 
system. 

We use the same model and notation as Kapur 
and Peierls. For higher angular momenta, we 
only consider one particle moving with zero 
angular momentum in a potential V(r). It is 
assumed that V(r) =0 for r>ro. dz(r) is the wave 
function multiplied by. 7; it is a solution of the 
Schrédinger equation 


h?op"’/2m+(E— V)oe=0 (1) 
with the boundary condition ¢g¢=0 for r=0. 
For r>ro we have 

op =(I/k) sin kr+Se* 


with k=(2mE/h*)'. The scattering cross section 


is given by 
o=4r|S/I|?. 


We consider now S/J as function of E, including 
complex values of E. Expressing S and J by 
ge(ro) and ¢dz’(ro) we have 


S  oe(ro) cos kro— or’ (ro) (sin kro/k) 
—_= ———g thre 
I gz (ro) —ikde(ro) 





We look for singularities arising from vanishing 
denominator. The energies W, for which the 
denominator vanishes are defined by the eigen- 
value problem: 


h*o,""/2m+(W,- V)¢,=0 (2) 
with the boundary conditions 
¢,.=0 at r=0 


and® on’ —itkRadn=O0 at r=Pro 
with k,=(2mW,,/h*)}. 


To obtain S/J in the neighborhood of a singu- 
larity W,, we multiply (1) by ¢, and (2) by ¢e 
and subtract. We integrate the resulting equation 


(h?/2m) (onde — 2" dn) +(Wn—E) onde =0 


®* Taking here k, instead of k makes the compound 
states independent of the energy of the incoming particle, 
and as we shall show later, it makes the distinction between 
resonance and potential scattering invariant against 
changes of ro. 





between r=0 and r=rp and obtain, using the 
boundary conditions, 


2 


h 
gale) Likabe (re) —on'(r0)] 
2m 


+(W,-E) { ondedr =0. 
0 


This gives for the denominator in S/J: 
bx (ro) —tkbe(ro) 
W,-E 

~ (hi#/2m)oa(r0) 
W.-E 

 (#/2m)on(r0) 


using 





f dabadr+i(ka—k)on(10) 
0 


ye on(ro)ox(To) 
| f ondrdr +1—}, 
0 kit+k 





2m W,-—E 

k, —k=—_ ———__. 

h? katk 

Assuming that the eigenvalue W, is not de- 
generate we have in the limit E->W,: ¢z—¢@, 


and 
ro o,” 
{f ocdrsi} 
0 2kn 


For the numerator of S/J we obtain 





, 2m 
oz’ —ikor—(W, —E) 

hon 
or(ro) cos kro— op’ (ro) sin kro/k—on(ro)e~ iknro 


and finally 
1 (*/2m)ou2(roe-*r0 





S/I +f(E), (3) 





“Wr-E $n?(ro) 
{ o,*dr+t 
“0 n 


where f(£) is a regular function in the sur- 
rounding of W,. 

The factor multiplying 1/(W,—£), and W, 
itself, depend only on properties of the model 
not on £& and they are invariant against changes 
of ro, as long as V(r) =0 for r>ro. To show this 
let us define a wave function ¢, by changing ro 
into 7;>Vfo in the definition of ¢,; this definition 
will be satisfied by ¢,=A¢,. The boundary 
condition is fulfilled since 


¢n(r) =Ad,(r) =Ad,(roje*"- for r>ro. 
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W,, is therefore unchanged. For the factor of 
1/(W,—E) we get 


Gn? (re? nr 


es ¢n2(r ) 
f ¢n2dr +1 
0 2 








dn? (r7o)e2*n(r1—70) _ e~? ikari 





e2ikn(ri—ro) — 1 








2tk» 


‘ ¢,"dr +n?(r0) 
0 


e2*kn(ri—ro) 
+4¢,*(72)——_—_, 
2Rn 
which is obviously the same factor as in the 
original formula. In defining in the limit of 
long-life compound states contributions to the 
cross section due to the singular part of S/J as 
“resonance scattering,’’ and those due to the 
regular part as ‘“‘potential scattering,’’ we have 
made a definition which is independent of 7». 
We therefore can choose 7» as large as we want 
and do not need to carry out additional consider- 
ations to include a screened Coulomb field or 
centrifugal forces, as Kapur and Peierls had 
to do.’ 
We can write the resulting Eq. (3) in a 
different form: From Eq. (2) and its conjugate 
complex we derive the equation 


~Jéa(r)[*=—2— ff loaltar, 
ieee Pn r -——{ Pn r, 
2m ‘ katkn* 0 


where vy, is defined by E,—(iyn/2)=W, with 
E, and y, real. For sufficiently small values of 
vn we can multiply ¢, by a suitable constant A 
of absolute magnitude 1 so as to make A@, real 
in the region where it contributes (except for 
terms of the order y,) to the integral 4,” |¢, | 2dr.* 
We can thus write in this limit 


f A*6,tdr= [ | bn | 2dr. 
0 0 


With this fixed value for A we have then 
Agn(1o) = | bn(ro) | eX tarot te»), 


7 Reference 4, p. 286. 

* This is possible if the phase varies slowly in regions 
which contribute the main part of the integral. That this 
is the case can be easily proved. 


SIEGERT 
where 6, is a phase determined entirely by the 


properties of the compound state m and inde- 
pendent of 79. We thus obtain from (3) 


S/T= 





W,—E 
(h?/2m) | on(ro) | 26 





eT0 


a 
J |u| %dr-+— | bu(re) | tetitaret tom 
0 2kn 


or, using (4) 


neem 1 
S/I= - . (5) 
W,-E imy 

k 





ne2i(knrot din) 
h2 


Ratkn*+ 





n 


As yn tends towards zero k, becomes real and 
the last term in the denominator of (5) becomes 


negligible, so that we have in this limit 
Yn eidn 


E,—}17.—E 2k, 





+f(E). (6) 





S/I= 


We now subtract from S/J the sum of all 
singularities with small y,. The difference 


Yn etbn 
F(E)=S/I-! 
" (E,—E) — tyn 2kn 








is a smooth function of the energy for real E. 
For the cross section o we obtain the dispersion 
formula: 


a=4n |S/I|? 
Yn eidn \2 


——+F(E)}. 
(E, —E) _ 21Yn 2Rn | 








| 
=4r 23" 


F(E) is called the potential scattering term 
although it actually consists—at least partly— 
of contributions from broad levels. 

We have thus proven the dispersion formula 
in the limit of long lifetime of the levels con- 
tributing to the resonance part. The existence 
of broad levels overlapping each other and any 
number of resonance levels does not affect our 
derivation. 

The author is indebted to Professor F. Bloch 
and his nuclear seminar for the stimulus to this 
paper and for valuable discussions. 
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An investigation has been made of the practicability of employing a bent rocksalt crystal 
spectrograph in the identification of x-rays emitted during radioactive decay. The spectrograph 
has been found to be a useable tool. X-rays associated with the disintegration of 3,;Ga*’ »Cu®, 


3Br® and 43Ma have been identified. 





INTRODUCTION 


ECENTLY it has been discovered that as a 

result of electron capture by the nucleus or 
internal conversion, many radioactive atoms 
emit characteristic x-rays in the process of 
disintegration. Alvarez,’»? who first demon- 
strated electron capture, has pointed out that 
many such cases should be found. He has also 
found internal conversion in Ga*’, where the 
coefficient is surprisingly high. Dancoff and 
Morrison,’ in examining the theory of internal 
conversion for lighter elements, find that for 
energies less than 0.5 Mev and highly forbidden 
transitions, the coefficients may be >1. 

These writers point out eight instances of 
internal conversion. Additional examples have 
since been found, and it is quite probable that a 
systematic search would reveal a large number of 
such cases. A knowledge of the properties of 
x-rays emitted by decaying atoms can throw 
illumination upon the processes which are oc- 
curring. Thus, if a substance chemically identi- 
fied as atomic number Z gives off characteristic 
radiation of an element Z—1 and no positrons, 
the process occurring is electron capture which 
may or may not be followed by internal conver- 
sion. If characteristic x-rays of element Z are 
emitted, one is dealing with nuclear isomerism. 
If the radiation is to be identified with an element 
Z+1, the process occurring is emission of a con- 
tinuous beta-spectrum followed by internal con- 
version as the nucleus of element Z+1 falls from 
an excited to a lower state. In many cases the 
best method available for deciding between the 


* Now at Department of Terrestrial Magnetism, Car- 
negie Institution of Washington, Washington, D. C. 

1L. W. Alvarez, Phys. Rev. 52, 134 (1937). 

2L. W. Alvarez, Phys. Rev. 54, 486 (1938). 
(1939) Dancoff and P. Morrison, Phys. Rev. 55, 122 


three possibilities is identification of the x-rays 
which are given out in the process. 


EXPERIMENTAL METHODS 


Two methods are generally employed for 
identification of these x-rays—measurement by 
absorption, or by diffraction from a crystal. By 
far the best absorption method, and one which is 
usually adequate for needs of nuclear physicists, 
is that involving the use of critical absorption. 
When called upon to identify the radiation 
associated with any given radioactivity, the 
investigator knows that he is dealing with the 
characteristic x-rays of one of several elements. 
His measurements merely decide among the 
several possibilities. 

The method of critical absorption has a number 
of disadvantages: Thin foils of most elements are 
not available; some of the elements needed are 
costly and difficult to obtain; the method works 
well only when the x-rays present belong to one 
element, and measurements carried out on 
complex radiations give confusing results. Clearly, 
then, the merits of the diffraction method for 
identification of x-rays bear investigation. In 
considering the practicability of using a diffrac- 
tion method for identification of x-rays, the main 
question is one of intensities. Even with the 
tremendous intensities of radioactive materials 
available from the cyclotron, use of an ordinary 
x-ray spectrometer is impractical. The present 
work, however, has shown that by employing a 
bent crystal spectrograph, present intensities are 
sufficient to obtain pictures of x-ray lines from 
many elements. 


BENT CRYSTAL SPECTROGRAPH 


Some of the principles of design of a bent 
crystal spectrograph were discussed by DuMond 
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and Kirkpatrick* in 1930. Johann® described a 
bent mica crystal spectrograph which he used 
successfully. Mlle. Cauchois* employed spectro- 
graphs having bent mica and gypsum crystals. 
Johansson’ constructed a bent crystal spectro- 
graph in which the crystal was both bent and 
cut in order to secure perfect focusing. Others 
have employed the bent crystal spectrograph for 
investigations of weak x-ray lines. The bent 
rocksalt crystal spectrograph used in the present 
investigation is essentially that described by 
Bozorth and Haworth.* The arrangement em- 
ployed is shown in Fig. 1. Corresponding to any 
given wave-length \ there is a certain angle @ for 
reflection given by the well-known Bragg law: 


n\ =2d sin @. 


Here, since first-order reflection is used, m is 
one. If a radioactive sample which emits x-rays 
is placed along the focal circle, those rays 
satisfying the Bragg condition and striking the 
crystal will be brought to a focus on the focal 
circle on the opposite end of the crystal. Theo- 
retically, in using x-ray film for a detector, one 
should bend the film to conform to the focal 
circle. ‘However, by placing the film perpen- 
dicular to the x-ray beam, the radiant energy is 
concentrated on a smaller area. The energy per 
unit area (on which the x-rays fall) is increased 
by a factor of approximately 1/sin @. Part of this 
increase is offset by the fact that the x-rays pass 
through a smaller thickness of film and are hence 
less completely converted. Moreover, the film is 
supposedly in focus for only one \. However, if 
one is seeking to identify radiation as being that 
of one of three neighboring elements, a lack of 





UFocal circle 





Fic. 1. The bent rocksalt crystal spectrograph. The 
crystal is bent to a radius of 30 cm and cut to a radius 
of 15 cm. 


4J. W. M. DuMond and H. A. Kirkpatrick, Rev. Sci. 
Inst. 1, 88 (1930). 

5H. H. Johann, Zeits. f. Physik 69, 185 (1931). 

6 Y, Cauchois, J. de phys. et rad. 3, 320 (1932). 

7 T. Johansson, Naturwiss. 20, 758 (1932). 

8 R. M. Bozorth and F. E. Haworth, Phys. Rev. 53, 538 


(1938). 
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focal depth is not a serious handicap because the 
line width due to imperfections of the crystal is 
large enough to minimize the importance of the 
added width introduced through improper 
focusing. 

In this work two spectrographs were used. To 
obtain the lines from Ga*? and Cu®, a spectro- 
graph whose radius of focal circle was 15 cm was 
employed. This spectrograph was equipped with 
a crystal 2 cm by 3.2 cm, and the intensity of 
reflected radiation was quite high. Investigation 
showed that no ghost lines were obtained. The 
major imperfection lay in the width of the line 
appearing on the plate. This was associated with 
the fact that the image position was to a slight 
extent a function of source position. Through use 
of a fluorescent source of zinc x-rays, it was found 
that movement of the source could result in a 
displacement of the image by a distance corre- 
sponding to 0.02A. Since the separation of Zn and 
Cu is 0.11A, such a displacement is not serious. 
However, to eliminate possible artifacts through 
displacement of image, owing to displacement of 
source, special precaution was taken. When 
exposing the film to x-rays from a radioactive 
source, the source was made to cover a region on 
the focal circle corresponding to the three 
possible wave-lengths. In calibrating the film, the 
precaution was taken of having the fluorescent 
source cover the same region of the focal circle as 
was covered by the radioactive material. Under 
these circumstances any displacement of image 
with source is corrected for, since the calibration 
line and the line due to the radioactive substance 
are displaced in exactly the same amount. 

The second spectrograph employed has a focal 
circle radius of 30 cm. The crystal, which is 3.4 
cm long and 3.2 cm high, was supplied through 
the kindness of R. M. Bozorth. The charac- 
teristics of this spectrograph are quite different 
from those of the first one described. The 
principal disadvantages are lower intensity and 
the appearance of a ghost. The lower intensity 
arises from purely geometrical conditions, since 
in this case the source and image are farther 
removed by a factor of two. The ghost, which has 
an intensity about one-tenth that of the principal 
line, is well separated from it. 

By taking the precaution of employing the 
same region of the focal circle as a source in 
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obtaining the line from the radioactive material 
and in calibrating, the danger of a fictitious 
result is eliminated. The advantage of this 
spectrograph is its good resolving power. More- 
over, the image line is practically independent of 
source position. In a test it was found that 
tellurium and antimony K, are readily resolved. 
This spectrograph should be useful in determining 
x-ray wave-lengths as short as 0.35A. Elements 
emitting such K, x-rays (Kq of P®®=0.348A) 
also send forth L, radiation with a wave-length 
less than 2.5A. It is quite practical to identify L. 
radiation in an air spectrograph for elements 
above 59 in atomic number. Accordingly the 
range in which a bent crystal spectrograph is 
useful at present appears to be from atomic 
number 23 to 92. By use of a vacuum, this range 
could be extended somewhat. 


EXPERIMENTAL RESULTS 


Ga*®’ 


The first x-rays examined with the spectro- 
graph were those emitted in the decay of Ga. 
By critical absorption measurements, Alvarez? 
has shown that the radiation emitted by this 
activity can be described as characteristic zinc 
x-rays. This result was confirmed by the spectro- 
graph,® and lines due to zinc K, and zinc Kg were 
obtained. The calibration lines were obtained 
from copper and zinc. These elements were 
placed in the proper position on the source side 
of the focal circle and were exposed to continuous 
radiation from an x-ray tube. While the cali- 
bration lines were being obtained, the central 
portion of the film was shielded by lead. The 
84-hour Ga*’ was formed by deuteron activation 
of zinc. Gallium was extracted from the active 
zinc by means of a well-known ether extraction. 
The ether was evaporated to a volume of one cc, 
and the evaporation process was completed by 
allowing the ether to drop slowly upon a small 
piece of filter paper, thus transferring the gallium 
activity to the paper. The zinc bombarded was 
extremely pure, and it was not necessary to add 
gallium as a carrier. Accordingly the gallium 
activity present on the filter paper was free from 
elements which might have a large absorbing 
effect. The paper was of such length (1.5 cm) that 
when placed on the focal circle it covered the 





region corresponding to A=1.5A to A=1.2A. 
When exposing the film to radiation from Ga 
the calibration portion was, of course, covered 
with lead. The length of exposure of the film to 
the x-rays from the active substance was generally 
of the order of twice the half-life of the material. 


Br®° 

Another problem which can be solved by 
diffraction methods is the question of x-rays 
emitted during the decay of the 4.5-hour Br*®. 
These x-rays were found by A. H. Snell (unpub- 
lished) during the summer of 1938. Absorption 
measurements showed that the radiations were 
absorbed strongly by arsenic and weakly by 
selenium. According to the values of the wave- 
lengths of x-rays given by Siegbahn, the radiation 
could be either bromine or krypton. From the 
facts known at that time there was no strong 
reason for identifying the radiation with one of 
the two elements. Accordingly, the radiation was 
examined by the spectrograph and shown to be 
characteristic of bromine.’ This provided a 
strong clue that the 4.5-hour Br*® was undergoing 
an isomeric transition to some other state. Segré, 
Halford and Seaborg!® have shown by means of 
an isomer separation that the 4.5-hour body 
decays into an 18-minute substance. Hence the 
x-rays result from the internal conversion of a 
gamma-ray which is emitted in the transition of 
the Br*® from the energy state corresponding to 
the 4.5-hour to an energy state corresponding to 
the 18-minute body. The energy of the y-ray has 
been measured": and the presence of x-rays 
confirmed.”: * 

The active bromine was’ obtained through 
irradiation of brombenzene by neutrons produced 
by a 100-va hour bombardment of beryllium by 
deuterons. Active bromine was extracted from 
the brombenzene with water. Sodium sulfite was 
added to the aqueous solution together with silver 
nitrate. The resulting silver bromide precipitate 
was very thin, weighing a few milligrams per cm’. 
This is important because self-absorption can cut 


® P. Abelson, Phys. Rev. 55, 424 (1939). 

10 E, Segré, R. S. Halford and G. T. Seaborg, Phys. Rev. 
55, 321 (1939). 

u G, E. Valley and R. L. McCreary, Phys. Rev. 55, 666 
(1939). 

2 R. E. Siday, Nature 142, 681 (1939). 

13. I. Roussinow and A. A. Yusephovich, Phys. Rev. 
55, 979 (1939). 
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the intensity considerably. It is to be remembered 
that the average path the x-rays traverse in the 
source is 7/2 sin @ where T is the thickness. In 
exposing the film to the x-rays emitted by the 
bromine, it is necessary to eliminate the effect of 
scattered electrons. This could be done by use of 
a magnetic field or by selective absorption of the 
beta-particles. The latter method was employed ; 
most of the electrons were absorbed in a 0.7 cm 
thick layer of paraffin, while the x-ray intensity 
dropped to a half. The silver bromide filter paper 
source was placed on the focal circle in such a 
way as to cover the region \=1.15A to A=0.95A, 
that is, the region corresponding to selenium, 
bromine and krypton Ka. 


Cu®4 


A third example of the use of the spectrograph 
was in the examination of the x-rays® emitted in 
the decay of Cu™. Van Voorhis showed that a 
12.8-hour activity is to be identified with Cu®™ 
and that this body possesses a branching dis- 
integration decaying either to Zn*™ by negative 
electron emission or toe Ni®™ by positron emission. 
Alvarez? later showed that x-rays were also 
associated with the decay of Cu®. These x-rays 
were assumed to arise from electron capture, but 
no attempt was made to identify them. By use of 
the spectrograph the x-rays emitted by Cu™ have 
been shown to be characteristic nickel radiations. 
It appears, therefore, that Cu®™ may decay by the 
three processes of negative electron emission, 
positron emission or electron capture. It could 
be argued that the nickel x-rays do not arise from 
electron capture but come as a result of internal 
conversion of a gamma-ray emitted after positron 
emission. However, the ratio of x-rays to 
positrons is close to that predicted on theoretical 
grounds. . 

In getting the picture of the x-rays from Cu™ 
the source was metallic copper itself which had 
been activated by 50uA hours of 8.0-Mev 
deuterons in the cyclotron. The source was 
placed on the focal circle covering a portion 
corresponding to \=1.40A to \=1.70A. In this 
case the best method of eliminating fogging due 
to beta-rays is certainly a magnetic field. How- 
ever, even with the nickel radiation, it was 
possible to absorb almost all beta-rays with 
paraffin while cutting x-ray intensity to one- 





Fic. 2. A microphotometer trace of the Kg line of 
element 43. The three peaks of the upper and lower 
calibration traces correspond to the Cb, Mo and Ru Kg 
doublet. The main peak of the center trace is due to the 
Ka of element 43. The peak to the left is due to Mo Kg 
which arises from a two-day masurium activity. 


fourth. The spectrograph has since been rebuilt 
to facilitate use of a magnetic field for eliminating 
background due to beta-rays. 


The K, line of element 43 


A fourth picture obtained by the spectrograph 
was the K, line of element 43. A microphotometer 
trace of this line is shown in Fig. 2. This radiation 
is associated with the decay of a 66-hour 
molybdenum activity which exhibits a branching 
decay. Of the order of one-fifth of the active 
molybdenum atoms disintegrate into a 6.6-hour 
masurium which drops to a lower energy state by 
gamma-ray emission. Another fraction of the 
molybdenum decays into a short-lived masurium 
which drops to a lower energy state by gamma- 
ray emission. In both cases the gamma-rays are 
internally converted and as a result characteristic 
x-rays of masurium are emitted. Segré and 
Seaborg"* have identified these radiations by 
critical absorption. 

Because of the small intensity of x-rays 
(the internal conversion coefficient appears 
to be small) it was necessary to bombard the 
molybdenum 400uA hours with 8-Mev deuterons. 
The element was dissolved in nitric acid and 
precipitated with oxyquinoline following a pro- 


cedure worked out by Perrier and Segré.'® The 


(1938) Segré and G. T. Seaborg, Phys. Rev. 54, 772 
6 C, Perrier and E. Segré, J. Chem. Phys. 6, 155 (1939). 
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oxyquinoline precipitate was converted into 
molybdic oxide and placed on the focal circle to 
cover a wave-length region from 0.74A to 0.62A. 
This chemical procedure is desirable because 
deuteron bombardment of molybdenum yields a 
number of masurium activities. Among these is a 
two-day body which strongly emits molybdenum 
radiation probably as a result of electron capture. 


I wish to thank R. M. Bozorth and the Bell 
Telephone Laboratories for the gift of a rocksalt 
crystal and Dr. L. W. Alvarez and Dr. E. Segré 
for their advice and suggestions. I wish especially 
to thank Professor E. O. Lawrence, under whose 
direction this work was carried out, and the 
Research Corporation for financial support. 
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The method of analysis of double spectrometer rocking 
curves developed by L. P. Smith is reconsidered. Although 
from Smith’s very general viewpoint, six experimental 
curves are needed for a complete analysis, it is shown that 
for rocking curves from calcite, taken with the usual type 
of double spectrometer, it should be possible to deduce 
the shape of the single crystal diffraction pattern from two 
rocking curves, the (1,+1) and (2,42). A method of 
modifying the equations of the instrument to allow for a 
simple type of mosaic structure is indicated. 

The equations have been applied to rocking curves of 
Mo Ka; from calcite, supplied by L. G. Parratt. The 
method requires resolution of the observed curves into 
Fourier components, and a numerical method of doing 


INTRODUCTION 


HE object of this work is to determine, from 
observed two-crystal spectrometer rocking 
curves, the shape of the single crystal x-ray 
diffraction pattern applicable to a certain pair of 
calcite crystals. This function, g(@), represents 
the fraction of the incident intensity of a beam of 
parallel, monochromatic x-rays which is reflected 
by the crystal when incident at a glancing angle 
differing by @ from the corrected Bragg angle. 
Knowledge of g(@) is desirable for two reasons. 
First, a comparison may be made with the 
Darwin-Ewald-Prins! theory. Such a comparison 
should shed valuable light on the nature of the 
~ * Now at Rutgers University. 
1C, G. Darwin, Phil. Mag. 27, 325 and 675 (1914); 
P. P. Ewald, Ann. d. Physik 54, 519 (1917), Zeits. f. 


Physik 2, 232 (1920), Physik. Zeits. 26, 29 (1925); J. A. 
Prins, Zeits. f. Physik 63, 477 (1930). 





this is described. The reliability of the components ob- 
tained can be tested by predicting the (1,—1) curve with 
them and comparing with experiment. In this way it is 
found that the curves are consistent as regards Fourier 
components of long period and large amplitude, but in- 
consistent in the short period, small amplitude components. 
A single crystal pattern is deduced, based mainly on the 
observed (1,—1) curve, with asymmetry as indicated by 
the (1,+1) and (2,42) curves. It indicates that the crystals 
used do not have the flat-topped Darwin-Ewald-Prins 
diffraction pattern. Possible causes of the short period 
discrepancy have been investigated, but an adequate 
explanation has not been found. 


imperfection of an almost-perfect crystal. Second, 
g(@) may be applied as a correction to measured 
wave-length distributions. Because g(@) has a 
finite width, an observed emission line, absorp- 
tion edge, etc., is always distorted by the 
crystals. Data such as those of Parratt* show that 
the distortion is not a simple process, and 
knowledge of the entire shape of the diffraction 
pattern is therefore needed to make the cor- 
rection. Although for many purposes crystals 
may be found, such as etched quartz, which 
possess adequate’ resolving power in the second 
or even the first order, occasions arise when, 
because of intensity difficulties, imperfect crys- 
tals must be used. An example is the use of the 
two-crystal spectrometer as an approximate 


?L. G. Parratt, Rev. Sci. Inst. 6, 387 (1935). 
*L.G. Parratt, Phys. Rev. 46, 749 (1934). 
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monochromator. Furthermore, for long wave- 
length work, relatively imperfect crystals of large 
grating space must be used. 

Previous experimental study of the problem by 
Allison, Parratt,® Renninger,® and others has 
been indirect. Observed values for the parallel 
position rocking curve width, percent reflection, 
and coefficient of reflection were compared with 
predictions of the Prins theory, for various 
crystals and wave-lengths. For a certain pair of 
calcites, Parratt and Miller’ found fairly good 
agreement at long wave-lengths, but at \=0.71A 
the percent reflection was much too small, and 
the (1, —1) width too great. An advance was 
made when L. P. Smith® pointed out the power 
of the Fourier transform method for the problems 
of the two-crystal spectrometer, and much of the 
work in this paper is based upon his analysis. 
Smith showed that the true wave-length distri- 
bution of an x-ray line, edge, etc., can be found 
from proper combination of six observed curves. 
His quite general treatment does not require 
specular reflection of each ray from the crystal 
face. Asa result, the definition of g(@) given above 
has no meaning; nevertheless functions closely 
related to the diffraction patterns of the two 
crystals, assumed different, could be found. No 
application was made to observed curves. 

In this paper, simplifying assumptions, appli- 
cable to actual calcite specimens, are made in 
Smith's analysis, and the effects of a simple type 
of mosaic structure and of vertical divergence are 
included. It turns out that g(@) can be found 
from two observed curves, the (2, +2) curve 
being to a sufficient approximation the true line 
shape. Mosaic structure is introduced as follows: 
The crystal face is assumed to be covered by 
blocks which are large enough (say, 10-* cm on an 
edge) so that no radiation completely traverses a 
block, and diffraction effects due to the finite 
number of planes in a block can be ignored. The 
function g(@) is considered applicable to each 
block. A parallel incident beam is then reflected 
from the crystal face as a divergent beam, 
although specular reflection is assumed for each 
block. The amount of divergence depends on the 
~ 4. K. Allison, Phys. Rev. 41, 1 (1932). 

5L. G. Parratt, Phys. Rev. 41, 561 (1932). 
6 M. Renninger, Zeits. f. Krist. 89, 344 (1934). 


7L. G. Parratt and F. Miller, Phys. Rev. 49, 280 (1936). 
8 L. P. Smith, Phys. Rev. 46, 343 (1934). 


probability distribution function for orientation 
of the blocks; by letting the distribution function 
become infinitely sharp we pass to the case of a 
perfect crystal. 


MATHEMATICAL THEORY 


Following Smith, we will denote by upper case 
symbols the Fourier transforms of functions 
denoted by corresponding lower case symbols. 
Thus 


if F()=const.x f fladedr, (1) 
then fit) =const.x f F(t)e—‘**dt. (2) 


The broad restrictions on f(x) required for this 
inversion to be possible are fulfilled for the 
functions under consideration. We will also have 
use for a transform of the type 


3) =const.x f f(x)e="dx, (3) 


which may be called a Fresnel transform, denoted 
by corresponding script symbols. 

For each of the three observed rocking curves 
an integral equation can be set up and the Fourier 
transform written down. The angles involved are 
illustrated for a parallel position in Fig. 1; the 
derivation of Eqs. (4) to (7) follows the general 
scheme of Chapter IX of X-Rays in Theory and 
Experiment, by Compton and Allison.? It is 
assumed that both crystals are rotated by equal 
amounts in recording the curves. By this method 








Fic. 1. Crystal arrangement in a parallel position. 


* A. H. Compton and S. K. Allison, X-Rays in Theory 
and Experiment (D. Van Nostrand Co., 1935). References 
are there given to contributions of Schwarzschild, Spencer, 
Laue, and others to the theory of the instrument. 
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of ‘‘double rotation’: " the effect of inhomo- 
geneity in the focal spot or the crystal surfaces is 
almost completely eliminated. It must be re- 
membered that if each crystal is rotated by an 
amount 6 about its own axis, either the x-ray 
tube must be rotated by 28 or crystal B must 
be rotated about crystal A, in order for the 
effective beam from the center of the focal spot 
to strike the same regions of the crystals. The 
two cases are identical mathematically, and the 
former is assumed in drawing Fig. 1. Vertical 
divergences, and vertical deviations of the mosaic 
blocks, are not shown in Fig. 1, and it is due to 
these that terms involving ¢ and y are introduced 
into the arguments of the g functions by con- 
siderations similar to those accompanying Fig. 
IX-11 of reference 9. The terms in £, which is a 
wave-length variable, recognize the fact that, 
according to the Bragg law, change in wave- 
length of an elementary ray can compensate for a 
change in the glancing angle introduced, say, by 
horizontal divergence. The nomenclature and 
resulting equations may easily be extended to 
positions (”,, +2), where m,+ Mm». 

For an (n, —m) curve, we obtain from Fig. 1 
the equation 


pa(a)=const.x f f f j ff [mse 


XIE) (ca) flow) f(a f(vs) 

Xga(B+atoa—anPa? — Ang? —an€) 

Xga(—B+a+2ea+ep 

— 2an~a? —d,~5? — Ano? —a,£) 
Xdad¢gdtdesdopdpadyp. (4) 


8=deviation of crystal B from the central posi- 
tion in which the glancing angle of the 
central ray is 4p. 

a=horizontal divergence of a ray from the 
central ray. 

¢ = vertical divergence ofa ray from thecentralray. 

o4, ¢g=horizontal deviations of mosaic blocks 
from the cleavage plane. 

Va, We=vertical deviations of mosaic blocks from 
the cleavage pene. 

= $X0(080/AXo) = = 3 tan @o. 


10 J. W. M. DuMond and A. Hoyt, Phys. Rev. 36, 1702 


(1930). 
1S. K. Allison, Phys. Rev. 44, 63 (1933). 





£=2(X—Xo)/Do. 

pi(8), 7:1(8), and r2(8) are the (1, —1), (1, +1), 
and (2,+2) rocking curves, for double 
rotation. 

m(a) and s(¢) are slit functions, determined by 
the geometry of the slits and the focal spot 
intensity distribution. 

f(e4), etc., are the mosaic distribution functions 
postulated in paragraph 3, and assumed 
similar for the two crystals. 

j(&) is the true emission line shape. 

ga(@) and gp(@) are the crystal patterns of the 
two crystals. 

The integrations are extended to infinite limits 

because all of the functions involved become zero 

sufficiently rapidly. 


We must now assume m(a) to be ‘‘very wide” 
and hence constant over the effective range of a. 
This is justified since the rocking curves are only 
a few seconds wide, whereas the beam defined by 
the slits and focal spot is many minutes wide.” 

Upon multiplication of Eq. (4) by e?*“d8 and 
integration, the integral splits into 8 single 
integrals as follows: 


f p»(8) exp (27t8)dB =const. 


xf scorde fiat f feaexp (ito,)do, 


x f f(ox) exp (iton)dog 
xf f(Wa) exp (—anitba*) da 
x ff flv») exp (—anilve")dvs 


xf ga(Bt+atou—,Wa*—a,6? —a,£) 


Xexp [it(B+a+oa—anpa® — ang? —an€) ] 
Xga(—B+at2e,+on—2anVa? 
—4,Wp? —a,6? —a,€) exp [1t(B —a—204—on 
+2anWa?+anbs*?+Ong?+Ond?+ant) \dadp. (5) 
or 
P,,(2t) =const. X F*(t)§**(ant)Ga(HGa*(t). (6) 
~ 2 This assumption i is also made by Smith, and is surely 


valid for an (m, —m) curve. For an (n; +n) curve its 
validity is more certain in double rotation. 
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The asterisk indicates a complex conjugate. The 
derivation of Eq. (6) uses the fact that 


f f file-+-y+a)fo(x—y+d)dedy 


{som fm 


For an (mn, +m) curve, (antiparallel position), 
the equation analogous to Eq. (4) is 


r= f ff j ff fmesio) 


XIE) (ca) flea) f(a) f(Ha) 
Xga(Bt+atoa—Anha? —an6? —a,£) 
Xga(B—a—204—op—2anWa*—anWp? 
— ang? —an,§)dad¢ddidosdopdpadpp. (7) 
This yields 
R,(2t) =const. XS (2ant) J (2ant) F(t) 
XG (ant) F (3ant)Ga(HGa(t). (8) 


The parameter ¢ is to be interpreted as the 
analogue of m when a periodic function f(x) is 
written as a Fourier series 2A, cos (nx—§5). 
Thus we speak of the ‘/‘th’’ component of a 
curve. Since our functions are not periodic, the 
parameter ¢ has nonintegral values, and P,(22), 
etc., are continuous functions of ?. 

For the present we will assume the pattern for 
crystal A to differ from that for crystal B only by 
a constant real factor. The validity of this 
assumption will be discussed below. Let g,(6) 
and g2(6) denote the single crystal patterns in the 
first and second orders. From the three experi- 
mental curves we get three equations in the 
parameter ¢: 


(1, —1): P,(2t) =const. 
X F(t) §**(ait)Gi()Gi*(t), (9) 


(1, +1): R(2¢) =const. 
XS (2a;t) J (2a,t) F2(t)F (ait) F (3art)G2(4), (10) 


(2, +2): Re(2t) =const. 
X S(2a2t) J(2aet) F?(t)F (aot) F (3a2t)G27(t). (11) 


Elimination of J from Eqs. (10) and (11) gives 
Ri (2) 
R2(2a;t/a2) 
[—— 
x eenmemaumenentemeened 
F°(t) 


G,?(t) =const. X 


Gz*(ast/a2)| (12) 


Also, we must have 
| P,(2t) | X | Re(2ast/az2) | =const. X | Ri (22) | 
X | *2(ait) F2(ayt/a2)G22(ayt/ae)|. (13) 


Since the effect of § will be small compared with 
that of F, and since G2 can be estimated from the 
(2, —2) rocking curve, Eq. (13) offers a method 
of estimating the mosaic distribution function, 
and hence of determining the crystal pattern 
gi(@) from (12). To a very good approximation, 
for calcites of ordinary perfection, the expression 
in brackets in Eq. (12) can be regarded as 
constant, which amounts to assuming infinite 
resolving power in the second order and assuming 
perfect crystals. 

It is instructive to discuss a few well-known 
properties of the instrument from the point of 
view of the Fourier transforms, Eqs. (9) to (13). 
No attempt is made to give references to the 
first discussions in the literature of some of these 
points. It must be borne in mind that the 
Fourier transform of a symmetrical function is 
real, while the Fresnel transform of even a 
symmetrical function is, in general, complex. 
Also, a narrow curve has a wide transform, and 
vice versa, since many high components are 
required to represent a sharp curve. Thus, in 
particular, the transform of a witch (Hoyt™ 
curve) given by 1/(1+<x?/a*), of half-width a, is 
proportional to e~!2#!. 


(a) If the crystal patterns are identical in shape and 
there is no mosaic structure, then Eq. (6) shows that P,,(2t) 
is real, and all the (m,—m) curves are symmetrical. The 
converse is not true, however. If we write Ga=Ga’+iGa”", 
etc., a real P,(2¢) implies only that GaGs* is real, i.e., 
Ga"’/Ga' =Gp""/Gp’. This can be satisfied in two ways: 
either ga(6) is proportional to gz(@), and the patterns 
(in general asymmetrical) have identical shapes, or 
Ga” =Gz"=0, in which case the patterns are both sym- 
metrical, but not necessarily alike. The first case has been 
assumed in deriving Eqs. (9) to’(13), since the (n,—m) 


#8 A. Hoyt, Phys. Rev. 40, 477 (1932). 
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curves are always observed to be symmetrical. It can easily 
be seen that if the second case is true, then Eq. (13) still 
holds, since then Gg*=Ga, and G,* becomes (G2) 4(Ge)z. 
Mosaic structure would not affect this conclusion, barring 
a fortuitous coincidence of the odd parts of § and GaGa*. 

(b) If the vertical divergence is negligibly small then S 
reduces to a constant. Vertical divergence has no effect 
on an (n,—mn) curve, but since G(a,¢) is not always real, 
asymmetry will be introduced into an (m,+) curve even 
by a symmetrical slit function. 

(c) The effect of mosaic structure will be to widen each 
curve, since F and § surely decrease with increasing ¢ 
for small ¢t. Any positive function exhibits such a behavior. 

(d) If the true line shape and diffraction pattern are 
both witches of widths w; and wy, respectively, then the 
(1,—1) curve is a witch of width w,=2w,, and the (1,+1) 
curve is a witch of width w,=w;+2w,=w;+wy,. This 
follows immediately from the properties of the exponential 
e-“t, and the witch is obviously the only function for 
which the widths add in such a simple manner. Using the 
Fourier transform method, an observed curve can be 
corrected for the finite width of the diffraction pattern, 
by dividing the transform of the observed curve by the 
square of an assumed or derived single crystal pattern 
transform. Ordinarily a witch of half the width of the 
(n,—mn) curve will suffice for this correction. Methods 
based on assumptions of witches, error curves, etc., have 
previously been applied only to widths of emission lines. 


APPLICATION TO ACTUAL CURVES 


Three rocking curves were recorded by Pro- 
fessor Parratt for MoKa; at 0.71A on the 
direct-reading spectrometer of Richtmyer and 
Barnes.* Maximum vertical divergence was 
4.5X10-* radian. Voltage was kept low enough 
so that radiation of half the wave-length studied 
was not excited. Background was 0.5 percent in 
the first order, and 4 percent in the second order. 
The crystals were A;B; of reference 2, after 
repeated etching and grinding according to the 
method of Manning.'® Crystals A,B, of reference 
2, of which an extended indirect study had 
already been made,’ were found to have deteri- 
orated badly since 1935. The percent reflection 
could be brought only to 40 percent compared 
with 66 percent in 1935. The crystals used have 
a percent reflection of 50 percent, and represent 
the most nearly perfect crystals available after 
an extended search. While not as nearly perfect 


as some specimens previously reported, they are 


4F. K. Richtmyer and S. W. Barnes, Rev. Sci. Inst. 5, 
351 (1934). 
% K. V. Manning, Rev. Sci. Inst. 5, 316 (1934). 
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Fic. 2. Rocking curves of Mo Ka; on calcite, recorded 
by L. G. Parratt. All of the data for the wings are not 
plotted. 


comparable with crystals commonly used in 
x-ray spectroscopy. 

The observed curves are plotted in Fig. 2. 
From 70 to 100 ordinates were observed for 
each curve. The (2, +2) curve, 72(8), was 
symmetrical, and accurately a witch of full 
width 0.268 x.u. Such a shape has been observed 
previously for MoKa,, but is not typical of all 
lines. It is interesting to observe that both 
classical'® and modern" theories predict such a 
shape for an x-ray emission line."* The (1, +1) 
curve, 7:(8), of width 0.384 x.u., was not a 
witch, and showed an extremely slight asym- 
metry which was probably real. The origin was 
taken as the intersection with the baseline of the 
locus of midpoints of horizontal segments; as so 
defined it differed by only 0.007 x.u. from the 
location of the peak. The odd part of r:(8) was 
thus very small (maximum value 3 percent of 
the peak) and its effect on |Ri|?=R:?+R,'" 
was entirely negligible. Correction of the (m, +7) 
curves for overlap of Kaz was important only 
for r:(8), and was carried out in a direct manner. 
The overlapping factor was only 0.010 for 
(1, +1) and 0.005 for (2, +2). The correctness 
of the procedure was indicated by comparison 
of the two wings of a curve. No differences were 
found. The (1, —1) curve, ~:(8), was symmetri- 
cal, as expected, and had a width of 0.0868 x.u. 
All of the observed curves were found to decrease 
as the inverse square for abscissas farther than 


16 N. C. Mandersloot, Jarb. d. Rad. u. Elektrotek. 13, 
16 (1916); G. E. M. Jauncey, Phys. Rev. 19, 68 (1922). 
vy, Weisskopf and E. Wigner, Zeits. f. Physik 63, 54 
(1930) ; F. Hoyt, Phys. Rev. 38. 860 (1930). 
18 See, however, remarks by A. Hoyt, reference 13. 
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about two full widths from the peak. E.g., for 
r2(8) a least-squares solution using 14 ordinates 
gave a value of —2.0 for the exponent. 

A straightforward numerical method was 
adopted for the Fourier analysis, after trial 
showed the rolling sphere Henrici type analyzer 
to be unsuited to precise determination of short 
period components. The method of Robertson!’ 
was modified slightly as follows: A series of 
1000 cardboard strips was prepared, each con- 
taining the sequence N, N cos 6°, N cos 12°: - -0, 
written from top to bottom to the nearest 
integer. To analyze a curve, ordinates were read 
off a large graph, spaced g units apart. Corre- 
sponding strips were hung, 15 at a time, on a 
— strip, and the appropriate products 


f(x) °° ne read through diagonal rows of holes 


ina pon screen. The algebraic sums of the 
visible numbers were proportional to the real 
and imaginary parts of F(to), where to= 2/(30q). 
By discarding alternate strips and using the 
remainder again, F(3to), F(4to), etc., were rapidly 
obtained. Three selections of ordinates at spac- 
ings of, say, 0.002, 0.0025, and 0.003 x.u. 
sufficed to give about 15 well spaced compo- 
nents,2° and the area of the curve gave F(0). 
The even and odd parts of a curve were analyzed 
separately, integration extending from 0 to + «. 
A formula for 


Dn 


f x" cos txdx, 
JN 


with in general not an integer, was developed 
in such a form that the contributions of the 
wings to the Fourier components could be easily 
inserted in the analysis; for cos N‘=1 and 
Nt>0, the integral is n/(#N*"*'). As a check on 
this numerical method several arbitrary curves, 
including asymmetrical ones, were broken down 
into components with the aid of the strips, and 
then synthesized, also with the strips. Satis- 
factory agreement, to within about 1 percent, 
was obtained. 

19 J. M. Robertson, Phil. Mag. 21, 176 (1936). 

20 Robertson's procedure for obtaining higher compo- 
nents amounts to using different screens. This must lead 
to error for high components; thus a sine component of 
30 times the ¢ value of the fundamental would have argu- 
ments spaced 180° apart and would vanish, regardless of 


the curve being analyzed. In Robertson's application to 
crystal structure work this is not serious. 


RESULTS AND CONCLUSIONS 


In Figs. 3 and 4 are shown the transforms of 
the three observed curves, plotted logarithmi- 
cally. The ¢ values are determined by the 
angular unit used in plotting the curves, which 
in this work was 34.29 seconds, corresponding to 
1 x.u. in the (1, +1) position. Since »:(8) was 
much narrower than the other two it was 
possible to be certain of P,(¢) for much larger 
t values. The uncertainties represented by 
vertical lines indicate twice the fotal contribu- 
tions of the wings to the transforms, using the 
inverse square assumption. This is a very liberal 
estimate, since the wings were observed to follow 
this rule out to abscissas much larger than those 
at which the numerical analyses were stopped. 
The error introduced by the numerical analysis 
itself is, for the components plotted, too small 
to be drawn. The fact that r2(8) is a good 
approximation to a witch is shown by the 
straightness of its transform when plotted in 
this manner. 

In Fig. 4 is plotted also logio | PiR2|. If F, §, 
and G; are infinitely sharp, Eq. (13) shows that 
log |P,R2| should be parallel to log | R:|, as in 
the dashed line. It is seen that there is agreement 
among the components of long period and large 
amplitude (small #). Although definite disagree- 
ment is indicated among the components of 
short period, the amplitudes of these range from 
1/5 to 1/100 of the most intense amplitudes. 
Lacking other sets of data, it seems best at 
present to interpret Fig. 4 as indicating a 
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Fic. 3. Fourier transforms of the observed (1, —1) curve, 


|P:|, and of the observed (2, +2) curve, | R2|. The scale 
of ordinates is arbitrary. 
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Fic. 4. Upper curve: Product of the curves of Fig. 3. 
Lower curve: Fourier transform of the observed (1, +1) 
curve, |Ri|. The dashed curve is parallel to the upper 
curve, and should coincide with the lower curve, according 
to Eq. (13). 


general, but not detailed, confirmation of the 
theory of the double spectrometer. 

In order to obtain the single crystal pattern 
gi(@), the most certain procedure is to obtain 
|G,| from the observed (1, —1) curve, using 
Eq. (9). The (1, +1) and (2, +2) data can then 
be used to find the ratio of real and imaginary 
parts of G,(t). Thus G,(#), and hence g,(@), are 
completely determined, and the pattern so found 
automatically predicts the correct (1, —1) curve. 
Of course, G; could be found directly from the 
(1, +1) and (2, +2) curves by Eq. (12), but the 
other method is more accurate since it places 
reliance upon the curve which is, in width, most 
nearly like the desired function. 

Application of the first method yields curve A 
of Fig. 5. The observed percent reflection of 50 
percent served to fix the scale of ordinates. This 
curve is almost symmetrical, since the (1, +1) 
curve showed only very slight asymmetry, and 
the (2, +2) curve none at all. The predicted 
Prins curve is plotted as B of Fig. 5, and is the 
average for the two kinds of polarization. Such 
an average is allowable for the small glancing 
angles involved here. The pattern derived from 
experiment shows no evidence for the flat top 
of the Darwin-Ewald-Prins theory. It should be 
mentioned that Fourier analysis of the (1, —1) 
curve was carried out to large enough ¢ values 
(>500) to make certain that the round top of 





Fig. 5A is significant, and not due to neglect 
of higher components. 

Curve A of Fig. 5 is derived by the most 
trustworthy method, and represents our best 
estimate of the single crystal pattern of the 
crystals used. Nevertheless, too much confidence 
should not be placed in the derived curve on 
account of the discrepancy of Fig. 4 among the 
higher components. That this discrepancy is 
serious becomes evident when the single crystal 
pattern is computed directly from the anti- 
parallel curves. The resulting g(@) is over twice 
as wide as curve A, and yields a (1, —1) width 
of 0.21 x.u. This is unthinkably large compared 
with the observed 0.087 x.u. The only reasonable 
explanation is that one, or both, of the observed 
antiparallel curves has been distorted in some 
unknown fashion. It is easiest to imagine that 
the true (1, +1) curve is narrower than that 
observed; a width of 0.31 x.u. instead of 0.38 
would bring about agreement. (This figure was 
obtained from the slope of the dashed line of 
Fig. 4, allowing 0.01 x.u. for the (2, —2) width). 
It should be emphasized, however, that such an 
arbitrary correction is entirely outside of the 
observational error. 

No adequate explanation for this inconsistency 
among the higher components has been found. 
Among the possible reasons for it which have 
been considered are: (a) Making the correction 
for finite resolving power in the second order 
tends to increase the discrepancy, and the 
correction would be only about a 4 percent 
change in the slope of the upper line of Fig. 4, 
in the wrong direction. (b) The effect of the 
perhaps oversimplified mosaic structure of para- 
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Fic. 5. A: Single crystal pattern deduced from the 
observed rocking curves. B: Diffraction pattern predicted 
by the Prins theory. 
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graph 3 will also tend to increase the discrepancy, 
since the mosaic distribution function is surely a 
positive function, and its transform decreases 
with increasing ¢. Qualitatively, the effect of 
mosaic structure can be seen as follows: Each 
of the three curves is widened by about the same 
amount by such a mosaic structure. Therefore 
one would expect the observed 7; to be wider 
than the true 7;, but narrower than that pre- 
dicted from the observed /; and 72, since both 
of the latter have been widened. The opposite 
is observed. (c) The assumption that m(a) is 
“very wide” was made in deriving Eqs. (6) and 
(8). If there is mosaic structure, the effective 
range of a will no longer be of the order of the 
diffraction pattern width, but will be comparable 
to the width of f(c). As mentioned above, f(c) 
must be narrow, otherwise the (1, —1) curve 
would be broadened. Hence the assumption of 
m(a) constant is justified. (d) For the slits used, 
the maximum vertical divergence is so small that 
at ¢=20 the function ©@(a;t) is still 99.5 percent 
of its value at ¢=0, using a slit function s(¢) 
=1—|¢/¢max|. (€) Possible dissimilarity of the 
two crystals is discussed above. It was shown 
that the only kind of dissimilarity consistent 
with the symmetry of the (1, —1) curve would 
not affect the validity of Eq. (13), on which 
Fig. 4 is based. (f) Close consideration of the 
original curves and their treatment rules out 
explanations in terms of observational or compu- 
tational error, improper correction for over- 
lapping of MoKas, or incorrect treatment of 
the wings. 


The essential point of the analysis presented 
here is that for ordinary calcite crystals the 
second-order resolving power is so high that 
only a small, easily estimated correction is 
needed to obtain the true line shape. In theory, 
at least, not only the single crystal diffraction 
pattern can be deduced, but also the distribution 
function of the mosaic blocks. When the method 
is applied to L. G. Parratt’s precisely recorded 
rocking curves of MoKa,, a general agreement 
among the long period Fourier components 
indicates that the theory of the double spec- 


trometer is not entirely wrong. The serious and 


definite discrepancy among the short period 
components, however, is difficult to explain. 
The conclusion that the single crystal pattern 
(Fig. 5A) shows no evidence for the flat top of 
the Darwin-Ewald-Prins theory is valid regard- 
less of this discrepancy, since the doubtful 
assumption concerns only the asymmetry of the 
pattern. 
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The M, and M, X-Ray Absorption Edges of Lead 
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The M,; and M; edges of lead, not having been previously measured, were investigated. They 
were found to occur at wave-lengths: M,, 3.219A; M2, 3.469A. A brief discussion of M edges 
is given and the fact that many M edges show discrepancies between observed and calculated 
values is noted. Methods of computing edge energies are discussed. The proposed explanation 
and meaning of these discrepancies are discussed with particular reference to lead. 





INTRODUCTION 


KNOWLEDGE of the wave-lengths of the 

x-ray absorption edges of the elements is of 
importance in many connections. Many of the 
five M edges of 20 of the heavier elements have 
been measured.'—* The M, and M; edges have so 
far been measured in only eight of these elements, 
mainly because the experimental difficulties in 
observing them are greater than for the other M@ 
edges. It seemed worth while to attempt to 
photograph M, and Mz edges. These edges of 
lead® had not been studied and it was chosen” 
for investigation because it lends itself to easy 
preparation in thin absorbing films. 


THE METHOD 


For edge contrast there is an optimum ab- 
sorber thickness given by a formula derived by 
Sandstrém.'!® The values needed for the linear 


* Now of the Department of Physics, Michigan State 
College, East Lansing, Michigan. 

1H. W. B. Skinner and J. E. Johnston, Proc. Roy. Soc. 
161, 420 (1937). 

2 V. H. Sanner, Zeits. f. Physik 94, 523 (1935). 

( of Prins and A. J. Takens, Zeits. f. Physik 84, 65 
1 " 

*C. A. Whitmer, Phys. Rev. 38, 1164 (1931). 

®'R. V. Zumstein, Phys. Rev. 25, 747 (1925). 

*E. Lindberg, Zeits. f. Physik 54, 632 (1929); 56, 402 
we, 57, 797 (1929). 

ers, Phys. Rev. 30, 747 (1927). 
Pa teen Phys. Rev. 34, 1106 (1929). 
} W. McGrath, Phys. Rev. 56, 137 (1939). 

WwW. D. wing Phys. Rev. 46, 357 (1934). 

11D. Coster, Phys. Rev. 19, 20 (1922). 

122, W. Stenstrém, Dissert., Lund., (1919). 

# A table of wave- lengths of the M edges investigated 
before 1931 is given in M. Siegbahn, ee der 
Réntgenstrahlen (Julius Re nen, 1931), p 

™ An attempt was made to aietasma = M; (which 
had not been done (references 6, 8, 9)). However, the 
Ag Lf, line (3.927A) was always present on the plate. 
Location and removal of the Ag source was not accom- 
plished in the time available. But several gold absorption 
photographs were taken and it can be said that Au M; is 
very near the Ag LA; line. 

% A. Sandstrém, Zeits. f. Physik 65, 632 (1930). 


absorption coefficient on the short and long wave- 
length sides of the edge were obtained from 
Jénsson’s'® formula and tables!’ of Jénsson’s 
values of the electron absorption coefficient. 
Computed optimum thicknesses for lead M, and 
Mz: edges were’7.3X10-5 cm and 6.9X10-5 cm, 
respectively. The screens used were from 5 to 
1310-5 cm thick. 

The lead absorbing films were made by 
evaporation in a vacuum, and their thickness 
was governed, in a manner previously de- 
scribed.°® 

The self-rectifying x-ray tube and vacuum 
spectrograph have been described elsewhere.* 7 
Only minor modifications were made. A.c. 
voltages on the tube were about 5100, currents 
of 50 to 200 milliamperes were used, and exposure 
times were from 2 to 12 hours depending on 
whether the photograph was one of emission or 
absorption. 

The wave-lengths of the edges were obtained 
by measuring visually'® with a traveling ‘‘one- 
power microscope”’ the distances between known 
emission lines and edges'® and the lead edges on 
the photographs, and then interpolating with a 
formula given by Whitmer.‘ 


RESULTS 
In Table I are given the values of the edges in 


terms of wave-length and energy. 


16 A. Jénsson, Dissert., Upsala, (1928). 

17 Reference 13, p. 470. 

18 Measurements were made visually rather than with a 
microphotometer for reasons given in reference 9. 

19 Reference lines were : Sb LA, (3.218A), Ag Ly2 (3.300A), 
Sb Lay; (3.432A), Ag Ly: (3.515A), Ag LB: (3.694A) ; wave- 
length values from reference 13, Pp 476. Sb lines were not 
used in M, photographs. The Ca K edge, from the gypsum 
spectrometer crystal, was very sharp and convenient so 
it was also used. Its gypsum crystal value of 3.059A as 
given by G. A. Lindsay and G. D. Van Dyke, Phys. Rev. 
28, 613 (1926) was used. 
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DISCUSSION 


After a consideration of possible apparatus and 
measurement errors it was estimated that these 
values are accurate to within: +5.8 electron 
volts (+0.005A) for M,, and +5.3 electron volts 
(+0.005A) for Mz. These estimates are com- 
parable with those of others who have operated 
this apparatus in this wave-length region. 

It was found that absorbing screens slightly 
thicker than the calculated optimums gave better 
contrast. In agreement with these computed 
optimum thicknesses was the fact that greater 
thickness was required for M, than for M2. 

Siegbahn*® has computed values of the M 
energy levels of the elements on the basis of 
known L edges and appropriate known emission 
lines. His values for lead are: M,, 3840.5 electron 
volts; Moe, 3548.1 ev; M3, 3058.0 ev; My, 2576.1 
ev; M;, 2474.6 ev. If one takes these as com- 
puted edge energies, there are apparent dis- 
crepancies between computed and measured 
values. For the lead edges here studied they are 
—8.5 ev:for M, and 7.9 ev for M2; these differ- 
ences are probably not significant. 

In other observed M edges significant dis- 
crepancies appear: usually for the M, and M; 
edges, fairly often for the M, edge, and occasion- 
ally for the Mz and M; edges. Siegbahn* proposed 
that the M discrepancies arise because atomic 
electrons may not all go to the same final level 
in an absorption edge transition. Phelps'® further 
suggested that the final levels are lattice levels. 


TABLE I, Lead M, and M2 edges. 











PLATE Mi M2 
16 3.471A 
17 3.471 
20 3.216A 
22 3.214 3.472 
24 : 3.223 
25 3.217 3.470 
26 3.223 3.471 
27 3.221 3.468 
29 3.465 
31 3.464 





AVERAGE WAVE- . 
LENGTH 3.219A 3.469A 





AVERAGE ENERGY 
(ELECTRON VOLTs) 3832.0 3556.0 








2° Reference 13, p. 346. 
21M. Siegbahn, Zeits. f. Physik 67, 567 (1931). 


McGR'ATH 


McGrath? found that when gold was alloyed with 
copper its M, and M; edges occurred at energies 
greater by several electron volts. Since the 
alloying changed the atomic spacing, which 
should in this case increase the energies of the 
lattice levels, he concluded that the final levels 
must be lattice levels. He gave a brief review 
of experimental results of others which indicated 
that, upon assigning to the low lattice levels the 
values of the quantum number 7 which the 
optical levels from which they originate have in 
free atoms, there are preferred atomic to low 
lattice level edge-giving transitions which are 
often given by Al= +1. 

One should not expect, therefore, that the 
energies of the atomic levels, as calculated by 
Siegbahn,?° would be the edge energies. Further, 
to obtain absolute term values one should not 
average calculations based on several different 
edges of the element since, in many cases, the 
final levels for these edge transitions are not the 
same. Ruark” computed absolute term values of 
several elements by a method seemingly better. 
To values of small x-ray terms obtained from 
optical spectra he added term differences ob- 
tained from x-ray emission lines. He estimated 
that the values obtained in this way are in error 
by not more than about 11 electron volts. So far 
as the author knows, there is not sufficient data 
to carry out this method of calculation for lead. 

Since the atomic electrons do not all go to 
the same final level in the edge-giving transitions 
it is of interest to calculate the energies of the 
edges of an element using only one given edge 
and known emission lines. If these values are 
then compared to observed values any dis- 
crepancies arising are the energies of the final 
levels (which are lattice levels) with respect to 
the final level of the given edge transition.” 
The author has done this** for most of the edges 

2 A. E. Ruark, Phys. Rev. 45, 827 (1934). 

%3 While in recent years investigators of M edges have 
been concerned with these discrepancies and their meaning, 
so far as the author knows, no investigator of K or L 
edges has mentioned any such differences in them. Yet 
he has compared their observed values with his calculated 
values and finds, in several instances, discrepancies which 
appear to be significant. Probably, any such K and L 
edge discrepancies could also be explained on the proposal 
of Siegbahn®* and Phelps.’® 

* The relations (in energy units) used for calculating the 
M edges, for example, were: Mi =L;—L,;; M2=L;—Lfis 


+(Ni>M2); Ms=L3—LBist+(Ne>Ms3), and Ms=L;—Lf2 
+(N;—>Ms3) averaged; M,=L;—Laz; M,;=L;—La,. 
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of the heavier elements, using the Ls; edge as 
the given edge. Since values thus obtained are 
usually within 3 ev of those given by Siegbahn, 
with a few being as much as 10 ev different, the 
discrepancies noted on this basis are not much 
different in magnitude than those quoted on the 
basis of Siegbahn’s*® values by some M edge 
investigators.*~'° The author’s computed values 
for lead are: M,, 3840.7 ev; M3, 3052.6 ev; 
M;, 2577.4 ev; M;, 2475.9 ev; (there is not 
enough data for this calculation of M2). Lind- 
berg® found these energy values for the lead 
edges: M3, 3058.0 ev; My, 2599.1 ev; M;, 2494.9 
ev. There appear, then, these discrepancies: 
M,, —8.7 ev; Me, 7.9 ev (on Siegbahn’s value) ; 
Ms, 5.4 ev; My, 21.7 ev; Ms, 19.0 ev. The normal 
state of the lead atom is *Po, the outer electron 
configuration being 6s*6p*, according to Bacher 
and Goudsmit.?® Upon assuming the previously 
mentioned edge-giving transition / selection rule, 
and assuming that the order of the low lattice 
and valence levels is the same as that of the free- 
atom optical levels*® from which they originated, 
one would expect: negative and equal M,, M,, 
and M,; discrepancies, but none for the M2: and 
M; edges. However, if for some reason the M,, 5 
electrons preferred the Os, 3 virtual level to the 
partially occupied P:2,; level, on the same 
assumptions as before, one would expect the 
M, and M; discrepancies to be positive and 
equal. The discrepancy magnitudes cannot be 
estimated by this scheme. These expectations, 


*% R, F. Bacher and S. Goudsmit, Atomic Energy States 
(McGraw-Hill, 1932), p. 356. 
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Fic. 1. Low lattice levels in lead as indicated by M edges. 


with positive M, and M; discrepancies, are 
fulfilled. 

In Fig. 1 a lattice energy level diagram is 
shown for lead as determined experimentally on 
the basis of M discrepancies. The primed letters 
indicate the final levels for the respective atomic 
electrons in edge transitions. The separations of 
the levels are drawn to scale but their widths are 
not indicated. There is probably some over- 
lapping, especially for the M,’, M;’, L;’, and 
M,’ levels. While the last mentioned levels are 
shown as distinct the magnitudes of their separa- 
tions from the L;’ level, with the possible excep- 
tion of the M;’ level, are not significant. To the 
right are given virtual optical levels from which 
these lattice levels possibly originated. 

It appears that continued study of the M 
edges and their discrepancies will contribute 
considerably in a roughly quantitative way to 
our understanding of lattice energy levels. 

The author appreciates the kindness of the 
Department of Physics of the State University 
of Iowa, in extending the opportunity and 
facilities for this investigation. 
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Structure of Iridium Lines 


L. SIBAIYA 
Department of Physics, University of Mysore, Bangalore, South India 
(Received August 21, 1939) 


The isotopic constitution of iridium was for the first 
time determined by Venkatesachar and Sibaiya from a 
study of the hyperfine structure of its arc line \3513.67A. 
It was shown that iridium consists of two odd isotopes of 
mass numbers 191 and 193, the isotope 193 being twice 
as abundant as the isotope 191. This result was afterwards 
corroborated by Dempster’s mass-spectrograph analysis. 
With the view of determining the ratio of the nuclear 


magnetic moments of the two isotopes, the hyperfine 
structure, arising from the nuclear spin moments of 
(4)(h/2xe) and (3)(k/2x) of the isotopes 191 and 193, 
respectively, has been investigated for a few more iridium 
lines using an aluminized Fabry-Perot etalon. From the 
results obtained for the hyperfine level separations of the 
isotopes, it is concluded that the ratio of the nuclear 
magnetic moments of Ir (191) and (193) is —0.92. 





N an attempt to determine the isotopic 

constitution and nuclear spin of iridium, the 
hyperfine structure of some iridium lines has 
been previously investigated.! With a water- 
cooled hollow cathode source? and a quartz 
Lummer-Gehrcke plate 20 cm long and 3.45 
mm thick, the structure of the IrI 3513.67A 
revealed the existence of two odd isotopes in 
iridium with mass numbers 191 and 193. It was 
further inferred that their nuclear spin moments 
were (1/2)(h/27) and (3/2)(h/27), respectively. 
From estimates of the intensities of the compo- 
nents, Ir (193) was concluded to be nearly twice 
as abundant as Ir (191). These conclusions in 
regard to the isotopes and their abundance in 
iridium have been corroborated by Dempster® 
from a study of its mass spectrum. The wave 
number separation of the extreme satellites of 
3513.67 was found to be 0.217 cm, which 
corresponds to 0.027A width. Some of the other 


1B. Venkatesachar and L. Sibaiya, Nature 136, 437 
(1935); and Proc. Ind. Acad. Sci. 2, 203 (1935). 

? B. Venkatesachar and L. Sibaiya, Proc. Ind. Acad. Sci. 
1, 955 (1935). 

3A. J. Dempster, Nature 136, 909 (1935). 


lines that exhibited a similar structure could not 
be resolved by the Lummer plate employed. 
Thus the separation of the extreme satellites of 
these lines was less than that of \3513.67. The 
present work was undertaken with a view of 
studying the hyperfine structure of other signifi- 
cant lines of iridium. 

In the spectral region under observation silver 
films exhibit an absorption band, in consequence 
of which a silvered Fabry-Perot etalon could 
not be employed. For the study of lines in this 
region of the ultraviolet other investigators 
have used a coating of Hoch-heim alloy on the 
interferometer plates. As this alloy was not 
available, the etalon plates have been alumi- 
nized; these films also do not exhibit any 
absorption in the spectral region under study. 
The structure of the lines has been investigated 
with Invar distance-pieces of thickness 10, 15, 
17.5, 20 and 23 mm between the etalon plates. 
The resulting increase in resolving power with 
increase of air-gap between the plates has 
enabled the determination of the hyperfine 
structure of some more iridium lines. The source 


TABLE I. Comparison of the structure of 3800.10 and 2924.81 with the structure of 3513.67. 




















Line (A) STRUCTURE (cM™!) REMARKS 

Wing Wing 
3513.67 +0.072 — +0.000 —0.073 —0.145 Previous values 

(7) (22) (13) (9) 

+0.072 +0.032 0.000 —0.080 —0.151 New values 

3800.10 +0.066 a 0.000 —0.053 —0.098 
2924.81 +0.060 — 0.000 —0.065 —0.118 
2849.74 0.082 (1) 0.000 (2) Probably an isotope 
2639.70 0.083 (1) 0.000 (2) displacement 
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TABLE II. Level separations. 








LEVEL! Ir (191) (4) Ir (193) (1}) 
At Fy —0.150 cm 0.162 cm™ 
1° 4F° 4)? —0.052 0.056 
2° 4G"? ~ —0.005 ~0.006 
10°)? — 0.032 0.036 


1W. Albertson, Phys. Rev. 42, 443 (1932). 


employed was the same water-cooled hollow 
cathode previously described. The light from 
the source is focused on the Fabry-Perot etalon 
and a quartz achromat focuses the pattern on 
the slit of a Hilger E; spectrograph with quartz 
train. 

Even with the highest resolving power em- 
ployed, a complete resolution of some of the 
lines has not been possible. The structure of 
\A3800.10 and 2924.81 are compared with the 
structure of 3513.67 in Table I. 

The lines \2664.77 and 2824.44, though they 
appear to be single even with the 23 mm etalon, 
are much wider than the lines 2694.22 and 
\2797.72; it must therefore be concluded that, 
at least in the former case, the resolving power 
is insufficient to resolve the structure of the 
lines. Consistent with the previous explanation 
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of the structure of \3513.67A, the values for the 
other level separations are given in Table II. 

If HZ is the magnetic field at the nucleus 
arising from the optical electron and yw the 
magnetic moment of the nucleus of spin moment 
I, the distance between the extreme F levels of 
any gross structure term characterized by the 
quantum number J is given by 


AW=pH(2J+1)/J, when J27, 
and AW=wnhH(2I+1)/I, when J2/J. 


The nuclear spins of iridium isotopes 191 and 
193 are } and 13, respectively, the sign of the 
former being negative; and hence for the iridium 
terms, whose total splittings have been computed 
above, J>J. It therefore follows that in these 
cases 

H191/ #193 = A Wy91/4 Wigs. 

The values for the total widths of the hyperfine 
levels of the various terms lead to the conclusion 
that the ratio of the magnetic moments of 
Ir (191) and Ir (193) is —0.92. The ratio of the 
magnetic moments thus obtained for iridium is 
of the same order as that of 199/201 for mercury, 
viz., —0.90; again in the case of xenon also 
#131/Mizg is —0.90. 
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A '>—'> Transition of the C. Molecule 


O. G. LANDSVERK 
Ryerson Physical Laboratory, University of Chicago, Chicago, Illinots 
(Received August 29, 1939) 


The A2300 ‘‘band”’ of the carbon arc, previously noticed 
by Bloomenthal and other investigators and measured by 
Hori, who attributed it to a C; molecule, has been accu- 
rately measured and analyzed, using photographs taken 
on the 30-foot, 30,000-line grating spectrograph. The 
analysis shows definitely that the structure consists of 
superposed (0,0), (1,1), (2,2), and (3,3) headless bands of 
a =—+* transition of C2 (or possibly C.*), in agreement 
with the earlier diagnosis of Mulliken and Dieke. Alternate 
lines are missing in each series, as expected in view of the 
zero spin of the carbon nucleus. Most probably the 


INTRODUCTION 


ECAUSE of its importance in the study of 
molecular structure in general and _ in 
particular in the study of problems that arise in 





transition is '2,*—>'Z,* of Co. The molecular constants are 
very nearly equal for the upper and lower electronic states. 
They correspond rather closely to the average values of 
the same constants for other known states of Co. The 
following values were obtained for the more important 
constants: B,’ = 1.8334 cm™, B,”” =1.8223 cm™, a’ =0.0204, 
a’’=0.0195, r.’=1.2382 A, r,’’=1.2419 A, w.’=1748 cm™, 
w./’=1774 cm“, vo =43,227.25 cm“. The w, values were 
obtained indirectly from the B and D values, since only 
one sequence of bands could be analyzed. 


organic chemistry, the electronic transitions of 
the diatomic carbon molecule and the determi- 
nation of related constants have been of con- 
siderable interest to the physicist and the 
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Fic. 1. The band at \42300A reproduced from a picture that was taken with a Hilger E 1 
spectrograph by Dr. S. Bloomenthal. 


chemist alike. The subject of the present work 
is the analysis of a band which apparently occurs 
regularly in the spectrum of the carbon arc near 
\2300A. So far as the writer is aware, the first 
published mention of this band is in an article 
by Mulliken! in 1930. The band was discovered 
in this laboratory by Dr. S. Bloomenthal in 
1928-29, by using a carbon arc in hydrogen at 
low pressure in a search for boron hydride bands. 
It was also discovered independently by Pro- 
fessor G. H. Dieke. Later it was reported and 
measured by Hori.? It has also been reported by 
G. and L. Herzberg,’ who state that they have 
made a partial analysis. Very likely the band 
has been noticed independently also by others. 

Both Mulliken and Dieke interpreted the 
“band” as the Av=0 sequence of a ‘'=—' 
transition of the Cz molecule. However, attempts 
to confirm this view by rotational analysis have 
hitherto not been carried through. Dr. S. 
Bloomenthal and also S. D. Ginsberg did a 
considerable amount of work on the band in this 
laboratory but did not have sufficient dispersion 
and resolving power to accomplish a satisfactory 
analysis. Fig. 1 is a reproduction of one of 
Dr. Bloomenthal’s pictures, which he has very 
kindly supplied. It was taken with a Hilger E 1 
spectrograph. 

As can be seen from Fig. 1, the 42300 band 
has all the earmarks of a Av=0 sequence of a 
transition with nearly zero change in moment 
of inertia and AA =0.‘ The structure has a central 
minimum and a maximum on each side with no 
obvious heads. There are no other obvious bands 
of comparable intensity in the neighborhood 
which would correspond to Av=1 or further 

1R. S. Mulliken, Zeits. f. Electrochemie 36, 603 (1930). 

2 Takeo Hori, Zeits. f. Physik 88, 495 (1934). 


3 J. G. Fox and G. Herzberg, Phys. Rev. 52, 638 (1937). 
4Cf. R. S. Mulliken, Rev. Mod. Phys. 3, 149 (1931). 


sequences. This is what one expects if there is 
very little change in moment of inertia between 
upper and lower electronic states. The complex 
appearance of the band (presence of several 
series) is what would be expected if several 
members of the Av=0 sequence are present. 
The fact that the bands usually appear with 
known C, bands, and the spacings of the lines 
in series indicating a B value about right for a 
C, molecule, provided alternate lines are missing 
in each series as required for a 'S—>'> transition 
in Cs, made the latter very probable. The 
present analysis bears out this diagnosis. Three 
bands identified as (0,0), (1,1), and (2,2) have 
been completely analyzed. The strongest portions 
of the (3,3) band have been measured. 

There has existed hitherto only one published 
attempt at the analysis of these bands. This is 
in the paper by Hori referred to above. The 
strongest lines were arranged in a single series 
with no missing line at the center. Hori concluded 
from this last circumstance that the band cannot 
be due to a diatomic 'Z-—>'D transition and 
tentatively ascribed it to a C3 molecule. 

Hori’s strongest series and the writer’s (0,0) 
band are identical except across the central 
minimum. Here Hori uses the range from R(12) 
to R(28) of the writer’s (3,3) band in place of 
lines P(8) to R(8) of the (0,0) band. It happens 
that R(12) and R(28) of the (3,3) band are not 
resolved from P(8) and R(8), respectively, of the 
(0,0) band. In this manner, Hori constructed 
an apparent series in which the intensities did 
not approach zero in the central region and in 
which no line was missing. When, however, a 
study was made of Hori’s series, using the 
writer’s more accurate measurements, it was 
found that at the two points at which Hori 
switched from one series to another, a sudden 
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break occurred in the first differences. It was 
found possible, by departing from Hori’s ar- 
rangement, to extend the series in such a way 
that the first differences progressed perfectly 
smoothly past these points. In this way, the 
true series comprising the (0,0) band was found. 


EXPERIMENTAL PROCEDURE 


In all previous work on the 2300 band the 
source has been an enclosed carbon arc. This 
was made necessary by the fact that, while the 
bands are produced at least as rapidly in air as 
in other gases, they are then overlain by bands 
of impurities, particularly CO bands. The CN 
bands are, of course, also strong, but do not 
extend to 42300. Hori? used a metal cylinder for 
enclosing the arc. Bloomenthal in his work here 
used a Pyrex bulb. In both cases the graphite 
electrodes were placed so that their axes were 
in a straight line and the gap was adjusted by 
screws which extended to the outside of the bulb. 
Both experimenters ran the arc in hydrogen at 
pressures ranging from 8 to 50 cm of mercury. 
It was possible to use hydrogen since no CH 
bands appear in the \2300 region. 

In the present work the source was a carbon 
arc with the electrodes at right angles, enclosed 
in a five-liter Pyrex bulb. The apparatus was of 
conventional design except that air leakage was 
prevented by using sylphons fitted over bent 
rods the rotation of which operated the screw 
mechanism of the water-cooled electrodes. 

Helium was found to be a suitable gas in 
which to operate the arc. In the first place, 
helium eliminates the danger of explosion. 
Further, the only spectrum produced by helium 
in the carbon arc is its line spectrum, which 
does not fall in the \2300A region. Finally, it 
was found that sufficient purity of the gas could 
be obtained by merely confining tank helium 
for some time in a charcoal liquid air trap. 

The pressure of helium was found not to be 
critical. The 42300 band occurs at all pressures 
from 0.1 mm of mercury or less to atmospheric 
pressure. Using solid electrodes, a pressure of 
about 6 cm was found to give the best results. 
When hollow electrodes were used (see descrip- 
tion below), the range from 0.5 to 2.0 cm of 
mercury produced a somewhat higher intensity 
with less background than other pressures. This 





pressure range was actually used for the final 
exposures. 

In view of the close spacing and many blends 
indicated by the work of previous investigators, 
it was obvious that a matter of first importance 
was to increase the accuracy of measurement 
and the degree of resolution of the lines of the 
spectrum. It appeared that the high resolving 
power and especially the high dispersion of the 
laboratory's 30-foot, 30,000-line/inch grating 
spectrometer would be suitable for the purpose. 
Now the 30-foot spectrometer requires a very 
much longer time of exposure than the smaller 
instruments. Furthermore, the length of exposure 
which can be used is limited by the fact that, 
with full resolving power, only a minor change 
in barometric pressure is allowed. It, therefore, 
was necessary to have a light source of high 
intensity so that the time of exposure might be 
kept sufficiently short. 

It was found that when solid graphite elec- 
trodes were used, enough intensity could not be 
attained. However, when 35" holes were drilled 
into the ?” electrodes, the cathode end of the 
arc, which wandered badly when solid electrodes 
were used, then settled into the cavity. When 
the arc was right-angled and the hollow cathode 
was placed facing toward the slit, not only did 
this produce a steady source of ideal dimensions 
for use with the 30-foot spectrograph, but also 
the heating effect was more concentrated and 
diffusion was retarded so that relatively more 
carbon vapor was available for the production 
of Cz molecules. Also, the sputtering which takes 
place from a solid cathode and which consumes 
the cathode at a rate of about } inch/hour was 
completely stopped. It is estimated that this 
change increased the intensity of the band at 
\2300A by a factor of fifty or more, using a 
current of 20 amperes at 220 volts. It was found 
possible to produce a further increase in intensity 
of perhaps six times by raising the current to 
30 amperes, but this was not necessary. 

As previously mentioned, the 30-foot, 30,000- 
lines/inch grating spectrograph was used. The 
grating was ruled on speculum metal in this 
laboratory by Dean Henry G. Gale, and after- 
wards was given a thin coat of aluminum by 
evaporation, in order to increase its ultraviolet 
reflecting power. The grating is set up in Paschen 
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mounting and has six inches of ruled surface. 
The grating shows excellent resolving power. 
In the fourth order a resolving power of a least 
420,000 has been observed by Dr. Beutler in an 
examination of mercury hyperfine structure. 

The grating is so ruled that its maximum 
intensity for 42300 is in the third order. This fact 
combined with the very favorable dispersion 
made it desirable to use the third order. It is 
then necessary to remove the second order of 
\3450A, since under certain operating conditions 
the Swan bands of C2 appeared strongly in this 
region, as also a certain amount of continuous 
light from the arc. For this purpose a quartz 
chlorine filter was used. An effective length 
equivalent to 1 cm of chlorine gas at atmospheric 
pressure was found to be suitable. 

In the third order of \2300A, the dispersion 
is about 0.25A/mm. Now the temperature of 
the carbon arc source of the A2300 band is 
estimated to be at least 3500°C. If the emitter 
is assumed to be Ce, the Doppler width of the 
band lines from this source is calculated to be 
0.02A (0.08 mm on the third-order plate). 
Therefore, a slit width of 0.04 mm (=4 Doppler 
width) is permitted because it reduces the 
resolution by only 10 percent. This gives an 
actual resolving power of about 60,000 in third 
order. This is much less than the grating could 
give but the high dispersion was very desirable. 
The slit width used in the present work was 
0.04 mm, except in one case in which the width 
of 0.025 mm was used. As was expected, the 
smaller slit width merely increased the time 
required for exposure without increasing the 
resolution. 

Three good exposures were made of two, five, 
and nine hours duration, and with respective 
slit widths of 0.04, 0.04, and 0.025 mm. The 
length of exposure was limited by continuous 
light which tended to mask the weakest lines. 
The exposures were made on Eastman type I-O 
plates, ultraviolet sensitized.® 

The discharge of the carbon arc in helium 
when hollow electrodes, such as are described 
above, are used, exhibits certain interesting 

5 These plates are decidedly grainy. They were, however, 
roughly five times as sensitive in the \2300 region as 
Process or Eastman 33 plates. The Eastman Company 


states that they are as sensitive as Schumann plates down 
to 1800A. They are much more convenient to use. 


properties. If we assume, as is quite probable, 
that the lower *II state of the Swan bands, 
which is thought to be the normal state, and the 
lower 'Y state of the A2300 bands lie close 
together, the higher frequency of the 42300 band 
indicates that the energy required to excite it 
must be greater than for the Swan bands. We 
would, therefore, expect the Swan bands to be 
produced strongly whenever the 2300 bands 
appear. When, however, the hollow cathode 
carbon arc is used, the Swan bands disappear. 
The spectrum then consists only of the \2300 
bands, a few lines due to impurities in the 
electrodes, and the helium spectrum. This seems 
very strange, yet there can be no doubt that the 
42300 bands are produced by Cs, as is shown by 
the present analysis. (The possibility of C2* is 
not thereby excluded.) 

The fact that the helium spectrum appears 
strongly shows that electrons with energy ap- 
proaching 25 volts are present in the discharge. 
The general appearance of the arc also suggests 
that the discharge is largely electronic. 


EXPERIMENTAL DATA 


Below are presented the data on which the 
detailed analysis is based. Table I is a list of the 
measured values of the observed lines in cm™ in 
vacuum. The probable errors of measurement, 
except for a few very weak lines, are well within 
+0.2 cm= (or 0.01A). Fully one-third of the 
lines, however, are blends. A major fraction of 
these are near the origins of the bands where 
intensities are low. There may be errors up to 
+1.0 cm when such lines are fitted into series. 
The intensities, as estimated from the heights 
of peaks in microphotometer traces, are indicated 
in the column marked J. The columns that 
contain the J”’ assignments are labelled 0, 1, 2, 3 
for the (0,0), (1,1), (2,2), and (3,3) bands, 
respectively. 


THEORY AND ANALYSIS OF THE 
BAND STRUCTURE 


As is well known, 'Z-—>'2 transitions have 
simple P and R branches and no Q branch. 
When the molecule consists of two like atoms, 
the rotational states are classified as positive 
and negative as usual, but also as symmetrical 
and antisymmetrical (s, a). Transitions can occur 
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TABLE I. Wave numbers and identification of band lines of C2 42313. Numbers under the headings 0, 1, 2, 3 (each heading 
denotes v' =v") are J" for the lines. Intensities I are estimated from microphotometer traces. 

















»(VAC) I 0 1 2 v(VAC) I 0 1 2 3 v(VAC) I 0 1 2 3 v(vac) I 0 1 2 
43,026.8 0 43,1404 4 18 43,2309 0 0O 14 43,322.3 1 30 
37.3 0 41.2 6 26 10 34.2 2 8 25.0 5 24 
45.4 2 47.1 7 #24 16 36.8 3 22 27.5 1 38 
50.5 2 62 40 48.2 0 8 37.9 1 30.5 2 32 
54.5 4 60 38 53.0 6 22 14 38.3 2 2 33.4 5 26 
56.4 2 55.0 00 6 38.8 O 16 35.8 1 40 
58.6 2 58 56.0 0 42.3 3 10 39.0 2 34 
60.3 0 46 36 595 6 20 12 44.5 2 24 41.6 5 28 
62.9 3 56 61.5 00 4 45.7 3 4 44.3 0 42 
65.5 0 44 65.7 6 18 468 2 18 494 1 36 
67.3 2 54 34 66.4 1 10 50.1 2 12 50.1 5 30 
69.1 1 68.8 000 2 52.4 2 26 52.4 0 44 
70.5 1 42 72.2 5 16 53.3 4 6 55.8 1 38 
Jan & 52 73.5 1 8 54.7 2 20 58.6 6 32 
72.7 2 32 76.5 00 6 57.6 3 14 60.9 00 46 
76.1 2 40 78.8 5 14 60.3 3 28 64.5 1 40 
76.8 3 50 80.2 1 6 0 60.7 5 8 67.4 4 34 
78.4 3 30 83.2 000 8 62.5 2 22 69.3 0 48 
81.5 5 48 38 85.3 5 12 65.6 3 16 72.8 1 42 
84.4 3 28 86.8 00 4 2 68.5 6 10 30 75.8 3 36 
86.7 5 46 36 90.1 000 704 10 24 77.5 1 50 
90.6 3 26 920 4 10 72.0 10 81.6 0 44 
91.6 4 44 93.8 00 2 4 734 3 18 84.6 3 38 
92.3 4 34 95.8 000 75.6 1 86.1 0 52 
96.7 4 42 24 98.9 3 8 12 76.3 6 12 32 90.2 0 46 
97.8 3 32 43,200.9 0 6 78.3 2 26 93.3 2 40 
43,102.1 3 40 22 03.3 000 814 3 20 98.7 0 48 
03.7 2 30 058 3 6 O 14 84.4 6 14 43,402.00 2 42 
07.3 3 38 08.6 O 8 86.6 2 28 02.9 0 
08.7 1 20 10.0 O 89.5 3 22 07.1 2 50 
09.7 4 28 12.8 2 4 2 92.4 6 16 11.1 1 44 
12.7 4 36 13.5 0O 16 94.7 1 30 15.7 1 52 
15.5 4 26 18 14.8 1 974 3 24 198 2 46 
18.2 5 34 16.3 0 10 43,300.33 6 18 24.4 0 54 
21.6 5 24 16 16.9 1 02.8 2 32 28.6 1 48 
23.6 5 32 18.2 0 05.8 3 26 37.6 1 50 
a7.3 § 22 14 19.8 1 2 4 084 5 20 46.4 1 52 
294 5 30 21.3 1 18 11.1 1 34 55.3 1 54 
34.0 4 20 12 23.6 0O 12 13.9 2 28 64.1 0 56 
35.4 5 28 27.0 1 6 16.7 > a 73.2 1 58 
38.1 0 28.9 3 20 19.2 1 36 











only +@-— and s@s or a@a. If the nuclear 
spin is zero, as is true for the carbon atom, only 
the symmetrical states exist. Under these con- 
ditions 'Z—>'E transitions produce bands which 
have only lines with even J” for '5,*—',* and 
J" odd for 'Z,+—'Z,.4:® 7 The predicted structures 
for the case B’=B” are shown in Fig. 2. The 
intensities of the lines near vo, where the Boltz- 
mann factor may be disregarded, are given by 


61¥+s5!>- is theoretically impossible. '2,-—'Z,- pro- 
duces the same rotational structure as 'D,,*—>'Z,* so that 
these two types cannot be distinguished by rotational 
analysis. '2~—>'Z~ transitions are rare, however. Further- 
more, if it is close to the normal state, as is probable here, 
the lower ' state is expected from configuration theory 
to be ',*. For a complete discussion of the possible states of 
C2, see the accompanying article by R. S. Mulliken in this 


issue of the Review. 
7Cf. R. S. Mulliken, Rev. Mod. Phys. 4, 66 (1932). 





the simple expression J «(J’+J’’+1).° This 
gives nearly equal intensity for the P and R 
branches. 

In the present analysis of the \2300 band, the 
first step was to arrange the lines in series, 
beginning with a strong series. This was facili- 


a) F -48-|—68'—[-48-| Tir 
4 


b) [-48-|-48-|—8—|-48-| DLivd' 
J l¥ 3 


Fic. 2. Predicted structures for '2*—>'S*+ bands in C, 
for B’=B”. 


8 Cf. W. Jevens, A Report on the Band Spectra of Diatomic 
Molecules (London: The Physical Society, 1932), p. 134. 
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Fics. 3a AND 3b. Microphotometer trace of the 42300 band. The smooth curves are intensity curves drawn in each 
individual band through the peaks of the unblended lines. The diagram represents the lines of each individual band, 
with their J’ numbers. The heavy bars of the diagram indicate blended lines. 


tated in the case of the (0,0) band by the use of a 
microphotometer trace of the band. Figs. 3a and 
3b constitute a reproduction of such a trace; the 
lines are shown analyzed into four series attri- 
buted to the four bands (0,0), (1,1), (2,2), (3,3). 
The lines of each band with their J” values are 
indicated in the diagram below the figure. It will 
be noted that there are many blends. Superposed 
on the microphotometer trace, three smooth 
intensity curves have been drawn, one for each of 
the three strongest bands. The curves are drawn 
through the peaks of those lines in each band 
that are not blended. 


It is seen that a strong R branch and a strong 
P branch are joined to form what is interpreted 
as the (0,0) band. This band conforms to one of 
the '2—>'> types discussed above. The lines are 
nearly uniformly spaced on both sides of a 
central intensity minimum, but at this point 
there occurs a gap which has just } times the 
normal spacing. On the basis of intensities the 
position of this gap seems to be uniquely de- 
termined. In this space, to be sure, there are four 
weak lines, but these can be attributed to other 
bands. 

We still have a choice of two positions for vo of 
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the strongest band, each approximately occupied, 
as it happens, by a line of another band. This 
choice depends on whether we assume case @ or 
case b of Fig. 2. If we assume case a, then v9 
must be located as shown in the diagram of 
Fig. 3. This would require that intensities 
increase in the order R(0), P(2), R(2), P(4), and 
so on, proportionately to J’+J”+1=2, 4, 6, 8, 
and so on. If we take account of the disturbances 
due to blended lines, it is seen that the intensities 
as judged from Fig. 3 agree well with the above 
ratios. This choice for v» makes the transition 
1y .+—'Z,* (case a), which is the transition that 
seems most probable from configuration theory. 
It will, therefore, be assumed in the following 
analysis that the bands are of this type. 

It should, however, be pointed out that the 
alternative choice of vo (case b, 12,*—>2,,*) is not 
entirely incompatible with the observed in- 
tensities, in view of the numerous blends. Case } 
would give slightly different values of the 
rotational constants. Theoretically a choice be- 
tween the two cases could be made from a study 
of the A2F’s. Unfortunately, however, this would 
demand measurements of an accuracy which is 
not here realized and probably cannot be. 

The »’s of the (1,1) and (2,2) bands were 
located in relation to vo by a study of first 
differences between successive lines in the bands. 
From Fig. 2 it is seen that these differences are 
all 4B if every other line is missing and B’=B”. 
When B’>B”, as is the case in the 42300 bands, 
the first differences are greater than 4B” in the R 
branch, less than 4B” in the P branch and 
nearly exactly 4B” at vo. Now for the B’s of 
bands in a sequence we may assume the usual 
relation B, = B,—awv. Since vo°* is known, we can 
find the B,’s. If we tentatively assume reasonable 
values for the a’s, then the B,’s and B,’s may be 
predicted. With the assumption of linear varia- 
tion of the B’s with the v’s, it follows from a 
study of observed second differences in the series 
constituting the bands (0,0), (1,1), (2,2), that a’ 
and a” are very nearly equal. 

The points in the (1,1) and (2,2) series of band 
lines at which the first differences equal four 
times the predicted B,’’ and B,” are then the 
predicted positions for vo'! and vo”, respectively. 
Assuming a’ to be in the neighborhood of 
0.02 cm-!, which is an average of the observed 





a’s for other states of C, (d'II,, 0.0255; B*Il,, 
0.0173; b'II,, 0.0174; A *II,, 0.0149), the only 
possible choice of vo’s is that given in Table III. 

These vo’s are found to give B’s and D’s that 
vary linearly with v, with a’=0.204 cm, 
a’’=0.195 cm~'. Now considering other choices 
for the vo’s, the smallest shifts that one can make 
from the above choice for vo!", namely, distances 
+4B, or —4B,, give a~0.04 and 0.00 cm“, 
respectively. Either value appears unreasonable, 
and any other choice of »9!' is worse. Further- 
more, any assumed shift in the positions of the 
several vo’s must be of the form +4B,v to 
preserve the linearity of the B’s and D’s with ». 
This indicates a minimum shift of +8B, and 
+12B;3, or two and three full line intervals, 
respectively, in the (2,2) and (3,3) bands. Such 
large shifts seem also to be excluded in the case 
of the (3,3) band on the basis of intensities (cf. 
Fig. 3). 

The next step in the analysis is the evaluation 
of the molecular constants, making use of the 


TABLE II. A2F.(J) values. 














A:F”(J) A:F’(J) 
J v’ =0 vw’ =1 wv’ =2 J v =0 v=1 v =2 
1 11.1 12.0 11.3 
3 25.5 26.0 24.7 2 18.5 18.0 18.0 
$ #839 39.6 39.0 4 32.9 33.0 31.7 
7 544 53.5% 53.8 6 47.5 46.8 46.1 
9 68.7 67.8 68.2 8 61.8 60.7* 61.5 
11 = 83.2 82.8 82.3 | 10 76.5 75.9 75.9 
13 97.5 96.9 95.9 | 12 91.0 90.6 89.6 
15 112.2 1108 109.3 | 14 1056 1044 103.2 


17 126.7 125.2* 123.3 | 16 120.2 1185 117.2 
19 140.8 1394 138.1% | 18 134.6 133.0% 131.3* 
21 155.2 153.7 152.6 | 20 148.9 147.4 146.0* 
23 169.6 167.9 165.8 | 22 163.5 161.8 160.4 
25 183.8 181.9% 179.8 | 24 177.9 175.8 173.7 
27 198.0* 196.1% 193.9 | 26 192.2 190.3% 187.7 
29 212.2% 210.2% 208.2% | 28 206.2% 204.2% 202.2* 
31 226.5% 224.5* 222.0 | 30 220.7* 218.6" 216.3* 
33 240.4* 238.2* 235.5 | 32 235.0% 232.7* 230.1 
35 254.7* 252.3 250.8" | 34 249.2% 246.7* 243.8 
37 268.5* 265.9 263.7 | 36 263.1% 260.7 258.9* 
39 282.5 279.7% 277.6 | 38 277.3% 274.3 271.9 


41 296.6 294.0* 40 291.2 288.4*° 285.7 
43 3104 307.8" 42 305.3 302.3" 

45 3244 321.3* 44 3195 316.1* 

47 338.3 46 333.1 329.9" 

49 351.8* 48 347.1 

51 365.4 50 360.8* 

53 379.1 52 374.2 

55 392.4* 54 388.0 

57 405.5* 56 401.2 

59 418.8 58 414.6* 











* This symbol is to indicate differences between lines which are 
neither blended nor very weak. All the rest may be less accurate. 
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usual combination differences 


AoF,' (J) = F,'(J +1) 
— F,'(J-1)=R(J)—P(J), (1) 


AoF,” (J) =F," (J +1) 
— F,!"(J-—1)=R(J—1)—P(J+1). (2) 


The AsF,(J) values for the 42300 bands are given 

in Table II, assuming J assignments as in Fig. 3, 

which is based on the preceding discussion. 
Assuming the usual expression 


F,(J) =B,J(J+1) —D,J*(J+1)*+:::, (3) 
we have 
AoF,(J)/(J +3) =4B,—8D.(J+3)?+°---. (4) 


If the expression on the left is plotted against 
(J+3)*, the graph should be a straight line, 
provided powers of (J+) higher than the 
second are negligible in Eq. (4), as proved to be 
the case here. We can determine B, and D,, 
respectively, from the J=0 intercept and the 
slope of the graph. 

A related method consists in plotting the left 
side of the equation 


4B,(J+3)—AszF.(J)=8D.(J+2)> — (5) 


against J.° Using this method (cf. reference for 
details) the previously obtained B values were 
checked, and slightly different D values than 
before were obtained. These D’s were averaged 
with those obtained by the first graphical 
method. 

The best values for the vo’s were obtained by 
use of the formula 


vu = vo+(B’+B")M+(B' —B"+D!—D")M? 
+2(D’+D")M3+(D’—D")M*---, (6) 


where M is the well-known serial number. After 
substituting the known B’s and D’s for a given 
band the vy’s of its unblended lines were 
introduced and the equation solved for vo. The 
values so obtained were averaged for each band 
to give the final v's. The B and D values 
obtained above and the »’s are collected in 
Table III together with estimates of their 
reliability. 

The analysis assumes that the bands conform 
to case a of Fig. 2. This is probably correct, but, 


® Cf. G. Herzberg, Molekiilspektren und Molekiilstruktur 
(Leipzig : Steinkopff, 1939), pp. 139-142. 


as discussed in the text, case 6 cannot be excluded 
with certainty. Case 6 would give slightly lower 
vos and B’s. Using 


B,=B,—a(v+3), 
and (7) 
D,=D,.—B(v+3) 


in connection with Table III, we find values of 
a, 8, B., and D, for the upper and lower 'Z+ 
states. These are collected in Table IV. From the 
B.’s the internuclear distances r, are also 
calculated in the usual manner. The w,’s have 
also been determined approximately from the 
well-known relation w.=(4B,3/D,)', and are 
given in Table IV. 

It will be noticed that the w, values just 
calculated using w,=(4B/D,)! obey the relation 
w,’>w.’, which is the usual relation when 
B.'>B,"’, as is true here. Definite evidence will 
now be produced, however, showing that actually 
w.’>w,’, so that the relation w,’>w,”’ just 
obtained must be attributed to small errors in 
the D,’s (about +2 percent). 

From the formulas for the positions of the v's 
of the bands in a sequence, it is readily shown 
that, very nearly, the distance between zeros of 
two successive bands is 


, 


v’, 7 


v’? yor’) v’'—1 _ (w,’ —w,’’) 


— 2v'(w.'x.’ —w.''x,""). (8) 


Now from Table III, vo!!'—v0°® is —25.84 cm“ 
and yo??—v!! is —25.62 cm~. Using Eq. (8), 
we then find w,’—w,’’=—26.06 cm, and 
we'X-' —w,'’x,'’ = —0.11 cm~. We note that the 
accurate value of w,’—w,’’ thus obtained is 
opposite in sign to the rough value that was 
calculated above. The best way to combine the 
approximate values of w,’ and w,”’ obtained above 


Vo 


TABLE III. Rotational constants and vo's from analysis of 
2300 band, all in cm. The estimated probable errors in 
order of increasing v are: For vo's, +0.02, +0.03, +0.05, 
and +0.20 cm; B’s, +0.0002, +0.0005, +0.0005, and 
+0.005 cm; D’s, +0.05, +0.1, +0.2X10-§ cm. 








BAND vo B id D’x10° ~D” X10 


O-—O 43,227.23 1.8232 1.8125 7.54 7.39 

1—1 43,201.39 1.8026 1.7927 6.87 6.47 

2—2 43,175.77 1.7825 1.7735 6.15 5.50 
*3-3 43,150.56 1.762 1.754 











* The range of measured and unblended lines in the (3,3) band is so 
restricted that accurate vo's and B’s could not be had. vo* * by extra- 
polation from the values of the other vo’s is 43,150.27 cm™. 
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TABLE IV. Constants from analysis of }2300 band (cm). 











Be De a B We we* re(A) 
Upper '= 1.8334 7.89x 10-6 0.0204 7.01077 1767 1748 1.2382 
Lower 'Z 1.8223 7.86 x 10-6 0.0195 9.4x1077 1755 1774 1.2419 








* The w-* values are the best that could be had. See discussion in text. 


with the accurate w,.’—w,” is to average the 


former and then add and subtract 13 cm~, so as 
to make w,’—w,’’ correct. The results are 
w-’ =1748 cm™ and w,”’=1774 cm~ (the quanti- 
ties w,* of Table IV). 

There is an approximate relation given by 
Mecke and Birge which states that for all 
electronic states of a given diatomic molecule 
B./w.=constant. It is found that for previously 
reported states of C,!° this ratio varies from 
0.98X10- to 1.01X10-*. In the present case 
these ratios become B,’/w,.’=1.04X10- and 
B.!’/w,.!' =1.027 X10-*. The results are, therefore, 
in satisfactory agreement with the others. 

It is interesting to calculate roughly where the 
Av=1 and Av=—1 sequences of the present 
1Y—' band system should occur. Substitution in 
the formulas for the vo of electronic bands shows 
that? 

yg %= vp? “+w,’ —2x,'w,.' +: aed (9) 
yoo = 9799 9 — we! 2x! — : 


We have seen previously that x,’w,’~x,.'’w.'’. We 
have also noted how various other coefficients 
for the '5—>'= transition are roughly equal to the 


Cf. H. Sponer, Molekiilspektren, Vol. I (Berlin: J. 
Springer, 1935), p. 14. 





average of those for other states of C». If then we 
assume x,'w,’ ~x,''w,’’~20 cm, we shall proba- 
bly not be in error by more than a few cm~. We 
then have vo!:°~44,956 and vo°!=~41,473. The 
(0,1) band (Bo’—B,’’=+0.0305 cm) should 
degrade in the same direction as the (0,0) band 
(By’ —B,’’=+0.0107) but much more strongly. 
Muesa is calculated to be about —59. This 
corresponds tO Vheaa ~ 41,366, a distance of 107 
cm from yo°". A band with head at »=41,284 
and degraded to the violet has been reported by 
Fox and Herzberg and may probably be inter- 
preted as corresponding to the Av= —1 sequence 
of the present system, as already suggested by 
Fox and Herzberg. The Av=+1 sequence of 
bands is expected to be of the headless type 
(B,’ —B,"’ = —0.0097), as.is the case in the 
Av=0 sequence, but with a tendency to degrade 
to the red. Fox and Herzberg report two bands, 
with heads at 45,061 and 45,100, which may 
perhaps belong to the Av= +1 sequence of the 
present system, although they are reported to 
degrade to the violet contrary to our prediction. 

It is a pleasure to acknowledge gratefully the 
help and encouragement which have been 
received from Dr. R. S. Mulliken and Dr. H. G. 
Beutler in the solution of this problem. 
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It is shown that the A2300 carbon band analyzed by Landsverk belongs very probably to 
the transition o,20yr,‘0,, '2,*+—>o,20.?x,4, 'Z,*. The 'Z,* state should lie not far above the 
normal state of C2, or possibly be the normal state. Approximate energies and internuclear 
distances (79) are predicted and tabulated for all low-energy states of C, and C.*; an equation 
for predicting ro’s is given. Carbon-carbon bond distances in polyatomic carbon compounds 
are compared with those in C2. Apparently bonding to other atoms helps to shorten C—C 
and C=C bonds in polyatomic compounds as compared with C2. The same effect is noted in 


nitrogen compounds. 





I. ELECTRONIC STATES OF DIATOMIC CARBON, 
AND INTERPRETATION OF THE \2300 
CARBON BAND 


ANDSVERK’S analysis of the \2313 band 
of the carbon arc shows definitely! that this 
“‘band”’ is the zero sequence of a 2-2 transition? 
of the C2 molecule. From the absence of any 
indication of fine structure in the band lines, and 
from the excitation conditions, 22—*2 of C+ 
and *2—>* of C2 are very unlikely, and '2—'Z of 
neutral C, is altogether probable.’ 

Assuming !'2+-—>'=+, Landsverk’s analysis still 
leaves 12,*+—'Z,,* and !2,,*+->'Z,* as possibilities, 
with evidence from intensities perhaps favoring 
the latter. The present paper attempts to decide 
between these alternatives and to determine the 
electron configurations and approximate energies 
of the two > states. 

The low energy states of the Cz molecule have 
been discussed in a previous article.* These and 
others of Cz and C,* are listed in Table I, to- 
gether with rough estimates of their energies and 
of the internuclear separations 7 for their re- 
spective lowest states of vibration. 

Table I is obtained in the following way. For 
energies up to at least 10 ev above the normal 
state of Cz or C:*, we can be sure that, besides 
the four K electrons, there are always two elec- 
trons in the z¢, MO (molecular orbital). This MO 
is a strongly bonding hybrid of o,2s and o,2p, 
with o,2s somewhat preponderating in the 


10. G. Landsverk, Phys. Rev. 56, 769 (1939). 

2 This identification was made tentatively some time 
ago by Dieke and by Mulliken (cf. R. S. Mulliken, Zeits. f. 
Elektrochemie 36, 605 (1930). 

*R. S. Mulliken, Rev. Mod. Phys. 4, 66, 81 (1932). 


mixture. There remain six electrons (or five in 
C,*+) to be distributed among MO’s of higher 
energy. The MO’s you, wu, xo,, and vm,, with 
energy increasing in the order named, here come 
into consideration. Of these four MO’s the 
weakly antibonding yo., a hybrid of o,2s and 
o.2p with the former somewhat preponderating, 
is definitely the most stable, as is known from a 
study of the N.* spectrum.?:* Next in order are 
the strongly bonding degenerate MO wr, =7,2p 
and the weakly bonding xo,, the latter a hybrid 
of o,2s and o,2p with the latter somewhat 
preponderating. Highest in energy is the strongly 
antibonding degenerate v7,=7,2p. (There is also 
the very strongly antibonding uo,, a hybrid of 
o,2s and o,2p with the latter preponderating, but 
its energy is higher than that of 7,2, and we 
need not consider it.) 

As a rough approximation, we may assume 
yo, to lie 3 ev deeper than wz, and xo,, and 
9 ev deeper than vz,, for internuclear distances in 
the neighborhood of 1.25A. These figures are 
justified by what is known of the energy levels 
of Ce, Ne and N2*, and CN. For simplicity it 
may be assumed that wz, and xg, lie equally 
deep for internuclear distances corresponding to 
the most stable states, as seems to be indicated 
to be approximately true by data for nitrogen.’ 
The mean energies for various low energy elec- 
tron configurations, relative to the lowest-energy 
configuration taken as zero, are then as given 
in Table I. In case there is more than one elec- 
tronic state for a given configuration, the energies 
of the several states may be expected to be 
distributed about the tabulated mean value. 

Next we need a system for estimating 7 
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TABLE |. Approximate energy and ro values for low energy electron configurations of C, and C,*. 


DIATOMIC CARBON 779 























Est. MEAN No. OF ro VALUES (A) 
ENERGY* CcC-C 

Vou Bu XOg vrg (EV) STATES BonpDs CaLc Oss. 
2 4 0 iz," 2 1.24 1.243 
2 3 1 0 I1,, ‘He 2 1.32 1.313, 1.318 
2 2 2 0 3x, ‘Ay, 'Z,t 2 1.40 
1 + 1 3 *z.*, Ze" 3 1.18 1.240 
1 3 2 3 1,, ‘H, 3 1.26 1.266, 1.257 
2 3 0 1 6 3. 19 LF, 3 AL, & ZL" 1 1.46 
2 2 1 1 6 a, ee ca | 1 1.54 1.541 
2 1 2 | 6 3. 1ZL*, Ay, § IZ" 1 1.62 
0 4 2 6 1y,* 4 1.12 
0 + 2 CzC 4 1.12 
(1) 4 (1) —-C=C-— 3 1.18 1.20 
(1) 2+(1) (1) (1) >C=x=C< 2 1.40 1.34 
(1) (2) (1) (2) > C-Cé 1 1.62 1.54 
2 3 0 "11, 13 1.35 
2 2 1 0 .250-, 2A,, 22,* 1} 1.43 
2 1 2 0 2 13 1.51 
1 4 3 zt 23 1.21 
1 3 1 3 42, 01, 23 1.29 
1 2 2 3 ‘. SZ”, *4,, Z* 23 1.37 
2 2 0 1 6 2, 4% % MTT, } 1.57 
2 1 i 1 6 4,3, 3(2.-, Au, Ze") 3 1.65 
2 0 2 1 6 11, ; 1.73 
0 4 1 6 25+ 34 1.15 

3 2 6 11, 33 1,23 








* The energy values are rough estimates made for internuclear distances near 1.25A. If ro differs much from 1.25A, the energy at ro is consider- 
ably lowered, as can be seen by drawing U(r) curves. The above estimated energy values are based on the observed energy intervals of 2.39 ev 
(II, —IIy) and 3.20 ev ee between states of the configurations o,27y5e, and oy7,*eg%, and of 4.91 ev between o,y*r,*o9, Il, and o,%ry*egr9, 


‘Mg (the latter found and i 


entified by Fox and Herzberg, reference 4). The observed energy intervals just mentioned are those between the minima 


of potential curves; the required correction to constant r increases them, especially that for the Fox-Herzberg bands. 


values. The simplest possibility is that the 
following equation is valid: 


ro=P+yN,—wNw—xN.+vNy,, (1) 


where N,, Nw, Nz, and N, are the numbers of 
electrons in the respective MO’s you, wru, Xog, 
and vx,, and P, y, w, x, v are adjustable positive 
constants. Bonding electrons then make negative, 
antibonding electrons positive contributions to 
ro in Eq. (1). The several constants in Eq. (1) 
must be determined so as to give correctly the ro 
values of known states of Ce. Known states! *: 4 
are the *II, and ‘II, of 20°yo*wr'*xe with 
ro=1.3135A and 1.318A, respectively (average 
1.316A), the *II, and ‘Il, states of z0*yowx'*xo? 
with r,=1.26A and 1.25A, respectively (average 
ro 1.261A), and the *II, state* of 20*yo*wr*xour 
(ro=1.54A); also the two probable '2* states, 
with 79>=1.243A for the lower and 1.240A for 
the upper. From the data on the II states, we 
get x+y=0.058A and w+v=0.224A. Making 





* J. G. Fox and G. Herzberg, Phys. Rev. 52, 638 (1937). 





the assumptions x=y and v=w, which seem on 
the whole to be indicated as roughly true by 
available ro data’ on Ne, Net, and Og, we then 
get x= y=0.03, w=v=0.11, and P=1.62. Hence, 
in A, 


ro=1.62+0.03(N,—Nz)—0.11(Nw— Ne). (2) 


Eq. (2) has been used to obtain the “calculated” 
ro values in Table I. 

Examination of ro data on various states of Ne 
and O¢ indicates that such an equation as Eq. (2) 
is likely to hold fairly well only over a moderate 
range of ro values, but to give too small values 
when fo is unusually small or unusually large. 

If, in the manner first proposed by Herzberg, 
we count the number of bonds between two 
atoms in a diatomic molecule as equal to half 
the number of bonding electrons minus half the 
number of antibonding electrons, the numbers 
of bonds for the various low-energy states of 


’ Cf. H. Sponer, Molekiilspektren, Vols. 1, 11 (J. Springer, 
Berlin, 1935-36). 
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C, and C;* are as given in the seventh column 
of Table I. It will be noted that for a given 
number of bonds, the ro values vary consider- 
ably. This is, of course, because different bonding 
(and antibonding) MO’s differ considerably in 
their bonding (or antibonding) power. 

Turning to the identification of the electronic 
states of the 42300 band, we note that 7» has the 
values 1.240A and 1.243A for the upper and 
lower states, respectively. Referring to Table I 
one finds only one Y—* transition between low 
energy C, states both with predicted ro values 
near 1.24A. This is oy7.‘'e,, '.* (predicted 
ro=1.18A)—0,77,', '2,* (predicted ro>=1.24A). 
For the lower state the predicted and observed 
ros agree, for the upper there is a disagreement 
of 0.06A. For the energy change, the predicted 
value is 3 ev plus an amount equal to half the 
1y,+—8Y,* interval for o,7,40,,—or say roughly 
about 4 ev. The observed value is 5.34 ev. 
Although there is a greater disagreement be- 
tween observation and prediction than one can 
easily explain, every other 2-2 transition of 
C. or Ct (including those between higher states 
than are listed in Table I) gives much worse 
agreement.® 

By way of explaining the discrepancies be- 
tween observed and predicted features, the 
following may perhaps help. In Table I two 
additional 'Z,* states, with ro values of 1.46A 
and 1.62A, are predicted to lie near 6 ev. It 
seems likely that the U(r) curve of the lower of 
these, rising steeply near 1.24A since its minimum 
is near 1.5A, intersects that of the predicted 
o,7,/0,, 'X.* not far from the latter’s minimum 
near 1.2A. Interaction of the two curves might 
give rise to two new curves of which one (the 
upper) could have the characteristics of the 
upper level of the 42300 band. It may here be 
noted also that a low 'X,* state with 79 about 
1.40A is predicted which should lie near the 
o,°7,', 'X,* state identified as the lower state of 
the \2300 band; these two states may interact 
to some extent. 

Accepting the foregoing interpretation of the 
42300 band as correct, we may ask, what is the 


6° The transition m,‘0,, *2,*—>oum,', *Z,*+ is the most 
likely C,* possibility, but the predicted ro’s are 1.15 and 
1.21A and the predicted energy change only 3 ev; and the 
lines should be narrow doublets. 


MULLIKEN 


lowest electronic level (normal state) of C2? 
If the assumption made in Table I of equal 
energy for the configurations ¢,’0,27,', o,20.71,*0,, 
and o,’0,°7,70,? is correct, then *II, of o%o*xr%¢ 
(lower state of the Swan bands) is probably 
lowest (as is now generally assumed), with 
8S,” of o°0°r*o* a close second, and with 'Z,* of 
o’o"r* and 'A, of o?o?x*o? not very much higher.’ 
If, however, the configuration o%e*x*o* is lowest 
of the three, the normal state of C, may be *2,~ 
instead of *I1,. On the other hand, if o?o?x* is the 
lowest-energy configuration and is sufficiently 
low,’ 'X,* could be the normal state instead of 
‘]1,. On the basis of present knowledge, none of 
the foregoing possibilities can be excluded, 
although *II, appears still to be the best guess for 
normal state. In any case, all the states men- 
tioned may be expected to play a role for 
astrophysical problems where C2 spectra are 
involved. 


II. CARBON-CARBON BOND DISTANCES IN 
CARBON COMPOUNDS 


In connection with Table I, it seemed of 
interest to attempt to use Eq. (2) to calculate 
carbon to carbon bond distances for single and 
multiple C—C bonds in carbon compounds. This 
can be done if we assume that the bonds formed 
with other atoms make use of Cz MO’s in the 
manner indicated by the assignments in paren- 
theses in the middle section of the table.* In all 
cases a pair of 20, electrons not given in the 
table is supposed to be present and to form one 
C—C bond. The calculated values are seen to 
agree roughly with average observed values as 
given by Pauling.® In the cases of double and 
single bonds the observed values are smaller 
than the calculated, suggesting that the C—C 
bonds are here strengthened by the process of 
sharing carbon electrons with other atoms in- 
stead of just between two carbons. However, 


7 These statements are based on estimated energies 
(relative to the mean energy for the given electron con- 
figuration) of —0.5, 0.0, and +0.5 ev for *2,~, 'A, and 
1y,* of oo*xs?, —0.8 and +0.8 ev for *II, and 4, of 
oo xe, and 0.0 for !2,* of o*0*x*. These represent revisions 
of estimates given previously (reference 3). 

8 Cf. R. S. Mulliken, J. Chem. Phys. 3, 517 (1935) for a 
description of the way in which the C. MO’s are used to 
form bonds to other atoms. 

°Cf. L. Pauling, The Nature of the Chemical Bond 
(Cornell University Press, 1939), p. 154. 
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INFRA-RED SPECTRUM OF NO 781 


the orbitals, particularly z0,, should be con- 
siderably modified (especially as regards extent 
of s—p mixing) by the clustering of other atoms 
around the carbons, so that 79 values calculated 
on the basis of a diatomic carbon molecule are 
no longer entirely appropriate. 

When a table similar to Table I and an 


equation similar to Eq. (2) are written down for 
Ne and Ng", one finds relations similar to those 
for carbon: bonding to other atoms seems to 
shorten the N=N and N—N bond distances as 
compared with those for Ng itself. The equation 
for Nz and N¢* is 


ro=1.49+0.03(N,—N.)—0.10(N.—N,). (3) 
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The infra-red spectrum of nitric oxide has been re- 
measured under high dispersion with the result that the 
fundamental at 5.34 has been almost completely resolved. 
The absorption in this region comprises two superposed 
bands arising from a *IIj2, 3/2 electronic ground state. In 
the P, and R branches a great many of the lines split up 
into doublets, the components of which belong to these 
two bands, respectively. The lines were found to fit the 


following two empirical formulas: 


I. INTRODUCTION 


MONG the diatomic molecules having 
infra-red spectra nitric oxide is of special 
interest. Because of its electronic configuration, 
which gives it a ground state of *IIi,3, the 
molecule has resultant angular momentum of 
(1/2)hk and (3/2)h around its nuclear axis. It 
becomes, therefore, the only one of the diatomic 
molecules to exhibit a Q branch in the infra-red. 
Warburg and Leithauser' in 1908, the first to 
investigate the spectrum, succeeded in showing 
that the contour of the fundamental at 5.34 was 
a doublet. Later, in 1929-1930, Snow, Rawlins, 
and Rideal? resolved both the fundamental at 
5.3u and the first harmonic at 2.7, into rotational 
structure by means of a grating spectrometer. 


* Department of Physics, University of Tennessee, 
Knoxville, Tennessee. 

** Mary Hardin Baylor College, Belton, Texas. 
aso and Leithauser, Ber. D. Chem. Ges. 1, 145 

2C. P. Snow, F. I. G. Rawlins and E. K. Rideal, Proc. 
Roy. Soc. 124, 453 (1929); C. P. Snow, F. I. G. Rawlins 
and E. K. Rideal, Proc. Roy. Soc. 126, 355 (1929). 





vQea1/2= 1877.364+3.34 J—0.019 J? cm 

where J=0, +3/2, 5/2, ---, 
YQ—3/2 = 1877.00+-3.42 J—0.019 J? cm™ 

where J=0, +5/2, 7/2, ---. 


An experimental curve in percent absorption against 
frequency in cm™ is compared with a theoretical intensity 
plot of the bands. From the new data some of the constants 
have been re-calculated, and compared with the results 
of the electronic band spectra. Jo=1.63X10-* g cm’, 
ro=1.15X10-§ cm, vo = 1891.3 cm™. 


This spectrum has been re-investigated using 
an instrument of somewhat better resolving 
power. Several details of interest were observed 
and are reported here. Some of the constants 
are calculated from our data and compared with 
values given in the earlier work, and with those 
determined from the electronic band spectrum.* 


II. APPARATUS 


The nitric oxide was prepared according to 
the method outlined by Snow, Rawlins, and 
Rideal.2 A large spherical bulb was filled to 
atmospheric pressure by passing gas through the 
bulb until all the air had been displaced by 
the gas. The nitric oxide was allowed to generate 
and flow until the colorlessness of the gas in the 
storage tank attested to its purity. For the 5.3u 
region a cell 2 cm long fitted with rocksalt 
windows was used; for the 2.7y region the cells 
used were from 10-30 cm long. Each cell was 


3M. Guillery, Zeits. f. Physik 42, 121 (1927); F. A. 
Jenkins, H. A. Barton and R. S. Mulliken, Phys. Rev. 30, 
150 (1927); R. S. Mulliken, Phys. Rev. 32, 186 (1928). 
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Fic. 1. The upper curve shows the observed absorption of NO at 5.3; the lower diagram 
gives theoretically predicted band spectrum of NO. 


filled to atmospheric pressure from the storage 
tank. 

Both regions in which absorption occurs—but 
more especially the harmonic region—overlap 
those of atmospheric absorption by water vapor. 
To make measurements in these regions it was 
found necessary to dry the spectrometer box 
thoroughly. This was accomplished by dis- 
tributing P.O; in photographic trays throughout 
the spectrometer box and sealing it securely. 
One such charge would last about a week 
indicating that the box was quite airtight. No 
falsification by water vapor was now apparent 
even in the middle of the 2.74 water band. 

The instrument with which these measure- 
ments were made was of the conventional 
prism-grating type and has been described in 
previous papers from this laboratory. The 5.3u 
band was measured with the aid of the 3600 
line-per-inch grating in the first order while the 
harmonic at 2.74 was measured using the 4800 
line-per-inch grating in first order. Both gratings 
were ruled by Professor R. W. Wood at Johns 
Hopkins University. 


III. EXPERIMENTAL RESULTS 


The 5.3u region 


Figure 1 shows our observations on the 
fundamental vibration-rotation band of nitric 
oxide plotted with ordinates in percent absorp- 
tion against abscissae of frequency in cm~ and 
wave-length in wu. This curve differs from the one 


by Snow, Rawlins, and Rideal in several respects. 
The rotation lines are much more completely 
resolved, and the curve shows the existence of 
the two transitions 7II,—*II,’, and *II;—?II;’ as 
two bands, whose Q branches are very nearly 
coincident. That two bands exist is evident from 
the fact that in both the P and the R branches 
the lines split up into pairs beginning a few lines 
from the center. The splitting appears to increase 
with the rotational quantum number. The lines 
in the P branch begin splitting up with the fifth 
line from the Q branch, while in the R branch 
the splitting does not occur until the fourteenth 
line. The closest pair which was resolved has a 
spacing of 0.6 cm~. The Q branch is much 
better resolved than in the earlier work and 
appears to be more intense. The slit widths used 
in this region included a spectral region of about 
0.6 cm and observations were made at intervals 
of 0.45 cm-. 


The 2.7 region 


No curve for the harmonic is given in this 
paper. This region was very carefully measured 
and yields a band which appears to have a Q 
branch at 3740.2 cm. The band has a very 
irregular structure and does not at all resemble 
the fundamental nor indeed a band due to a 
diatomic molecule. It does, however, in many 
respects corroborate the curve shown by Snow, 
Rawlins, and Rideal and the line spacing is 
about the same as that estimated from the 
curve given by them. This spacing is about 
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7.0 cm and not at all in agreement with the 
spacing in the fundamental. It is hoped that this 
band may be measured again in the near future 
under better conditions. 


IV. Discussion OF RESULTS 


The energy of a diatomic molecule having 
angular momentum around the nuclear axis is 
given by Kronig* as 


W., s=W—Boat+hvo(v+4){1—k(J+4)°+T} 
+Bol(J+3P+Ti1—-ylI+2P +9 ]} 
— BB(v+3)*, (1) 


where a=(7/4)c3+(7/8)c3?+(3/4)c4; 
k= (3/2)y?(1+2cs) ; 
r=S(S+1)—2Q2; 
B = (3+ 15¢3+15/c3?+3c,). 


The frequencies of the rotation lines in the 
bands may be obtained from this energy relation 
and are: 


vo=y=[vo— (3/2) rok — 2BoB/h] 
+([2Bo/h—2vk—6Boy?/h]J 
— vokJ?—ABoy*?J*/h 
where J=0, +3/2, 5/2, 7/2, ---, etc. (2) 


arising from the transition *II,—?II,’ with Q=3, 
Y= —}3, S=3; and 


vont =[vot(1/2) rok — 2Bo8/h] 
+[2Bo/h—2vok+2Boy?/h J 
— vok J? —4 Boy? J*/h 
where J=0, +5/2, 7/2, ---, etc. (3) 


arising from the transition *II;—?II;’ with 
Q=§%, T=}, S=}. 

These equations are of the form »v=a+bJ 
—cJ*’+dJ*. It has been found possible to fit the 
lines in the two bands to the following formulas: 
vomy= 1877.364+3.34J —0.019J?; 

where J=0, +3/2, 5/2, ---, etc. (4) 
and 


vo-i = 1877.00+3.42J —0.019/?; 
where J=0, +5/2, 7/2, ---, etc. (5) 


The cube term in J was omitted because its 
value was known with too little accuracy to 
have any meaning. Table I shows the observed 


*R. del Kronig, Band Spectra (Macmillan, Cambridge 
Series, 1930), p. 31. 





line positions in cm~! and the line positions as 
computed from the empirical equations (4) and 
(5). In most cases the error between the observed 
and calculated positions is of the order of 
0.3 cm. 

In Fig. 1, lower diagram, the rotation lines in 
the transitions *II,—*II,’ and *IIy—*II;’ are 
plotted with calculated intensities as ordinates 
and as abscissa the same scale of frequency in 
cm as was used in Fig. 1, upper curve. The 
intensities were computed from the relations 
given by Dennison.® The *II,—*II,’ transition is 
represented by the dotted lines, while the solid 
lines represent the *II;—*II;’ transition. The 
individual lines in the Q branch of the first 
transition and the Q branch of the latter transi- 


TABLE I. Observed and calculated frequencies (cm™) of the 
lines in the fundamental of NO. 











Q=} Q=3/2 
2J v(CALc) v(OBs) Av v(CALC) v(OBS) av 
+43 | 19404 1940.1 —0.3/1941.8 1942.1 +0.3 
+41 | 1937.9 1938.2 + .3/1939.1 19396 + .5 
+39 | 1935.7 1935.6 — .1/ 1936.5 1936.6 4 .1 
+37 | 1933.1 1932.8 — .3| 1933.8 1933.7 — .l 
+35 | 1930.0 1930.2 + .2/}19310 19314 + 4 
+33 | 1927.3 1927.55 + .2|19283 19286 + .3 
+31 | 1924.6 1924.6 0/}1925.5 19254 — .1 
+29 | 1921.8 19220 + .2/}1922.6 1922.7 + .1 
+27 /)1919.0 19198 + .8/1919.7 19198 4+ .1 
+25 | 1916.1 19163 + .2/1916.8 1916.3 — 5 
+23 |}1913.3 19134 + .1/1913.8 1913.4 — A 
+21/1910.3 19106 + 3/19108 19106 — .2 
+19 | 1907.4 19076 + .2/}1907.8 19076 — .2 
+17 /}19044 19045 + .1/1904.7 1904.5 — .2 
+15 | 1901.3 1901.5 + .2/1901.6 19015 -— .1 
+13 | 1898.3 1898.2 — .1/18984 1898.2 — .2 
+11 )1895.2 1895.1 — .1/ 1895.3 1895.1 — 2 
+ 9/1892.0 1891.7 — .3/1892.0 1891.77 — 3 
+ 7/|1888.8 1888.6 — .2| 1888.7 18886 — .l 
+ 5/1885.8 18855 — .3/18854 18855 + .l 
+ 3 | 1882.3 1882.1 — .2 
0 | 1877.36 1877.00 

— 3/1872.3 1872.2 — .1 

— 5| 1868.9 1869.0 — .1/ 1868.3 18690 + .7 
— 7|18654 1865.4 .0| 1864.8 18654 + .6 
— 9/ 1862.0 1861.6 — .4/1861.2 18616 + 4 
—11/1858.4 1858.7 + .3/1857.7 1858.1 + 4 
—13 | 1854.9 1854.7 — .2/ 1854.0 1853.7 — 3 
—15 | 1851.2 1851.2 | 1850.3 1850.2 — .1 
—17 | 1847.6 18474 — .2| 1846.6 1846.1 — 5 
—19 | 1843.9 1843.8 — .1/ 1842.8 1842.5 — 3 
—21 | 1840.2 18404 + .2/ 1839.0 1839.1 + .1 
—23 | 1836.4 1836.3 — .1/ 1835.2 18350 — 2 
—25 | 1832.6 1832.3 — .3/ 1831.3 18308 — .5 
—27 | 1828.8 1828.9 + .1/18274 1827.22 — 2 
—29|1824.9 18245 — 4]18234 1823.5 4+ .1 
—31/1821.0 18214 + .4/1819.2 18194 + .2 
—33 | 1817.1 1817.2 + .1/ 1815.4 1815.4 0 
—35 | 1813.1 1813.3 + .2/ 1811.3 1811.2 — | 
—37 | 1809.1 1808.7 — 4/1807.2 1807.3 + .1 














5D. M. Dennison, Rev. Mod. Phys. 3, 315 (1931). 
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tion are so nearly equal in position that on this 
scale it is impossible to distinguish them. The 
corresponding lines from each Q branch have 
therefore been added and the Q branch shown 
is the line for line sum of the two Q branches. 
The intensities in the experimental curve are 
only relative and can be compared with the lines 
in the theoretical curve only in general char- 
acteristics. The two curves agree very well 
except that in the experimental curve the Q 
branch appears to be too intense as compared 
with the lines of maximum intensity in the P 
and R branches. Also the resolution was not 
complete, as only about one-half of the lines 
could be separated into doublets. 

From Eqs. (2) and (3) it is evident that the 
theory predicts that the constant term of vo-; 
should be greater than the constant term of vo—}. 
It was not found possible to make the observed 
lines fit a set of equations in which this was the 
case but a very good fit was obtained by letting 
the reverse be true. A possible explanation of this 
inconsistency may be that vo for the *II, state is 
greater than vo for the *II; state by just this 
amount. It seems not unlikely that the two 
values may differ by small amounts. Some 
evidence of this is also presented by Jenkins, 
Barton, and Mulliken in their work. 

The constants J, 70, may be computed from 
Eqs. (2), (3), (4) and (5) by identifying the 
constant first term in (2) and (3) with the 
empirical constant of (4) and (5); and by 
identifying the theoretical coefficients of J and 
J* in (2) and (3) with the empirical coefficients 
of J and J? in (4) and (5). 

The Q branch of the harmonic as obtained 
from our unpublished curve lies at 3740.2 cm—. 


NIELSEN AND 





GORDY 


Ww. 


TABLE II. Assembled values of some of the constants for NO. 








JENKINS- Sxow- 





NIELSEN- BARTON- RAWLINS- 
CONSTANT Gorby MULLIKEN RIDEAL JEvons! 
Io X 10-8 g cm? 1.63 1.63 1.64 
ro X 10-8 cm 1.15 1.15 1.15 1.146 
vo cm7! 1891.3 1892 1895.2 1906.5 








1W. Jevons, Report on Band Spectra of Diatomic Molecules (Univ. 

Press Cambridge, 1932). 
We may then set [2v)—6Bo8/h—3vok ]=3740.2 
cm and, using this together with the previously 
mentioned data, calculate vo. These values are 
compared with values for the same constants 
obtained by other investigators in Table II. 

Io and ro agree very well in all cases because 
they are determined from the fundamental band 
only. vo from our data agrees with the value 
given by Jenkins, Barton, and Mulliken rather 
than with the other values given in Table II. 
The reason for disagreement here is that vo 
determined from the positions of both the 
fundamental and harmonic, depends on how 
these band centers are chosen. We believe the 
value 1877 cm for the fundamental to be 
correct. It differs from Snow, Rawlins, and 
Rideal’s value by 5.9 cm~. There is, however, 
some doubt about the position of the center of 
the harmonic. Therefore we feel that accurate 
values of such constants as vo, Xv, C3 and Cy, 
from infra-red data cannot be determined until 
the question of the position of the harmonic is 
settled. 

We express our gratitude to Professor Alpheus 
W. Smith who graciously supplied the apparatus 
and materials for the experiment. We also thank 
Professor Harald H. Nielsen whose many sug- 
gestions and criticisms were of great aid to us in 
the work. 
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Certain properties of clean uranium in vacuum have been investigated. The following values 
were found: for emissivity below the melting point (A=0.67u), 0.51; for thermionic work 
function, 3.27+0.05 volts, with a Richardson A of about 6; for melting point, 1700+25°C; 
for average coefficient of linear expansion, 25°C to 1000°C, 410-5. 





INTRODUCTION 


Y reason of its unique position in the periodic 

table of the elements, the physical properties 

of uranium are of peculiar interest. Enough of the 

element in metallic form was procured to permit 

observation of certain characteristics hitherto 
unreported. 

A flat strip of uranium long enough to provide 
several filaments was obtained from A. D. 
Mackay. It was about 3 mm wide and 0.1 mm 
thick. These dimensions, however, were decidedly 
irregular. Another specimen, an oval rod about 
16 cm long, was obtained through the kindness of 
Dr. H. C. Rentschler, of the Westinghouse 
Company. Its extreme diameters were 0.80 and 
0.95 mm long, and its cross section was quite 
uniform. The degree of purity of neither sample 
is accurately known. The surfaces of both were 
initially covered with oxide, which readily forms 
when the metal is exposed to the atmosphere. 
Indeed, small pieces of uranium may be ignited 
by a match flame, burning brilliantly in air. 


APPARATUS AND METHODS 


Metallic uranium is rather hard and brittle at 
room temperature. Its high chemical activity 
precludes annealing in any of the common gases. 
Annealing in vacuum was found to improve its 
malleability only slightly. It was therefore 
necessary to make a blackbody for emissivity 
measurements of some other material. A hole 
1/64-inch in diameter was drilled at the middle 
of a hollow columbium cylinder about 6 cm long 
and 3 mm in diameter. Above and below this 
opening patches of uranium about 1 mm square 
were spot-welded and filed thin. The cylinder, 
mounted in vacuum on a tungsten-Pyrex seal, 





* Now at Elmhurst College, Elmhurst, Illinois. 


was heated electrically. A Pyrex window for 
pyrometer observations was sealed in the tube. 
From the true temperature in the hole and the 
apparent temperature of the uranium patches 
the emissivity was calculated. 

The thermionic tubes were of customary 
design. Filaments cut from the flat strip were 
hung by their ends as open loops. The oval rod, 
left straight, was mounted in a vertical position. 
Tungsten-Pyrex seals served as supports and 
heating current leads. Molybdenum collecting 
cylinders with insulated guard rings, outgassed 
before assembling the tubes, were afterward 
heated again by an induction furnace. Pyrometer 
windows in the cylinders were provided with 
magnetically operated shutters. Liquid-air traps 
were inserted between the tubes and any source 
of vapors. Outgassing periods up to 1000 hours 
gave final pressures of the order of 10-* mm 
of Hg. Thermionic currents were measured 
with a high sensitivity Leeds and Northrup 
galvanometer. 

In view of the uncertainties in published 
values! it was decided to make an approximate 
determination of the melting point. Curved 
segments were cut from the edges of a piece of 
the flat uranium strip so that the cross section at 
the thinnest point was about a third of its 
original value. In order to minimize gravitational 
effects a length of only 8 mm was supported 
horizontally on heavy vertical current leads. The 
strip was heated in vacuum until the thin 
portion melted. Its temperature was meanwhile 
followed continuously with a pyrometer. 

The rough edges of one of the flat thermionic 
filaments were utilized for an approximate 
measurement of the coefficient of linear ex- 


1 Cf. J. W. Mellor, Treatise on Inorganic and Theoretical 
Chemistry (Longmans, 1932), Vol. XII, p. 15. 
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pansion. Two notches were visible through the 
pyrometer window. The distance between them 
was measured with a comparator, at room 
temperature and at several temperatures in the 
pyrometer range. From these data the coefficient 
was calculated. 


DISCUSSION AND RESULTS 


Clean uranium has a bright metallic luster 
similar to that of iron. This state was attained 
only when the vacuum system was thoroughly 
baked and flamed before the prolonged direct 
heating of the filament. The hot metal is reported 
to decompose water vapor. The presence of 
water from the flame used in sealing tubes 
together resulted in the appearance of a heavy 
oxide coating on samples initially bright, even at 
room temperature. Although no compound with 
hydrogen has been reported, uranium occludes 
considerable quantities of the gas. Heating in dry 
hydrogen was found to result in incomplete 
reduction of the oxide coating. 

The non-uniformities of the flat specimens led 
at first to frequent hot spots and burning out of 
filaments. Rolling after annealing in vacuum 
improved the condition to some extent, although 
the edges cracked badly during rolling. It also 
became obvious that the melting point was 
somewhat lower than had been anticipated. 
Filaments always burned out near an end of the 
loop, appearing to soften at high temperatures 
and pull apart under their own weight. In many 
cases a sizable bead of metal formed on the lower 
lip of the melted aperture. No trace of vaporized 
metal was observable in any case. 

Filaments warped, stretched and twisted in 
remarkable fashion during treatment, especially 
upon frequent heating and cooling. 12 cm of the 
oval rod stretched nearly 8 mm, or 6.5 percent, 
during thermionic study. The coefficient of linear 
expansion appears to have an abnormally high 
value (see below). The striking recalescence 
observed upon rapid heating or cooling has 
already been reported.’ An x-ray study suggested 
by these phenomena is still in progress. It is 
hoped that a report may be published at a later 
date. 


2 W. L. Hole, R. Wright and H. B. Wahlin, Phys. Rev. 
53, 768 (1938). 


The temperature of the emissivity cylinder was 
increased, after preliminary outgassing, until one 
of the uranium patches softened and spread. 
This was done to insure good thermal contact 
and to minimize thermal gradient along the 
cylinder. To prevent further spread and possible 
alloying, readings were immediately taken on 
this patch at several lower temperatures. The 
average value found for the emissivity, at an 
effective wave-length of 0.674, was 0.51. This 
checks well with a value reported by Burgess and 
Waltenburg? for a similar method. Using a micro- 
sample fused on a Pt filament in hydrogen they 
obtained the value 0.55 at a wave-length of 
0.65u. They also indicate large changes with 
wave-length, and above the melting point. 

Thermionic data were obtained from two 
flat filaments and from the oval rod. Currents 
of from 10-§ to 10-* ampere were measured 
at temperatures between 950°K and 1300°K. 
During early stages of outgassing the curves of 
log I[/T? vs. 1/T often consisted of two portions 
with different slopes. This effect disappeared as 
heating was continued. Extreme values found 
for the work function during early stages were 
3.15 and 3.60 volts. General progress with 
outgassing was from high to low values. The oval 
filament heated much more uniformly than the 
irregular flat filaments. It also exhibited satis- 
factory saturation at a much lower accelerating 
potential. Data from it have accordingly been 
more heavily weighted in arriving at the value, 
3.27+0.05 volts, for the thermionic work func- 
tion of clean uranium. The value for the constant 
A of Richardson’s equation also varied with the 
treatment of the specimen. Emitting areas were 
only roughly calculated. The final indicated 
value of about 6 is therefore only approximate. 

In burning out the narrow strip for a melting 
point determination the final temperature rise, 
fuse-like, was uncontrollable and somewhat 
rapid. Fusion occurred just after the continuously 
variable pyrometer rheostat had reached the 
end of its range, and before a resetting could be 
made. Since the method is not one of precision, a 
repetition of the experiment was not considered 
worthwhile. However, our estimated value of 
1700+25°C for the melting point of uranium in 


3G. K. Burgess and R. G. Waltenburg, Bull. Nat. Bur. 
Stand. 11, 591 (1915). 
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vacuum is considered more reliable than any 
value previously reported. 

In measuring coefficient of linear expansion the 
total length observable with the comparator was 
only about 4 mm. Temperature measurements 
could be made only at room temperature and in 
the pyrometer range. Transition points, if they 
exist, lie between these limits. Repeated readings 
were not satisfactorily consistent. Doubtless the 
peculiar properties of uranium described at the 
beginning of this section partially account for the 
fact. The average value obtained for the coeffi- 
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cient of linear expansion over the range of 25°C to 
1000°C is 410-5, which is exceptionally large. 
No other value has appeared in the literature. 


ACKNOWLEDGMENTS 


Gladly is our indebtedness acknowledged to 
Dr. H. C. Rentschler, for providing one of the 
specimens; to the Wisconsin Alumni Research 
Foundation, for a grant in partial support of the 
project; and to Dr. H. B. Wahlin, for essential 
cooperation and assistance continued throughout 
the course of the experiments. 





OCTOBER 15, 1939 


PHYSICAL REVIEW 


VOLUME 56 


Electronic Energy Bands in Metallic Tungsten’ 


MILLARD F. MANNING,* University of Pittsburgh, Pittsburgh, Pennsylvania 


AND 


Marvin I. Cooporow, Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received June 21, 1939) 


Calculations of the electronic energy bands in metallic 
tungsten are carried out by the Wigner-Seitz-Slater 
method. All numerical integrations were carried out on 
the M. I. T. differential analyzer. It is found that the d 
band is broken up into five sub-bands. Some of these 
d bands are found to be about fifteen electron volts in 
width. One is about two electron volts in width. The 
occupied energy range extends about five electron volts. 
The s band starts at a higher energy than the d bands and 
is occupied by much less than one electron per atom at 
the equilibrium interatomic distance. From the results of 
a previous paper, curves of E vs. k are plotted for the 
principal directions of propagation. From these, curves 
of the number of energy levels per unit energy range were 
determined by numerical and graphical methods which 
are described in an appendix. It is assumed that the n(Z) 


ALCULATIONS of the electronic energy 
bands in solids have been carried out by 
either the Wigner-Seitz cellular method or by 
Slater’s modification of that method for mono- 
valent metals, for calcium, and for a number of 
insulators.?: * No calculations by either of these 


1 A preliminary report of this work was presented at the 
Washington Meeting of the American Physical Society in 
April, 1938. Phys. Rev. 53, 673 (1938). 

*This work was started at M. I. T. and some of the 
senior author’s part was done while he was at the Univer- 
sity of Toledo, Toledo, Ohio. 

? Na: E. Wigner and F. Seitz, Phys. Rev. 43, 804 (1933) ; 
46, 509 (1934). Cu: H. M. Kritter, Phys. Rev. 48, 664 





curve for tantalum is not greatly different from that for 
tungsten except that there is one less electron per atom. 
From the n(E) curves the electronic contribution to the 
specific heat is calculated for the two metals and the 
results found to be in good agreement with the excess 
specific heat at high temperatures for both metals. The 
computed value does not agree with low temperature 
data on tantalum. There are no low temperature data for 
tungsten. Qualitative discussions of the differences in 
electrical resistance, temperature coefficient of resistance, 
and thermoelectric power of the two metals are given. 
The contribution of exchange effects to the paramagnetic 
susceptibility is treated by a rough model and it is 
shown that the assumption of the same value of the ex- 
change integral for both metals gives satisfactory agree- 
ment with observed data. 


methods have been reported for any transition 
metals, although some general characteristics 
have been discussed by Mott*: °° in a series of 


(1935). Li: F. Seitz, Phys. Rev. 47, 400 (1935); J. Millman, 
Phys. Rev. 47, 286 (1935). Ca: M. F. Manning and H. M. 
Krutter, Phys. Rev. 51, 761 (1937). C: G. E. Kimball, 
J. Chem. Phys. 3, 560 (1935); F. Hund, Physik. Zeits. 
36, 888 (1935). C et al.: F. Hund and B. Mrowka, Ber. d. 
Sachs. Akad. d. Wiss. 87, 185, 325 (1935). LiF: D. H. 
Ewing and F. Seitz, Phys. Rev. 50, 760 (1936). NaCl: 
W. Shockley, Phys. Rev. 50, 754 (1936). 

3 J. C. Slater, Phys. Rev. 45, 794 (1934). 

4N. F. Mott, Proc. Phys. Soc. 47, 571 (1935). 

5N. F. Mott, Proc. Roy. Soc. A153, 699 (1936). 

*N. F. Mott, Proc. Roy. Soc. A156, 368 (1936). 
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papers and by Jones and Mott’ in a recent paper 
which used a different approximation from that 
used here. In view of the great interest in the 
transition metals, it was believed that the de- 
tailed information obtained by the cellular 
method would justify the considerable amount of 
labor required to compute electronic energy 
bands for a transition element by Slater’s 
method. Tungsten was chosen for this detailed 
study because of its practical importance and 
because for this metal there is a large amount of 
experimental material available. Necessary pre- 
liminaries to metallic calculations were self- 
consistent field calculations. These have been 
completed and reported in this journal.’ Another 
necessary preliminary was the extension of 
Slater’s discussion’ of the electronic energy bands 
for the body-centered lattice. In his original 
paper, Slater used only eight atomic functions 
and satisfied boundary conditions at the centers 
of only eight faces of the atomic polyhedron. 
The difficulty in applying his results to a transi- 
tion metal is that, in the eight functions, he 
included only three of the five d functions. 
Since the transition metals have a partly-filled 
d shell in the free atom, all of the d bands may 
be partly occupied in the metal, and hence if 
only three d functions are included, the band 
picture may be quite inaccurate. Slater’s method 
has been extended to include boundary condi- 
tions at all fourteen faces of the atomic poly- 
hedron. In setting up the wave function for a 
valence electron, the eight functions used by 
Slater and in addition the other two d functions, 
three more f functions, and a g function were 
included.® The details of this work are given in a 
previous paper to be referred to as J. In that 
paper relations were obtained between the energy 
of a valence electron and its momentum for im- 
portant directions of propagation. The relations 
are transcendental equations in which the mo- 
mentum k appears in certain tangent factors and 
the energy appears implicitly in the values of 


ann Jones and N. F. Mott, Proc. Roy. Soc. A162, 49 
1937). 

8M. F. Manning and J. Millman, Phys. Rev. 49, 848 
(1936). M. F. Manning and L. Goldberg, Phys. Rev. 53, 
662 (1938). 

®M. I. Chodorow and M. F. Manning, Phys. Rev. 52, 
731 (1934)..Some errors appear in Table I of this paper. 
A corrected reprint may be obtained from one of the 
authors (M. F. M.) at the University of Pittsburgh. 
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CHODOROW 


the radial wave functions and their derivatives 
at the radii corresponding to half the distance 
between nearest neighbors and at half the 
distance between next-nearest neighbors. The 
values of 51, Se, $1’, S2’,!° etc. were found by 
numerical integration as in the Hartree method 
of calculating self-consistent fields. The potential 
used in this calculation was a modified form of 
that found by self-consistent field calculations 
for the tungsten atom. For all electrons inside of 
the 5p electron, the charge density used was the 
same as for the free atom. The results of the self- 
consistent field calculation for tungsten indicate 
that in the metal there will be a slight over- 
lapping of the 5p wave functions. An attempt 
was made to allow for this, but it seems probable 
that it would have been as satisfactory to neglect 
this effect or allow for it by simply renormalizing 
the atomic charge density. The self-consistent 
field results show that nearly three-fourths of 
the charge density of the two 6s electrons in a 
tungsten atom lies outside the atomic sphere for 
metallic tungsten. This was taken as indicating 
that in the metal the s band would contain only 
a small fraction of an electron per atom. The 
self-consistent field results for the atom also 
show that about a third of the charge density 
of the four 5d electrons lies outside of the atomic 
sphere for the metal. Since in going from the 
atom to the metal a charge of over three electrons 
must be redistributed, the potential for a valence 
electron in metallic tungsten will be quite 
different from the potential of a valence electron 
in the atom and some correction must be made. 
As a first approximation to the potential for a 
valence electron in metallic tungsten, the poten- 
tial due to the nucleus, inner electrons, and five 
5d electrons was used. In finding the potential 
due to the 5d electrons, the atomic charge density 
normalized to the atomic sphere was used. 

With this potential, integrations for the d and s 
functions were carried out. The results of the 
integration indicated the total width of the d 
bands to be about one and a half Bohr units, 


10 The notation is the same as in the previous paper— 
5, stands for the value of the s function of a given energy 
at the half-distance between nearest neighbors; se is the 
value of the s function of a given energy at the half- 
distance between next nearest neighbors; and s,’ and s2’ 
~~ derivatives with respect to r at the corresponding 
radii. 
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and that the bottom of the s band is at a con- 
siderably higher energy than the bottom of the 
d bands. Since the s band is very broad at this 
inter-atomic distance, the number of electrons 
per atom in the s band is small. Since there are 
spaces in the d bands for ten electrons per atom, 
these bands will be somewhat more than half- 
filled in tungsten. 

For the next approximation, the same core 
potential was used as in the first approximation 
and the charge densities for the other five valence 
electrons were taken from the results of the first 
approximation. Since the first approximation 
shows that the two bottom d bands which can 
accommodate four electrons per atom are quite 
narrow, the charge distribution for two of the 
electrons was assumed to be the same as for a d 
function at the bottom of the d bands and the 
charge densities for the other three electrons 
were assumed to be those found for d functions 
with energies evenly spaced in the lower half of 
the d bands. With this new potential, integra- 
tions" were again carried out. 

As a check on the consistency of the assump- 
tions about the potential, the width of the d 
bands and curves of d’ vs. E for the different ap- 
proximations were compared. The discrepancies 
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Fic. 1. E vs. log r. (E in Bohr units.) 


11 All of the integrations were carried out on the M. I. T. 
differential analyzer which was placed at the authors’ dis- 

sal by Professor S. H. Caldwell of the Department of 

lectrical Engineering. The authors wish to thank Pro- 
fessor Caldwell and Mr. D. D. Terwilliger for their coopera- 
tion during the use of the differential analyzer. 





were so small as to indicate that little change 
would be produced by further stages of approxi- 
mation. For the energy range considered, the d 
functions are the most sensitive to changes in 
the assumed field and hence the field is probably 
as near to being self-consistent as could be ob- 
tained without more elaborate methods of calcu- 
lation. Furthermore, in the method used here, 
all exchange and correlation effects are neglected, 
and they would presumably have more effect 


K. 


z 


K, 
Fic. 2. Brillouin zone for body-centered lattice. 


than any departures from an exactly self-con- 
sistent field. 

Rough calculations were also made of the way 
the positions of the bottoms of the various bands 
change with interatomic distance. Since the 
potential used in calculating these curves was 
either that of the free atom or that proper for 
the normal spacing, the curves of Fig. 1 are to 
be regarded as schematic. As shown in J, there 
will be three bands beginning at the energy for 
which d,’ =0, two bands beginning at the energy 
for which d2’=0, and one band beginning at the 
energy for which 35,'g2’+2s2'g;’=0. There are 
other bands at higher energies, but they are not 
occupied under ordinary conditions and probably 
could not be accurately calculated by the method 
used here. 

For a more detailed discussion of the electronic 
structure, it is necessary to determine the energy 
as a function of the momentum. As was discussed 
in J, for a general direction of propagation this 
would require the solution of a fourteenth-order 
secular determinant. This is too complicated for 
practical computation. However, for certain par- 
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Fic. 3. E vs. k for the different directions of propagation.* 


ticular directions of propagation, the fourteenth- 
order determinant can be factored into determi- 
nants of order not higher than the sixth. 
Expansion of such a determinant gives a trans- 
cendental equation, which usually has to be 
solved by numerical methods. The process is 
rather slow but once tables of the appropriate 
tangent factors have been made, it proceeds 
quite readily. 

Figure 2 is the Brillouin zone for a body- 
centered lattice and on it the directions that 
have been investigated are indicated. Because of 
the symmetry of the body-centered cubic lattice, 
the polyhedron can be considered as consisting 
of forty-eight pyramids, each bounded by the 
111, 110, and 100 lines and a quarter of one of 
the faces of the polyhedron. It is to be noted 
that for all the bounding edges of these pyramids, 
the energy as a function of k can be found by 
the solution of equations in J. 

In Fig. 3 are the E vs. k curves for the direc- 
tions of propagation, 111, 110, and 100. A certain 
amount of information can be obtained directly 
from these graphs, but for many properties it 
is more useful to have the density of states as a 
function of energy, n(Z). This requires a knowl- 
edge of E as a function of k throughout the 
Brillouin zone, i.e., the contours of constant 

*k in the scales for the abscissae refers to one of the components of 


the wave vector e.g. the wave vector along 111 is (k, k, k), along 110 it 
is (Rk, k, 0) etc. 


energy in k space. Approximate contours can be 
obtained from our calculations by interpolation 
between the known directions. All the informa- 
tion obtained from the solutions for known 
directions can be represented on the developed 
surface of one of the pyramids, previously men- 
tioned, which has one forty-eighth of the volume 
of the Brillouin zone. This developed surface is 
shown in Fig. 4. As can be seen, the known lines 
form a network on this surface. From the known 
lines and a knowledge of the manner in which 
the energy contours must intersect certain sym- 
metry planes, plausible contours can be drawn. 
The details of determining these contours and 
also the method of calculating from them the 
density of energy states, n(£), are discussed in 
the appendix. As an example, the contours of 
the band of lowest energy are shown in Fig. 5. 
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It is to be noticed that, when viewed in con- 
nection with the other contours in the same 
plane, the zero width E vs. k curves along various 
special directions, e.g. 100, 110, etc., are not as 
surprising as when only a particular direction is 
considered. The peculiar shape of the contours 
and in particular, the sharp corners, are a con- 


sequence of the intersection of two sets of con- , 


tours, one set with wave functions odd with 
respect to reflection in the plane, and the other 
with wave functions even. This matter is dis- 
cussed further in the appendix. 

Graphs similar to Fig. 5 were also drawn for 
the other five bands, but they are not reproduced 
here. A comparison of the contours for the 
various bands show marked differences. The 
lowest band is narrow and, as can be seen, the 
contours are not at all like those for free electrons. 
The next two higher bands are wider, but do not 
have the characteristics of free electrons. The 
highest three bands are still wider and the con- 
tours resemble somewhat those for free electrons. 
The density of energy states, (EZ), was deter- 



































Fic. 5. Contours for band I. 


mined for each of the bands, the calculation 
being carried to energy levels several volts 
higher than those occupied in tungsten under 
normal conditions. The results for the separate 
bands are shown in the lower curves of Fig. 6 
and the combined result for all the bands is 
shown in the upper curve. 

Tungsten has six valence electrons per atom 
and the highest energy level which is occupied at 
the absolute zero of temperature is indicated by 




















° _— ~ - —_ ee: ge 
Fic. 6. n(E) vs. E curves for the six lowest bands. The 


pnd curve is the sum of the six lower curves. n(E) = No. 
of states per unit energy range. 


the right-hand vertical line in Fig. 6. Tantalum 
immediately precedes tungsten in the periodic 
table and has the same crystal structure. The 
calculations of m(E£) for tungsten should be 
roughly applicable to tantalum also. The left- 
hand vertical line in Fig. 6 corresponds to five 
valence electrons per atom. 

From the results expressed in Figs. 1 and 6, 
some general conclusions about the electronic 
structure of metallic tungsten and tantalum can 
be drawn. First, it is interesting to note the 
position and character of band VI which may 
be called the s band. It is seen that the number 
of electrons in this band is much less than one 
per atom and hence the neglect of s electrons in 
computing the potential is justified. More refined 
calculations might show an increase in the 
number in the s band, but the effect could hardly 
be appreciable. The position and nature of this 
band are of course in agreement with the very 
great ‘“‘overlap”’ of the 6s atomic wave functions. 

The lowest three bands and particularly band 
I probably contribute most of the binding energy 
which is known to be very large for these ele- 
ments. Calculations of the binding energy” by 
the method used here are not practical, but 
rough calculations indicate that the zero of 
energy is about 0.5 or 0.6 of a Bohr unit below 


#%N. F. Mott and H. Jones, Properties of Metals and 
Alloys (Oxford Press, 1934), p. 146. This book will be 
referred to hereafter as M. & J. F.D. Rossini and F. R. 
Bichowsky, Thermochemistry of Chemical Substances (Rein- 
hold, New York, 1936), p. 98. 
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the 5d and 6s eigenvalues. This is not incon- 
sistent with the observed binding energies (about 
225 kilocalories per mole or 9 ev per atom for 
tungsten). 

The process of formation of the solid from the 
separate atoms may be visualized as follows: 
At large distances between atoms the configura- 
tion is d‘s? and the eigenvalues are about the 
same for the two types of electron. As the atoms 
are brought closer together, the s functions begin 
to overlap and the single level is broadened into 
a band of levels, while the d levels still maintain 
their atomic character. As the atoms are brought 
still closer together, the d levels become broadened 
into bands, and the s band becomes broadened so 
much that the upper levels in this band will have 
higher energies than the narrower d band, and 
hence there will be transitions from the s to the d 
band. This process will continue until the mini- 
mum of the s curve in Fig. 1 is reached. If the 
atoms are brought still further together the 
energy changes become more complicated. The 
binding energy of the electrons in the s band 
will now decrease. Since the d band is only about 
half filled, the binding energy of the electrons in 
this band will continue to increase.“ For the 
first row of transition elements, evidence of 
various kinds indicates that these two effects 
balance each other at about the minimum of the 
s curve. For tungsten and tantalum the gain in 
binding energy due to the d band more than 
balances the decrease in binding in the s band 
and the interatomic distance will therefore be 
smaller than that corresponding to the minimum 
of the s curve. At smaller distances between 
atoms, the d band begins to broaden upward 
more than downward, corresponding to a re- 
pulsive force between atoms. At the actual 
interatomic distance there has been a consider- 
able redistribution of charge—for tungsten, the 
self-consistent field calculations for the atom 
indicate nearly three electrons have been dis- 
placed from a position outside of the atomic 
sphere to a position inside of the atomic sphere. 
This large redistribution of charge and the change 


13 For the noble metals and the elements immediately 
preceding them in the periodic table, the d band is full or 
nearly full, and this statement will no longer be true. For 
these elements the equilibrium distance will thus be deter- 
— to a considerable extent by the behavior of the 
s band. 
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in shape of the d band are responsible for the 
repulsive force between the atoms and also for 
the comparatively low compressibility of tung- 
sten and tantalum. 


ELECTRONIC SPECIFIC HEAT 


As was first shown by Sommerfeld," the elec- 
trons in a metal contribute to the specific heat a 
term which is proportional to the absolute tem- 
perature, and which at ordinary temperatures is 
negligible compared with the contribution of the 
lattice vibrations. At low temperatures the 
lattice contributions are proportional to 7*, and 
hence at very low temperatures the electronic 
contribution will be appreciable and may even 
predominate. At temperatures above the Debye 
characteristic temperature the contribution from 
the lattice vibrations approaches the constant 
value of 3R. However, Born and Brody have 
shown that if lattice vibrations have any 
anharmonicity, there will be, at high tempera- 
tures, a contribution to the specific heat which 
is proportional to the absolute temperature and 
may be positive or negative, depending upon the 
nature of the anharmonic terms in the potential 
energy of the lattice. It is difficult to estimate the 
sign of the anharmonic terms, as they will be 
positive for some directions of motion and 
negative for others.'® It seems, however, to be 
reasonable to assume that at temperatures well 
below the melting point the anharmonic terms 
in the potential will make a negligible contribu- 
tion to the specific heat. 

The electronic contribution to the specific heat 
can be determined from a formula given by 
Stoner.'® When higher powers of the temperature 


TABLE I. Electronic specific heat for tungsten and tantalum 
as determined by different methods. 




















EXPERI- EXPERI- 
MENTAL MENTAL 

THEORETICAL | (LOW TEMP.) (HIGH TEMP.) 

Tungsten 4.8xX10%T 5.1X10-*T 
Tantalum 6.2X10“T | 27K10T | 7X10“°T 














a — Houston and Eckart, Zeits. f. Physik 47, 
1 (1928). 

% One of the authors (M. F. M.) has discussed the mate- 
rial of this section with Professor N. F. Mott, Dr. Frederick 
Seitz and Dr. Lloyd A. Young. He wishes to thank them 
for their suggestions. 

16 E. C. Stoner, Proc. Roy. Soc. 154, 656 (1936). 
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are neglected, this formula is: 
(C,)e=(5.670/27.08) K10-‘n(Ey)RT, (1) 


where (C,), is the electronic contribution to the 
specific heat of a gram-atom, R is the universal 
gas constant, 7 is the absolute temperature, and 
n(E,) is the number of states of both spins per 
Rydberg unit of energy at the edge of the Fermi 
distribution. The value of m(E£») for tungsten 
found from Fig. 6 is 11.6 energy states per 
Rydberg unit of energy. For tantalum, the value 
is 14.7 energy states per Rydberg unit of energy. 

Table I gives all of the pertinent data. The 
high temperature data are from measurements by 
Magnus and Holzmann." The data for tantalum 
can be fitted quite well by an expression of the 
form 3R+AT, where A has the value given. 
For tungsten the value given for A is that valid 
for temperatures above about 1000°K. The low 
temperature data for tantalum are from measure- 
ments by Daunt and Mendelssohn'* upon the 
effect of a magnetic field upon the transition 
temperature of a super-conductor. As can be 
seen from Table I, the theoretical calculations 
for tungsten are in good agreement with the 
values for the excess specific heat at high tem- 
peratures. For tantalum, the theoretical calcula- 
tions check the high temperature value which, 
however, is not at all in agreement with the low 
temperature value. 

When the possibility of error in the measure- 
ments or in the reduction of the data is neg- 
lected, there are two possibilities of accounting 
for the discrepancy between the high and low 
temperature data for tantalum. One possibility 
is that the formula derived by Stoner is not 
applicable at low temperatures because it does 
not take exchange or correlation effects into 
account. A discussion of this point by Bardeen’® 
and by Wigner®® indicates that the effect of 
exchange is to spread out the levels near the top 
of the Fermi distribution and thus make the 
specific heat lower than is given by the Stoner 
formula, and thus increase the discrepancy. 
The correlation between electrons of the same 


(1925) Magnus and H. Holzmann, Ann. d. Physik 3, 602 
18 .¢ Daunt and K. Mendelssohn, Proc. Roy. Soc. 
A160, 127 (1937). 

19 J. A. Bardeen, Phys. Rev. 50, 1098 (1936). 

20 E. Wigner, Trans. Faraday Soc. 34, 678 (1938). 





spin tends to increase the specific heat, but no 
calculations have been made. The calculations of 
Wigner and Bardeen are based on a free electron 
model which is probably not applicable to a 
transition metal where the electrons retain much 
of their atomic character. Since tungsten has not 
been observed to be superconducting and since 
it has a high characteristic temperature, it 
should be possible to determine the electronic 
specific heat by direct measurements at liquid 
helium temperatures. The result of such a 
determination would help to clarify the points 
discussed here. 

Another possibility for reconciling the high 
and low temperature data for tantalum is to 
assume that the difference is due to negative 
contributions to the specific heat from the 
anharmonic terms in the potential. The accept- 
ance of this explanation would imply that the 
method used in this paper to calculate the energy 
levels in a metal is very inaccurate and that the 
numerical agreement with the high temperature 
data for both metals is highly fortuitous. It also 
implies a larger anharmonicity than seems 
reasonable. 

It is difficult to obtain information about the 
anharmonic contributions to the specific heat 
because direct measurements of specific heats at 
liquid helium temperatures have been carried 
out for only a few metals. For nickel there are 
data available for both high and low temperature 
specific heats and a detailed analysis of these 
data by Stoner! seems to indicate that the 
anharmonic contribution to the specific heat is 
very small. Another line of evidence indicating 
that for nickel there is a large electronic con- 
tribution is the fact that for Ni-Cu alloys the 
excess specific heat decreases very rapidly with 
the addition of Cu. 


ELECTRICAL AND RELATED PROPERTIES 


The detailed discussion of the resistance of a 
transition metal offers unsurmounted difficulties. 
Some general features of the problem have been 
discussed by Mott.* His discussion was based 
upon a model of two overlapping bands—an s 
band with approximately free electron charac- 
teristics and a d band with a high density of 








1 E. C. Stoner, Phil. Mag. 22, 81 (1936). 
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states and a high effective mass. His discussion 
can be carried over to our case, except that 
where he speaks of a d band we shall consider 
bands II and III which have a high density of 
vacant states and a low value for the effective 
number* of free electrons per atom. Where 
Mott refers to an s band we shall consider the 
highest three bands which have roughly free- 
electron characteristics and account for most of 
the conductivity. On the other hand, the vacant 
states in the lower bands contribute greatly to 
the scattering probability and hence make the 
mean free path much shorter. This is the essence 
of Mott’s explanation of the low conductivity of 
the transition metals. In Fig. 7 are plotted the 
total number of states per unit energy range for 
bands II and III and the total number of states 
per unit energy range in the three higher bands. 
Since the lowest band is filled, it contributes to 
neither the conductivity nor the scattering and 
therefore is omitted from the graph. If Mott’s 
explanation of the effect of the density of 
scattering states upon the resistance is correct, 
the different resistivities of tungsten and tantalum 
should be due in part to the greater density of 
scattering states for tantalum. 

If the relation of the electrical contuctiniilen 
of two different elements to their electronic 
structure is to be studied, it is necessary to make 
corrections for the different amplitudes of thermal 


2 The effective number of free electrons per unit volume 
is given by the formula: 


Net = qa tl S() wat wat 
See M. & J., p. 97. 


vibration at a given temperature, for the 
different atomic volumes, and for the different 
scattering powers of the ions. Mott and Jones” 
have shown that the dependence upon the 
amplitude can be eliminated by comparing values 
of ¢/ M0? where ¢ is the conductivity for a unit 
cube, M is the mass of the vibrating ion, and 0 is 
the Debye characteristic temperature. As Bridg- 
man* and Hume-Rothery*® have pointed out, 
the differing atomic volumes can be taken into 
account by considering not the conductivity of a 
unit volume, but the conductivity of a cube 
containing a constant number of atoms. This is 
equivalent to considering the quotient of o/r 
where r is the atomic radius. For tantalum the 
value of «/Mr@©* is 0.47 and for tungsten the 
value is 0.64. The ratio of these two values is 
1.36. Neglecting the differing scattering powers 
of the two ions, this ratio should be very nearly 
equal to the ratio of the number of vacant states 
for tantalum to the number of vacant states for 
tungsten. The actual value as obtained from 
Fig. 7 is 1.27. The agreement between these 
values is an indication of the reasonableness of 
the explanation. 


Variation of resistance of high temperatures 


For temperatures above the characteristic 
temperature the change in resistance is caused 
chiefly by the increase in the amplitude of 
vibration of the scattering ions. There is also a 
change caused by the thermal expansion of the 
lattice. In addition, there may be an effect due to 
the change with temperature of the effective 
number of scattering states. A theory for the 
latter effect has been given by Mott.?® The re- 
sistance at a high temperature can be written as 


R/T=const. (1+BT)(1+AT?), (2) 


where R is the resistance, J the absolute tem- 
perature, B a constant determined from the 
thermal and mechanical properties, and A re- 
lated to the shape of the m(£) curve near the top 
of the filled states. If one assumes with Mott 
that the time of relaxation 7 is proportional to 


3M. & J., p. 245. 

“P, W. oF Cocoa Proc. Am. Acad. 60, 305 (1924). 

%W. —— Rothery, The Metallic State (Oxford Press, 
1931), p. 

MM. “A p. 270; N. F. Mott, Proc. Roy. Soc. 153, 699 
(1936). 
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1/n(E), A is proportional to —[3(n’)?/n—n"’], 
where the derivatives are taken at the top of 
the filled states. If the n(£) curve for the scatter- 
ing bands is concave toward the energy axis in 
the neighborhood of the highest occupied levels, 
then m”’ is negative and hence A is negative. 
For this case it is to be expected that R/T would 
tend to decrease with increasing temperature. 
If the m(£) curve is convex, the sign of A will 
depend on the comparative magnitude of the 
two terms comprising it. Reference to Fig. 7 
indicates immediately that A should be negative 
for tantalum. Using analytic approximations to 
the n(£) curve near the top of the filled states 
for both tantalum and tungsten, it was found 
that A was positive for tungsten and appreciably 
smaller in magnitude than for tantalum. Ac- 
tually, the observed resistance*’ vs. temperature 
curve for tantalum is definitely concave toward 
the temperature axis and the curve for tungsten 
is slightly convex in agreement with the above 
considerations. 


Thermoelectric power 


Interpretations of the thermoelectric power 
have been given by Mott,* and by Jones and 
Mott.’: 28 They point out that when the resist- 
ance is due to a high density of levels in a 
scattering band, the thermoelectric power will be 
negative if the density of scattering states 
decreases rapidly with E and positive if the 
density of scattering states increases rapidly 
with E. From this argument and Fig. 6, we 
conclude that tantalum should have a negative 
thermoelectric power. The observed values*® are 
—5.0 microvolts/°C and —6.7 microvolts/°C at 
100°C. As Mott® points out, the argument 
involving the density of states in the scattering 
bands is incomplete as it leaves out any discussion 
of the mechanism which produces the entire 
effect in a metal like copper or silver. Since these 
metals show a positive thermoelectric power of 
about 2 microvolts/°C, we might expect that 
when the density of scattering states changes 
only slightly with energy, the thermoelectric 
power would have about this value. Reference to 


27 E. Gruneisen, Handbuch der Physik 10, 16 (1928). 
2M. & J., p. 310. 
om G. Borelius, Handbuch der Metall-Phystk, Vol. 1, page 





Fig. 6 shows that for tungsten the slope of the 
n(E) curve in the neighborhood of the highest 
occupied levels is small, so that we should expect 
a small, positive thermoelectric power. The 
observed values are +0.4 microvolt/°C at 0°C 
and +3.6 microvolts/°C at 100°C. 


PARAMAGNETIC SUSCEPTIBILITY* 


When exchange effects are neglected, the 
formula for the molar paramagnetic susceptibility 
3030 
is 


xa=n'n( Ey) N, (3) 


where uw is the Bohr magneton, n(E») is the 
number of energy states per atom per unit 
energy range, and N is Avogadro’s number. 
When one takes the values of n(£) as 11.6 for 
tungsten, and 14.7 for tantalum, the computed 
susceptibilities are 28 for tungsten and 35 for 
tantalum. The observed values are 45 for 
tungsten and 145 for tantalum.*' The actual 
paramagnetic contribution from the electrons is 
greater than these amounts due to the diamag- 
netic contribution of the cores and of the valence 
electrons. The diamagnetic susceptibilities of the 
cores have been estimated by Stoner*! and values 
of about 35 units found. We can thus say that the 
paramagnetic susceptibilities of the valence 
electrons must be at least 80 for tungsten and 180 
for tantalum. These values are very much greater 
than those obtained from the simple formula. The 
difference has usually been believed due to 
exchange effects. There does not seem to have 
been any detailed analysis of the effect of 
exchange. 

An approximate discussion can be carried out 
by the method suggested by Slater® for ferro- 
magnetic substances. For each atom there are 
n/2 electrons per unit energy range for each 
direction of spin. Suppose that v/2 of them 
reverse their direction of spin, yielding a magnetic 
moment of vz per atom. If this takes place in 
the presence of a magnetic field 7, the changes in 
energy accompanying the process are: Hvy/2, 


* The authors wish to thank Dr. William Shockley for 
discussion about this section. 

30M. & J., p. 185. The » used in this article is twice as 
large as that used in this reference. 

31 E. C. Stoner, Magnetism and Matter (Methuen, 1934), 
pp. 508, 271. 

#2]. C. Slater, Phys. Rev. 49, 537 (1936). 
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due to reorientation, and v?/4/J, due to the fact 
that there are more exchange integrals between 
electrons of parallel spin than there were in the 
unmagnetized state. When the electrons reverse 
their spins, they must be lifted to higher energy 
levels and this requires an energy v?/2n. Hence 
we have 


vJ/4+Hyv/2=v?/2n (4) 
or 
hen 
rp ———— fF (5) 
1- Jn/ 2 


and the expression for the molar susceptibility 


becomes 
u2n( Eo) N 


1 —Jn(Ey)/2° 





XA (6) 


It is noted that the correction factor is in the 
proper direction and has the correct dependence 
upon ” to explain the fact that the discrepancy 
between the observed value and that calculated 
from the simple equation is greater for tantalum 
than for tungsten. If there were some satisfactory 
method of determining J, it would be possible to 
compute x4. Since there does not seem to be any 
method of computing J, we shall proceed differ- 
ently and use the measured values of x4 to solve 
for J. For tungsten this gives 


1—5.8J/=28/80; J=.11 Rydberg units. (7) 
For tantalum 
1—7.3J=35/180; J=.11 Rydberg units.. (8) 


The fact that the values of J for the two 
elements come out so nearly equal is evidence for 
the part that exchange forces play in determining 
the paramagnetic susceptibility. The value of J is 
rather large, but there does not seem to be any 
independent method of checking it. 


VALIDITY OF THE METHOD 


There are a number of approximations in- 
volved in the method of calculation used and it is 
difficult to estimate the accuracy of the results. 
However, the authors believe that the agreement 
with experimental results, although usually only 
qualitative, indicates that the computations give 
a representative picture of the electronic struc- 
ture of metallic tungsten and tantalum. 


MANNING AND M. lI. 
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Perhaps the most serious approximation is the 
complete neglect of exchange and correlation 
effects. These effects are important in determining 
the binding energy and for this reason no 
attempt to calculate it has been made. Exchange 
effects might be expected to cause a contraction 
of the wave functions and hence a narrowing of 
the bands. For instance, Hartree* has found that 
exchange effects produce an appreciable change 
in the outer portions of the 3d wave functions for 
copper. There are, however, reasons for believing 
that this effect will be less pronounced in 
tungsten. For all of the electrons inside of the 4f 
electrons in tungsten the electrostatic contri- 
bution to the potential is so large that exchange 
effects will produce only a small effect. For the 
4f, 5s, 5p electrons the solutions of Fock’s 
equations will undoubtedly give an appreciable 
contraction. As far as the 5d electrons are 
concerned, this contraction acts to decrease the 
effective electrostatic potential. This decrease in 
the electrostatic potential has the opposite effect 
upon the 5d wave functions from the exchange 
effects, which furthermore are not as important 
in a partly-filled shell as in a filled shell. Another 
reason for discounting the effect of exchange on 
the 5d electrons in tungsten is the fact that 
throughout the self-consistent field calculations 
for the atom and the metal, these wave functions 
were not unduly sensitive to changes in the 
assumed field. For copper, Hartree found that the 
3d wave functions were very sensitive to the 
assumed field. 

Another point where errors may have entered 
was in the use of the differential analyzer. A 
problem as complicated as this could be handled 
even on the differential analyzer only by a 
compromise between the accuracy desired and the 
time required. None of the calculations for either 
the atom or the metal was checked by numerical 
integration, but certain cross-checks indicated 
that the errors introduced in the computation are 
not serious. 

In general, it might be remarked that the 
entire computational process showed a con- 
siderable tendency toward cancellation of errors. 
For instance, the principal effect of a change in 
the assumed potential is to shift the entire band 


%D. R. and W. Hartree, Proc. Roy. Soc. 157, 490 


(1936). 
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structure in energy without changing its shape. 
Slight changes in the curves of s, s’, d, d’, asa 
function of energy produced no appreciable 
changes in the Evs.k curves. In addition, it 
turned out that the final n(£) curves were quite 
insensitive to changes in the contours in k space. 
(See Appendix A.) 

The Slater method of computing metallic 
wave functions is, of course, only approximate. 
In an attempt to estimate the accuracy of the 
approximation, Shockley®™ has tested the cellular 
method by applying it to the case of a constant 
potential where the exact answer is available for 
comparison. He finds that when there is a single 
occupied band and a number of excited bands at 
higher energies, the lowest band will be de- 
termined with satisfactory accuracy, but the 
excited bands will be much less accurately 
determined. The argument is not as definite when 
there are a number of occupied bands, all having 
about the same energy, but it seems likely that 
for this case all of the bands will be determined 
with some intermediate accuracy. There is also 
the point that for metallic tungsten, the wave 
functions retain much of their atomic character, 
and therefore it might be expected that the 
results are better than Shockley’s argument 
would indicate. 

Jones and Mott’ have carried out a discussion 
of the transition metals, using the approximation 
of tight binding. This approximation is more 
accurate than the cellular method when the 
overlap of the d functions is small and less 

-accurate when the overlap is large. Using this 
criterion and the results of self-consistent field 
calculations, it seems that their method might be 
more accurate for the first row of transition 
elements, and the cellular method for the second 
and third rows. 

The calculations of which this paper is a 
report were carried out under the general 
direction of Professor J. C. Slater. The authors 
wish to thank him for his helpful comments and 
suggestions. 


APPENDIX A 


We shall outline briefly here the method of obtaining 
approximate energy contours and n(£) curves. To obtain 
the contours, we have available the E vs. k curves for the 


4 W. Shockley, Phys. Rev. 52, 866 (1937). 





various special directions (A, A, =, D, G, F) and also the 
exact contours in the 100 and 110 planes for those states 
whose wave functions are odd with respect to reflection 
in those planes. From this information, all of which is 
obtained from the solution of equations in I, we must 
determine the contours throughout the Brillouin zone for 
each of the six bands. Mention must be made here that in 
classifying the energy levels in bands, all of one E vs. k 
curve, (obtained from one equation) does not necessarily 
belong to one band. The same applies to the exact con- 
tours in the special planes which we have mentioned above. 
In each band the energy is a continuous function of the 
reduced wave vector k and for two bands the energy level 
of one (for each k) is always higher than, or equal to, the 
corresponding level of the other. Thus, although the 
bands may touch at some values of k (degeneracy), they 
can never cross. For two E vs. k curves, on the other hand, 
this is not true. An E vs. k curve for a particular direction 
is determined by the property that all the energy states 
have wave functions of the same symmetry.** Thus there 
is nothing to prevent two E vs. k curves from crossing and 
if two curves for a given direction do cross, the two lower 
halves are taken as belonging to one band and the two 
upper halves to the other band. This procedure often gives 
the energy contours in a band queer shapes, including 
corners, where we have shifted from the lower (upper) half 
of one E vs. k curve to the lower (upper) half of another 
curve which intersects the first. In such a shift, the wave 
function in the band changes discontinuously with R, 
but the energy is continuous. 

Our general procedure in finding the contours of a band 
was first to find the contours for the developed surface 
shown in Fig. 5. These contours were obtained by interpola- 
tion between the various lines on the surface, for which 
the energy as a function of k is known. The contours inside 
the pyramid bounded by the surface of Fig. 5 were ob- 
tained by interpolation from the contours on the surface. 
We have previously mentioned the possibility of the wave 
function in a band changing discontinuously at a point of 
degeneracy, with a corresponding peculiarity in the shape 
of the contour. This would seem to militate against results 
obtained by interpolation, if many of these points of 
contact occur distributed throughout the Brillouin zone. 
Actually, however, Herring** in a study of the types of 
contacts possible, has shown that two bands can touch 
only along symmetry axes and planes.** In terms of our 
basic pyramid, this means that corners, or any other 
irregularities due to band contacts, will be confined to 
the surface of the pyramid only, the surface being com- 
posed entirely of symmetry planes. If by some method we 
can get the contours on the surface, including any ‘‘con- 
tact” irregularities, fairly accurately, we can interpolate 
the interior contours with confidence since none of these 
“contact” irregularities can occur in the interior. In ob- 
taining these surface contours, another property of the 
“contacts” found by Herring has been useful. He showed 
that in any symmetry axis or plane only E vs. k curves of 

35 In the language of group theory, all the states of one E vs. k curve 
for a particular direction feleas to the same irreducible representation 


of the group which leaves a & vector in that direction invariant. 
36 C. Herring, Phys. Rev, 52, 365 (1937). 
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different symmetries, belonging to different irreducible 
representations, can cross. For the symmetry planes con- 
stituting the surface of the pyramid, there are two sym- 
metry types—contours with wave functions odd under 
reflection and contours with wave functions even. Applied 
to these contours, Herring’s*’ result means that the only 
band contacts which can occur on the surface are due to 
the intersection of odd and even contours. (By even or odd 
contours we mean, of course, contours with wave functions 
having these symmetries.) Intersections between two sets 
of even contours or two sets of odd contours are for- 
bidden. These statements about the nature of band con- 
tacts in symmetry planes, apply only to such portions of 
the symmetry planes as are not symmetry axes. For the 
latter, there are more than two symmetry types and we 
can no longer speak of odd and even contours. Two sets 
of contours which are odd (even) in a plane, may belong 
to different irreducible representations of an axis and may 
intersect along the axis. This actually does occur in our 
case, both A; and A,’ are even in the 110 plane, but these 
intersections offer no difficulty, as we know the energy 
exactly for all the axes. The fact that for all other portions 
of the symmetry planes, only odd and even contours can 
intersect, gives us a method of determining the contours 
in these regions quite accurately, even to the corners 
occurring at the intersections. 

We can obtain all of the odd contours in the various 
planes from the solutions of equations given in I. For 
the even contours, similar equations could be found, but 
these would be so unwieldy that no attempt was made to 
use them. Instead, the even contours were interpolated 
from the known portions of these contours, that is, the 
E vs. k curves along the various axes. Since two sets of even 
contours cannot intersect, there is no problem of “‘contact”’ 
irregularities to vitiate interpolation methods. The lowest 
energy states along each axis belong to one set of contours, 
the next higher states to another set, etc. Having thus 
obtained both even and odd contours, we can determine 
the intersections of the two and apportion the various 
sections among the six bands according to their energy. 
With the contours on the surface of the basic pyramid 
known, the interior contours for each band can be found 
by interpolation. 

From these contours, we determine the number of states 
per unit of energy, n(£). In practice, it is easier to find 


37 One of the authors (M. I. C.) wishes to thank Dr. Herring for 
enlightening discussions about the results in his paper. 
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first the number of states with energy less than a particular 
energy E. n(E£) is then determined by numerical differenti- 
ation. For any band the number of states with energy less 
than E is proportional to the volume of that portion of 
the Brillouin zone contained within the surface of energy E. 
This surface may consist of two or more sheets if the energy 
does not vary monotonically within the band. To obtain 
approximately the volume contained within an energy 
surface, we proceed as follows: The basic pyramid of the 
Brillouin zone is cut by ten evenly-spaced planes parallel 
to the 100 plane. In each of these planes the area enclosed 
by the cross section of the energy surface was measured 


by a planimeter. From these areas, plotted as a function ° 


of the height above the 100 plane, another integration 
gives the volume inside the energy surface. 

In obtaining the contours, we have gone through the 
somewhat elaborate process of obtaining the odd and even 
contours in the symmetry planes separately, and then 
putting together pieces of each to obtain the contours of 
the individual bands. One could use the simpler, although 
theoretically less justifiable method of interpolating the 
contours of each band directly from the known energy 
states along the axis, that is, connect the lowest states 
along each axis by one set of contours for the lowest band, 
the next higher states by another set of contours for the 
next higher band, etc. As previously pointed out, such 
procedure tends to smooth out any irregularities in the 
bands. One cannot say a@ priori how important these 
irregularities will be and how seriously smoothing them 
out will affect the final results. Therefore, the more elabo- 
rate method which locates these contacts would seem to be 
preferable. We have also used the simpler method of 
interpolating each band directly. The resultant contours, 
of course, had no corners, but did resemble quite closely 
the contours found by the more accurate method. The 
change in the m(E) curves would be even smaller than in 
the contours. In general, the entire process of determining 
the n(£) curves turned out to be surprisingly insensitive 
to the assumed interpolations between known directions. 

Note added in proof:—The value of 27X10-*T for the 


low temperature electronic specific heat of Ta was taken- 


from a paper by Mott and Jones (reference 7). A closer 
examination of the data given by Daunt and Mendelssohn 
makes us believe that this value is higher than the data 
warrant and that for Ta the experimental uncertainties are 
considerably larger than for other elements measured by 
Daunt and Mendelssohn. 
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The spinor equations equivalent to the Proca equations 
for the meson are found. They differ from those proposed 
by Dirac in three ways: (1) They contain two symmetric 
spinors A,az, A2az and a spinor B4’g, whereas the Dirac 
ones contain only one symmetric spinor and the spinor 
BA's. (2) They are invariant under spin transformations 
corresponding to both proper and improper Lorentz trans- 
formations whereas the Dirac ones are invariant under 
the former alone. (3) When a field is present they contain 
terms which cannot be obtained from the equations for 
free particles by replacing the operator p, by p,—e¢,/c as 
was proposed by Dirac. In case there is no field present the 
equations can be solved by introducing two pairs of simple 


spinors (¥4, ¢4) and (x4, 74) each of which satisfies a 
Dirac equation for a free particle of spin one-half. It is 
proposed to interpet each pair of spinors as representing 
a free particle of mass m, and mz, respectively. With this 
interpretation it follows that a free particle of mass m and 
spin one satisfying the Proca equations is equivalent to a 
pair of particles of masses m, and mz satisfying the Dirac 
equations in the following sense: If the three particles of 
masses m, m, and m;, are in states determined by the energy 
momentum vectors ~,, Py, and py», respectively and if 
m0, then piy=m.i/mp, and py»=m2/mp,, m=m,+mz; 
and the spin of the Proca particle is the vector sum of the 
spins of the two Dirac particles. 





N another paper,’ the two component spinor 

formalism was used to obtain the tensor 
equations equivalent to the spinor equations 
proposed by Dirac? for a particle of spin one. 
These equations were shown to differ from those 
proposed by Proca.* In this paper we use the 
method and notation of T. E. and obtain the 
spinor equations equivalent to the Proca equa- 
tions. In case there is no field present, the spinor 
equations are solved by using two pairs of simple 
spinors which satisfy Dirac equations for par- 
ticles of spin one-half for particles of mass m, 
and mz. 

In the appendix we give a list of formulas 
taken from T. E. and used in this paper together 
with a brief summary of the notation. The 
numbering of the formulas given there is the 
same as that of T. E. 


1. SPINOR EQUATIONS EQUIVALENT TO THE 
ProcA EQUATIONS 


The Proca equations for a meson, a particle of 
mass m, spin one and charge e in an electromag- 
netic field described by a vector potential ¢, are 


ee ed on) U, -(- ~~ ..)u » (1A) 
Ox" Ox” hic 


1A, H. H. Taub, ‘‘Tensor Equations Equivalent to the 
Dirac Equations."’ (To appear in Ann. of Math.; referred 
to Law clorth as T. E.) 
. M. Dirac, Proc. Roy. Soc. A155, 447 (1936). 
3 A Prove, J. de ‘phys. et ne 7, 347 (1936). 








QO te 
( ~~, )Gn = KUM, v=1,2,3,4), (1.2) 
Ox” hc 


where 


K=mc/h, (1.3) 


cis the velocity of light and / is Planck’s constant 
divided by 27 and we have used the summation 
convention. We have used the tensor g” to 
raise indices. In a preferred coordinate system 
g*"=0 unless n=v and then —g!!=—g**= —g* 
=gt=1, 

From Eqs. (1.2) it follows that 


Qo te 1e 
K ———v) U+ = ——-G’F,,, (1.4) 
Ox" hic 2hc 


where 
F,,=09,/dx* —dg,/dx" (1.5) 


and is the antisymmetric tensor describing the 
electromagnetic field. 
We define the dual of an antisymmetric tensor 


by 
Gtr = hg ewrerG,,, (1.6) 


where g! is the square root of the determinant of 
gy and is +(—1)! in a preferred coordinate 
system and e*’** is zero unless all the indices are 
different. In that case it is +1 if uvor is an even 
permutation of 1234 and —1 if wvor is an odd 
permutation of 1234. It may be readily verified 
that the process of raising and lowering indices 
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by means of g,,and g*” commutes with the process 
of taking the dual. Under a transformation with 
positive determinant G' transforms as an anti- 
symmetric tensor whereas under a transforma- 
tion with a negative determinant it transforms 
as follows: 
Ox"* Ax’* 
Gter* a —Grr— ——— 
Ox’ Ox™ 


From Eq. (1.1) and (1.6) it follows that 





Oo te 1€ 
( —~¢,)Gm= ——U,Fr+', (1.7) 
Ox” he he 


In case there is no field present, this equation 


becomes 
OGt»” /dx’ =0, 


which is the same as 
OGy» OG,, IAG, 
+ + 


ox? Ox" Ox” 





=0, p#xuxv. 


This equation in turn is the necessary and suf- 
ficient condition that G,, be expressible in the 


form: 
G,»=0U,/dx* —dU,/dx’. 


The one-to-one correspondence between four 
dimensional vectors and spinors of the form 
Bap may be used to express the vector U, 
in spinor form. This is done by using the spinor 
g’a'p.* Then it follows that 


U, = 2g,4'nB4'8 (1.8) 
and B°’? is uniquely determined by the equations 
B4'8 =1U*g,4’8, (1.9) 


The tensor G,, may be expressed in spinor form 
by using the one-to-one correspondence between 
self-dual antisymmetric tensors and symmetric 
second order spinors given by Laporte and 
Uhlenbeck.*® This correspondence is readily ex- 
pressed by means of the spinor S’’4z as follows® 


3 (Gur t+Gt wr) = SwaBbA 148. (1.10) 


‘The one-to-one nature of the correspondence follows 
from Eqs. (1.15) and (1.16) of the appendix. We shall 
use the convention that Greek indices take on the values 
1 to 4 and capital Latin indices the values 1 and 2. 

5 Laporte and Uhlenbeck, Phys. Rev. 37, 1380 (1931). 

6 See appendix and §1 of T. E. The one-to-one nature of 
this correspondence follows from Eqs. (1.20) and (1.26) of 
the appendix. 
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There is another self-dual tensor associated with 
the tensor G,,, and it determines another sym- 
metric spinor by the equations 


3 (Gye t (Gu)t) =Swrando?. 
It may be verified from Eq. (1.6) that 
(G,,)t= —complex conjugate of Gt,,. 
Hence we have 
(Gy —Gty) =S,yanAo*?, (1.11) 
Gy = Swab 42 +8,,.nA24® 
Gt» =SyapA142—S,apAo4®. (1.12) 


or 


and 


From Eq. (1.20) of T. E. it follows that the 
equations determining A,*7 and A.“ are 


AMP = 36(GyetGty)S42 = 1G yySHAB, (1.13) 
A,A8= Fs (Gur — Gt yy) S048 = 1G,,8*48, (1.14) 


since S#’48 is self-dual. 

We shall now obtain the spinor form of the 
Proca equations. Substituting Eqs. (1.10) into 
the sum of (1.2) and (1.7), multiplying by g,°’? 
and using Eq. (1.22) of T. E., we obtain 





0 te 1€ 
eel ~~») A {oF = —KB4'84— (4's, 
Ox” he he (1.15) 


where 
CO'D = 1 FterU,g,°'2. (1.16) 
Similarly it follows that 
ie 


Qo te . 
a ( ra ie —KBeB’c_—_ce'c. 
Ox” he he (1.17) 





By substituting from Eqs. (1.1) and (1.8) in 
Eq. (1.12) and again using T. E. (1.22) we obtain 





Qo 
( ~~) (g’4’pBarct+g"4’cBa's) =2KA icp. 
Ox” hic 


But 
Qo te , : 
— ~~) (g’4’ cBarp —g’4' pBarc) = peco, 
Ox” he 
where €;2= — €2:= 1 and all other components are 


zero, since the left member is antisymmetric in 





— ih a 





ith 


m- 


he 


3) 
4) 


1e 


to 
'D 
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C and D and there is only one antisymmetric 
second order spinor, namely ecp. Multiplying 
both sides by «©? and summing, we have 


Qo te 
»~( ~~ ex)! PBap 
Ox” hic 


0 te 1€ 
-3( ~~ ve) _— G”’ Fy. 

















Ox” hc 4Khc 
Hence 
Oo te 
grA of ~~ ¢,) Barc 
Ox” hc 
1€ 
=KAice— G”’ F,,€xc. (1.18) 
8Kihc 


Similarly we may obtain 


Qo te 
g’®'p ~~ 9) Bus 
Ox” hic 


1e 





=KAsap 3 G”’Fy,épa. (1.19) 


c 

Equations (1.15), (1.17), (1.18), and (1.19) 
are equivalent to (1.1) and (1.2) since the latter 
may be obtained from the former in the same 
manner as the tensor equations equivalent to the 
Dirac equations for a free particle of spin one, 
namely 


0 
g’4’ sy —ABC = —KBA’C, (1.20) 

Ox” 

: re 
g’A ea (1.21) 

ae” 


were obtained (see T. E. §4). 

Kemmer’ has stated that the tensor form of 
Eqs. (1.20) and (1.21) is not unique and has 
written two sets of tensor equations for the 
tensor form of Eqs. (1.20) and (1.21). One of 
these is the set of Proca equations. From the 
results given above we see that a unique set of 
spinor equations different from (1.20) and (1.21) 
are equivalent to the Proca equations. Moreover, 
in T. E. it has been shown that the tensor equa- 


7 Kemmer, Proc. Roy. Soc. A166, 134 (1937). 





tions equivalent to (1.20) and (1.21) differ from 
the Proca equations unless U, is real. If, however, 
U, and G,, are real and no field is present then 
A,48=A,48, Baz is Hermitian and Eqs. (1.15), 
(1.17), (1.18) and (1.19) become identical with 
Eqs. (1.20) and (1.21) and the complex con- 
jugates of the latter two. 

Kemmer ascribes the ambiguity of tensor 
forms for a set of spinor equations to the fact 
that “In the spinor notation no specification of 
the transformation of the wave functions for the 
reflexions of the coordinate system is implied.” 
However, the isomorphism between Lorentz 
transformations on the variables x’ and the 
group of linear and antilinear geometric trans- 
formations® in the spin space is such that linear 
transformations of the form 


g4 = PApy® (1.22) 


correspond to proper Lorentz transformations 
(those of determinant +1) and antilinear trans- 
formations of the form 


4 = PA’ py® (1.23) 


correspond to improper Lorentz transformations 
(those of determinant —1). An example of a 
transformation of the type (1.23) is the trans- 
formation 


g4=y4 (1.24) 


and it corresponds to the improper Lorentz 
transformation 


si*=z!) gaz? 2% = —x? 


and 
x** = x4, (1.25) 


as may be verified from the values of the com- 
ponents of the spinor g*4’s, in the particular 
coordinate system given in the appendix and the 
statement of the isormorphism theorem given 
there. 

The numerical invariance of the coefficients 
g*4’, in Eqs. (1.15), (1.17), (1.18) and (1.19) 
under arbitrary Lorentz transformations on the 


8A geometric transformation is a permutation of the 
points of a space in contrast to a coordinate transformation 
which is a renaming of the points. See §2 of T. E. and also 
B. L. Van der Waerden, Die Gruppen Theoretischen 
Methode in der Quantenmechanik (J. Springer, Berlin, 
1932) p. 83. 
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variables x’, provided we replace Aias, Aoap 
and B4’s; by suitable linear combinations, may 
be proved by the same method used in T. E. §2 
for the Dirac equations for a particle of spin 
one half. We shall give a different proof here in 
detail so as to compare these equations to (1.20) 
and (1.21). 

Since both sets of equations are spinor equa- 
tions, they are invariant in form under arbitrary 
constant spin coordinate transformations. Fur- 
thermore, linear transformations of the form 
(1.22) behave formally as coordinate transforma- 
tions. Hence both sets of equations retain their 
form if we perform a transformation of the type 
(1.22). If we now make a proper Lorentz trans- 
formation on the variables x’, this will induce 
a transformation on the g’4’z, but this can be 
compensated for by a transformation of the type 
(1.22) which will leave the equations in the same 
form and they will have the same numerical 
coefficients g?4’,. 

In order to prove the numerical invariance of 
the coefficient g*4’z in Eqs. (1.15), (1.17), (1.18) 
and (1.19) under improper Lorentz transfor- 
mations it is sufficient to prove it for the Lorentz 
transformation (1.25) since every other improper 
Lorentz transformation may be written as a 
product of (1.25) and a proper one. From the 
values given for the spinor g*4’, in the appendix 
it may be readily verified that 


aa ( 0 1e ) - -( rs] 1€ ‘) 
¥ B ———, ae 'B im. 
Ox’ hc Ox** he 


re) te 
=9°*'o( : ~~ +"), 
Ox** hc 


where x** and ¢,* are obtained from x’ and ¢, 
by using the transformation (1.25). 

If we perform the transformation (1.25) on 
the x’ and follow this by the transformation 











A 438A ,48* =A,43 
Ao42® 3 A,48*=A 48, 

(1.26) 
BA4'B_,BA'B* — BBA 


, , = , 
CA'B_,CA'B* — — (B’A 


it may be readily verified that Eqs. (1.15), (1.17), 
(1.18) and (1.19) remain numerically invariant. 


The spinors A,43*, A,43*, B4’3*, and C4’3* 
are the same linear combinations of the quan- 
tities G,,*, U,* and Fte*U,* as the original 
spinors were of the quantities G,,, U, and Fi U, 
as may be verified from Eqs. (1.9), (1.13) and 
(1.14) and the transformation law of the latter. 
It is in this sense that we say that the trans- 
formation (1.26) induced on the spinors by the 
transformation (1.25) or that (1.26) corresponds 
to (1.25) under the isomorphism between the 
Lorentz group and the anti-linear group in the 
spin space. 

It is readily seen that if we perform the trans- 
formation (1.25) on the x’ then Eqs. (1.20), 
(1.21) and their complex conjugates remain 
numerically invariant if we pérform the trans- 
formation 


ABC_,ABC*— ABC 
(1.27) 


BaA'Cc_,BA'c* — Ba'c. 


Under these transformations Eq. (1.20) goes 
into its complete conjugate as does (1.21). 
However, the transformation B4’°-+B4’¢ does 
not correspond to the transformation (1.25) 
unless B4’? is Hermitian, that is B4’?=B¥’4, 
Moreover, if one introduces an external field and 
modifies Eqs. (1.20) and (1.21) by replacing 
0/dx’ by (0/dx”)—(te/hc)yg, then the equations 
are not invariant for the sign of (ie/hc)¢, 
changes on taking the complex conjugate. 

The terms involving C°’? in Eqs. (1.15) and 
(1.17) and those involving G,,F*’ in Eqs. (1.17) 
and (1.18) show that it is not possible to obtain 
the spinor equations of the meson in a field 
from those of a free meson by replacing the 
operator 0/dx’ by the operator (0/dx”) — (ie/hc) ¢,, 
if this procedure is used for the tensor equations. 

Moreover, it can be shown that the tensor 
equations equivalent to the spinor equations ob- 
tained from (1.15), (1.17), (1.18) and (1.19) by 
dropping the terms in C°’s and G,,F* are (1.1) 
and (1.2) with the additional conditions that 


G,,F’=0, Fru, =0. 


The second of these cannot be satisfied for arbi- 
trary electromagnetic fields since we must have 
the determinant of Ft«" zero if U, is to be dif- 
ferent from zero. This implies F,,Ft’=0 or 
E-H=0. 
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Fierz® in dealing with the equations for a free 
particle of arbitrary spin imposes certain linear 
and divergence conditions on the components of 
the wave functions describing the particle. 
These conditions would be violated if one went 
to the equations for a particle in a field from the 
equations of the free particle by replacing the 
operator 0/dx” by the operator (0/dx”) — (ie/hc) ¢, 
as was proposed by Dirac. We note that the 
terms C®’© and G,,F*” which make this impos- 
sible for the meson are not zero because the 
divergence of U” and Gt» are not zero. 

The real antisymmetric tensor F,, determines 
a single symmetric spinor by the equations 


Fan= tS wa BF’, 
The inverse of this equation is 
Fie= Fs BSor4B + F 4380742. 


We may write C°’s and G,,F” in terms of the 
spinor F4z thus 
Carr=2[Pa°Borr—BarcF’r] (1.28) 


and -. 
GF” =8[A 148 F4p+A248P ap). (1.29) 


2. ¢=0 


In case there is no external field present, (i.e.) 
¢=0, Eqs. (1.14), (1.16), (1.17) and (1.18) 
become 


g’4'BA pp, >= KB*4'p, (2.1) 
g’a'pB4'c,,= —KAicp, (2.2) 
g’4’BA opp, »>=K Bp, (2.3) 
g’apBo4*, »= —KAzen, (2.4) 

where 
d, ,=0d/dx". (2.5) 


These equations admit solutions of the form 
Aisp=Atan() exp (tp.x"/h), 
Aosp=Aoap(—p) exp (—ipex’/h), (2.6) 
BA’ y= B4’p(p) exp (ipex*/h), 


where Aias(p), Asas(—p) and B4’s(p) are 
constants, if and only if 


Pop? =mic?. (2.7) 


9M. Fierz, Helv. Phys. Acta, 12, 3-37 (1939). ° 





We may choose Ai4za(p) arbitrarily and then 
Eqs. (2.1) and (2.4) determine B4’,(p) and 
Aean(—p); these will satisfy (2.2) and (2.4) 
when (2.7) holds. Since Ai4a(p) is symmetric, 
there are three possible linearly independent 
choices for it. Thus, for each set of p, which 
satisfy (2.7) there exist three linearly inde- 
pendent solutions which correspond to the three 
different orientations of spin. 

From Eq. (2.2) and also from (2.4) we obtain 
by multiplying by «©? and summing 


pg’ s'pBA'®(p) =0, (2.8) 
which corresponds to the equation 
p,U*(p) =0, 
where we have written 
U,= U,(p) exp (ip.x*/h). 


From Eggs. (2.2), (2.4), (2.7) and T. E. (1.14) 
we obtain 


A cp(p)A1©?(p) = Azcn(— p) A2™(— p) 
= —Berp(p)Be'?(p). (2.9) 


From Eggs. (1.8), (1.9), and T. E. (1.20), it fol- 
lows that the first of these is equivalent to the 
statement that 


Gy(p)G'(p) =0. 


This equation is satisfied for solutions of the 
type (2.6) since 


Gy»(p) = (i/mc)(p,.U(b) — p.U,()).- 
The second of Eqs. (2.9) states 
Gy,(p)G"’(p) =-2 U*(p) U,(p). 


Since Aj4z is a symmetric second order matrix, 
it may be written in the form 


Ayap=Waxst+xa¥es- (2.10) 


The spinors ¥4 and xz are determined up to a 
factor by the equations 


Aiapy® =pWa, Arasx® = — pxa.- 
From Eq. (2.10) it follows that 
2| Asap] =A1spA 148 = —2(y4xa4)?. (2.11) 
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In what follows we shall require |Ai4,| #0, 
then (¥4x4)#0 and hence Wa and xa are two 
linearly independent spinors. 

We may now define two other spinors ¢4 and 
n“ by the equation 


BA’p=4xat+iyes, (2.12) 
that is, 
(¥4x4) 04 =BA py?, —(Y4x4) 94 = BA’ ax? 


Eq. (2.4) may now be used to express Aeagz in 
terms of the four spinors ¥“, x4, ¢4 and 4. 
The set of Eqs. (2.1) to (2.4) may be used to 
determine equations for the four simple spinors ; 
however, the equations thus obtained are not 
linear. We will now show that by taking ¥4, ¢4 
and x4, 74 as plane wave solutions of the Dirac 
equation for a particle of spin one-half and of 
masses m, and mz respectively we can obtain a 
solution of Eqs. (2.1) to (2.4) of the form (2.6). 
Let 


v4 =y4(p1) exp (tpiex"/h), 
x4 = x4(p2) exp (tp20x"/h), 
g4 = y4(— pi) exp (—ipisx?/h), 
n4 =14(— pe) exp (—tprox?/h). 


Then, if (y4, o4) and (x4, n*) are to represent 
free particles of spin one half and of masses m, 
and mz, respectively, we must have the Dirac 
equations satisfied, that is 


g’*’ Bo Wp(pi) = —imicg4*(— pi), 
g’apPwO4 (— pi) =imicyn(hi), 
g’4'Bb2,xB(p2) = —tm2cH°(— p2), 


2’ DPawh4(— p2) =imecxp(p2), 
with 


(2.13) 


(2.14) 


(2.15) 


Puhr =m;"c?, Popo” =m2°c’. (2.16) 


In order that |Ai4z| #0, we must impose the 
condition 


V4 (pi) xa(pi) £0. (2.17) 


Substituting Eqs. (2.13) in (2.10) and (2.12) 
and these in turn into (2.1) and (2.2) we obtain 


g’°' Pb, (W(p1)xv(p2) +xa(h2)¥n(p1)) 
= —imc(g°(—p1)xv(b2) +4°( — p2)¥(p1)), 


TAUB 


8’ pb (O4(— pi)xc(b2) + 14 (— p2)¥e(P1)) 
=imce(vn(b1)xc(b2) +xv(h2)¥c(p:)), 
where 
Py=Pwt pr. (2.18) 


In virtue of (2.17) and the fact that Wpgy? 
= xsx®=0, these equations may be written, in 
an equivalent form as 


g’*’2 pW (pi) = —imcg*(— pi), 
g’a'ppvo4(— pi) =imceypp(hr), 

g’*’® b,x B(b2) = —imcyA(— pr), 

2’ spp q*(— po) =imcxp(pe). 


(2.19) 
and 


(2.20) 


We may therefore obtain solutions of Eqs. 
(2.1) and (2.2) provided we can choose such 
solutions of (2.14) and (2.15) which satisfy (2.19) 
and (2.20). We must now determine under what 
conditions Eqs. (2.14) and (2.19) and (2.15) and 
(2.20) are consistent. 

Multiplying the first of Eqs. (2.14) by m and 
the first of (2.19) by m, and subtracting we have 
as a necessary condition for consistency of these 
two equations 


g’4’B (mpi, —mipy)Wa(p1) = 9, (2.21) 
and similarly we obtain 
g’4'3(mp2,—mep,)xe(p2)=0. = (2.22) 


as a necessary condition for the consistency of 
(2.15) and (2.20). In case m, m,, and mz are dif- 
ferent from zero, Eqs. (2.21) and (2.22) are 
sufficient conditions for the consistency of Eqs. 
(2.14) and (2.19) and (2.15) and (2.20), respec- 
tively. This follows from the fact that a general 
solution of (2.14) is obtained by choosing Wa(p1) 
arbitrarily and then determining $°(— 1) by 
the first of Eqs. (2.14). Because of the first of 
Eqs. (2.16) this choice of °(—:) will satisfy 
the second of (2.14). The same holds for Eqs. 
(2.19) provided p°p,=m’*c*. If then we choose 
¥a(p1) so that it satisfies (2.21) then $°(—p1) 
determined by the first of Eqs. (2.14) will be 
the same as the °(—;) determined by the first 
of Eqs. (2.19). 

Equations (2.21) will admit non-zero solutions 
if and only if the determinant of g’°’(mp,, —mp,) 
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vanishes, that is, 

(mpy,—mip,)(mpy —m,p") =0. (2.23) 
Similarly from Eq. (2.22) we must have 

(mp2 —me2p,) (mp2 —me2p’”)=0. (2.24) 


From Eqs. (2.16) and (2.18), Eqs. (2.23) and 
(2.24) become 


(m, —m)*m,c?+mym22c?+2(m,—m) pipe” == ( 
and 
(m2—m)?meoc? + mem 2c? + 2(m2—m) ppo” =0. 


On equating the two values of p1,)2” thus ob- 
tained we get the following relation between the 
three masses m, m,, and mz: 


((m—mz2)?+m,*)m2 ((m—m,)*+m2?)m, 





= ’ 


m—mMe m—m, 
which is satisfied if 
m=0, m,=m2, Or m=m,+me2 (2.25) 


Equation (2.17) cannot be satisfied in case 
m=0 for then Eqs. (2.19) and (2.20) admit only 
one independent solution when p,#0. In case 
m,=mz the condition ~,p’=m*c? implies that 
m=2m,. Hence this case is a special case of 
m=m,+mb2. 

We, therefore, discuss the case m=m,+mp. 
If m has this value, then 


Dupo’ =mym2c° 
and hence 
bp’ = (mi+me)*c? =m?*c*, 
In this case Eqs. (2.21) and (2.22) become 
g’4’B (map — mip») Wa(p1) =0, 
g’'? (map —mipe)xa(p2) = 0. 


But these equations do not admit two linearly 
independent solutions which we must have in 
view of Eqs. (2.17), unless the coefficients are 
identically zero. That is, as a consequence of 
(2.17) we must have 


Mop = Mi poy 


hence 


Pu=m/mp, and px,=m2/mp,. (2.26) 





If we now substitute Eqs. (2.13) in (2.12) and 
the latter in (2.4) we obtain 


Arco = (¢e(—p1)nv(— p2) 
+ ¢p(—p:)nv(—p2)) exp (—ip,x’/h), (2.27) 


and using this value of Aecp we find that Eq. 
(2.3) is satisfied. Hence, we see that we may 
obtain solutions of Eqs. (2.1), to (2.4) of the 
form of (2.6) where 


Aian(p) =Wa(Pi)xB(p2) +xa(p2)¥a(p1), 


Ba: ( y= 4(— 1) a( 2) 
eT IN OO eet), (220 


Aeas(—p) = ¢a(—pi)ne(— po) 
+ ¢n(—pi)na(— ps), 


the spinors (Wa(pi), ¢ga(—pi)) represent a par- 
ticle of spin one-half and mass m, and the spinors 
(xa(p2), na(—pe)) represent a particle of spin 
one half and mass me, and Eqs. (2.18) and (2.26) 
hold between the momentum energy vectors of 
the three particles. Conversely, any solution of 
Eqs. (2.1) to (2.4) of the form (2.6) can be 
written in the form (2.28) and if we define m, 
and mz by Eqs. (2.26) then the spinors (Wa, ¢a) 
and (xa, a) represent particles of spin one-half, 
masses m, and mz which satisfy the Dirac equa- 
tion. 

The spin of the Proca particle is determined by 
the values assigned to the constant spinor A,42(p) 
whereas the spins of the two Dirac particles are 
determined by the values assigned to the two 
constant spinors Wa(pi) and xa(p2). The first of 
Eqs. (2.28) then relates the spin of the Proca 
particle to the spins of the two Dirac particles. 
It states that the spin of the Proca particle is 
the vector sum of the spins of the two Dirac 
particles. This may be seen as follows: 


aif a 


Then a, and }; are the values taken on by || Wa|| 
and ||xa!|, respectively, when in the rest coor- 
dinate system (where pi = pii= P21 =0 (¢=1, 2, 3)) 
the x component of the spins of both Dirac par- 
ticles are positive and dz and db: are the values 
of these quantities when the x component of the 


b,=a,\= 
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spins of both Dirac particles are negative. The 
general state of spin for the Dirac particle of 
mass m, is given when 


\| val] =Yiadit pear 


and the general state of spin for the Dirac par- 
ticle of mass mz is given when 


I| xa! = x1b1+ xabe. 


If the spins of these two particles are to be com- 
pounded to give a spin one, we must take the 
symmetric product of these two spin functions. 
Let A,:=||Ai4z\|| represent the spin function of 
the state with spin one, then we must have 


Ai = (Wii t+ W202) (x1b1+ x2b2) 
+ (x1@i+ X22) (Wibit Y2b2) 


or 
Ai =2WiWi Vit (Wox2t x12) Vot2vex2V—1, 


where 


Vi=a1b}, Vo=aibet+ae2b1, V_1=aebe. 

But any symmetric matrix may be written as 
1 0 0 1 0 0 

Ai=An +A +Ax2e . 
0 0 1 0 0 1 





























The two expressions for the matrix A; become 
identical by setting 




















1 O 0 1 
Y= . =41b,, Vo= =1b2+d2hi, 
0 0 
V.4i= = Abe 
0 1 














and making use of the first of Eqs. (2.28). Hence 
it follows that the spin of the Proca particle is 
the vector sum of the spins of the two Dirac 


particles and that if 
0 0 1 
) lAsell- 
0 1 0 


oa 


then in the rest coordinate system the x com- 
ponent of the spin of the Proca particle is posi- 
tive, zero or negative, respectively. 


|A sal 
1AB\| — 0 








or |A 148]| = 


’ 
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The use of the spinor formalism will be illus- 
trated by seeing how it is possible to form three 
linear combinations of the components of the 
wave functions for the state of spin one which 
under space rotations transform as a vector. That 
this is possible is well known. From the values 
given for the components of the spinor ||.S,,4|| 
it follows that 


3 (Gis +Gtis) = — (i/2) (Gos +Gtes) 
=A yapSi448 = —2(Yixet+vex1) = —2A 12, 


3(Gos+Grto4) a (/2)(Gis+Ghis) =A 14BS2448 
= 2(Wexe—¥ix1) =Axn—An, 


3(Gs4+Gts4) = (¢/2) (Gia +Gti2) =A 1a BS3447 
= — 2i(Woxe+¥ix1) = —i(Ai+A19). 


Since G,, is an antisymmetric tensor it follows 
that the left members of these equations trans- 
form as vectors under space rotations and hence 
the right members do. 

The wave function components for a free 
particle of rest mass m which satisfies Proca’s 
equations and is in a state described by the 
energy-momentum vector p, have been expressed 
as products of wave functions of two particles of 
spin one half of rest masses m; and mz, satisfying 
Dirac’s equations for such particles and having 
definite energy momentum vectors p1, and py, 
respectively. The correlation between the wave 
functions is such that (a) p,=py+tpy; (0) 
m=m,+mz2; (c) the spin of the Proca particle 
is the sum of the spins of the Dirac particles. 
In the above sense of additivity of rest masses, 
energy momentum vectors and spins, the Proca 
particle is seen to be equivalent to the two 
Dirac particles correlated to it. 

If the Proca particle is charged one of the 
Dirac particles must be charged and it may be 
interpreted as the electron. In this case the other 
Dirac particle is neutral and of rest mass equal 
to the difference between the rest mass of the 
Proca particle and the rest mass of the electron. 

The argument given here holds in case m, or 
mz is zero. In this case Eqs. (2.26) hold. It 
follows then that if a Proca particle is equivalent 
to a pair of particles of spin one-half, one of which 
is a neutrino, then the rest mass of the other 
particle is equal to the rest mass of the Proca 
particle. 
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3. THE Four-COMPONENT FORMALISM 


The results given above may be formulated in 
terms of four component spinors. In order to do 
this we go from the two component spinor 
formalism to the four component formalism in 
the manner given in the notes of a seminar or 
spinors conducted by O. Veblen.” A four com- 
ponent spinor which satisfies the equation 


v°PoP=mch (3.1) 


may be constructed from two two component 
spinors Wa, ¢a which satisfy equations of the 
type (2.14) as follows: 


! v1 || 
? Yo 
o=||e=|| =("", @=1,2,3,4). (3.2) 
3 g! 
4 2 


























It may be readily verified that Eqs. (3.1) are 
another equivalent form of (2.14) with 


0 —1||9%4B|| 
| 0 


o— 


(3.3) 

















t||g°4"? 
From Eq. (1.3) of the appendix it follows that 
B(y°y' +y'7") =2"""1, (3.4) 


where 1 is the four dimensional identity matrix. 
From Eq. (3.3) and (1.17) of the appendix we 
see that 


y= (yy —-Y'Y’) 








—_ || S¢74 ¢|| 
= . (3.5) 
0 |S*74¢| 
Let ; 
¥s= —ty'y*7*74, (3.6) 


then in the coordinate system used here we have 




















1 0O 
5 haa (3.7) 
0 -1 
and hence in this coordinate system 
0 —1||9’4"s|| 
ver = — (3.8) 
—i||g’4 B | 0 











1°Q. Veblen and J. V. Neumann, ‘‘Geometry of Complex 
ee,” Princeton mimeographed notes (1935-36), p. 
~28. 





The sixteen matrices y’, y°’, ysy’, Ys, and 1 
are linearly independent and form a bais for all 
four rowed matrices as is well known. The anti- 
symmetric matrix B which may be used to raise 
and lower four component spin indices is in this 
coordinate system™ 


















































0 «0 0 
—i 0 0 0 
Ba 
000 -i 
00 2 0 
i|| «49 || 
= (3.9) 
0 —i|| €a-p’|| 
From the above we have 
s 4|| S774 || G3 to) 
wy" = . 
0 i||S*",8|| 
“ 0 lae*’s| 
- all 
Bysy’= 
— ||g%a-8 || 0 
0 a oAt 
| 8 Wel say 
— ||9°4" || 0 














Consider now the symmetric second-order 
spinor where 


A%=h +p (a,b=1, 2, 3,4), (3.12) 


where #* is given by Eqs. (3.2) and W* is the 
four component spinor formed from xa, 74 in a 
similar manner. Then if Eqs. (2.28) hold we have 


|Aias|| ||B4’s||’ 
\|B4’s|| || Ae? || 
(a, b=1,2,3,4, A, B=1,2), (3.13) 


A=||A®||= 














where the prime denotes the transposed matrix. 
Hence 
—i trace (Bysy°"A) 

=(S7rABA raptS°'4pA24*) =G*" 


in virtue of Eqs. (1.12). This may be written as 
Gt= —i(Brysy"")wA” 
= —2i(Bysy")ab*¥. (3.14) 


"See W. Pauli, Zeeman Verhandlingen (Nijhoff, 1935), 
p. 41, and also O. Veblen, Proc. Nat. Acad. Sci. 19, 979-989 
(1933). 
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Similarly it follows that 
—trace (Bysy’A) = 2974’ pB?’. 
= —2g°P'4By, 4 = —U? 
in virtue of Eqs. (1.8). This may be written as 
U* = (Bysy’) aA” =2(Brysy’) aP°V’. (3.15) 


Eqs. (3.14) and (3.15) then express the wave 
functions of the Proca particle in terms of the 
two four-component spinors ®* and W* which 
represent each of the Dirac particles. These 
equations hold in any coordinate system. 


4. ASSOCIATED TENSOR QUANTITIES IN 
TERMS OF SPINORS 


In this section we will use the identities given 
in T. E. to express tensors involving G,, and U, 


in terms of the spinors Aias, Aegan, and Baz. 
From Eggs. (1.8), (1.9), T. E. (1.20) and T. E. 
(1.21) it follows that 


GG" =8(A14pA 148 +A24? Aca), 
GyG" =8(A 48 Avan t+A48 Aan), 
Gy Gt =8(A 148A 1ap—Ao*® Aca), 
G.Gt» =8(A 48 Aoap—A “8 Aran). 


(4.1) 


Where Eqs. (2.6) and (2.26) hold, we have 


A sap(p)A 144 (p) = —2(¥4 (p1) x (b2))? 
= —27;', 


Ba p(p)B4'®(p) = —2(4(— pi) Ha(—P2)) 


x (W4(p1)xa(h2))=—2T1'T2, (4.2) 
A2an(p)A243(p) = —2(¢4(—pi)na(—p2))? 
= —27,?. 
Eq. (2.9) is 
T= _ T. (4.3) 


This result could have been obtained directly 
from Eqs. (2.19) and (2.20). Eqs. (4.1) may be 
written as 


Gy»(p)G""(p) = — 3271’, 
Gy(p)G""(p) = —8(T3T1+ Ts), 
Gy»(p)Gt"(p) =0, 
G(p)Gt(p) = —8(T3T,—T3T,), 


(4.4) 





A. H. TAUB 


where 


T3= ga(—pi)¥4(p1), 
T4=14(—p2)x4(po). 


(4.5) 


The current vector associated with the Proca 
equations is 


ect be 
Su=— Gre U*—G,.U”). (4.6) 


Because of Eqs. (1.8), (1.12) and T. E. (1.22) 
this becomes 


4eci ‘ r 
er B(BrcAe©a —BarcA2©n 
1 


+Aip° Bers —Ays°Berg). (4.7) 


Where Eqs. (2.6) and (2.26) hold this becomes 
4ect ” a 
ee Ps) Jipt+(T3— Ts) Jo, 


+[2(Wnv)g,4’3(As¢n+Paxe)—C.C.]}, (4.8) 


where 
Jip=2° 2? Vobat+Scen), 
Joyp= n° 8 (Xcxet ficns) 


and J;, and Je, are the velocity vectors corre- 
sponding to the particles of masses m, and mz, 
respectively. In obtaining Eq. (4.8) we used the 
result 


xcey°= Viic, 


which follows from Eqs. (2.19) and (2.20). 
The Lagrangian function used by Proca is 


L=h'c?(4G,,G" + U°U,) (4.9) 
and it may be expressed as 
L= —4h?c*[4(hc) (Wmv) +TsT 4 
+737 .+2(TsTs+TsTs)]. (4.10) 


The stress energy tensor derived by Proca is 


T p= h?c?(G,,G", + G,.G", 
+ U, U,+ U,U,) —Zupl. (4.1 1) 








5) 


Ca 


2) 
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By using Eqs. (1.8), (2.6), (2.26), and T. E. 
(1.23) and (1.23a) we may write Eq. (4.11) as 


T up = hc? (8g up { (¥Ana) (V4 Ha) 
+(Tst+Ts)(Ti+Ts)}+U0,U, 
+U,U,—4{2(g,°' 4b cba) (g,°'4Xexa) 
+(g4°'AKcWa) (20° 4Pexa) 

+ (gu°'4Poxa) (0° 4XcWa) 
+terms obtained by replacing Wa 
by ga and x4 by 4}). (4.12) 


APPENDIX 


We denote by g’=||g74’z|| an element of a 


set of four matrices which satisfy 
4(6°s"+-2"e") = —g°"-1. (1.3) 


A solution of these equations is given by the 
matrices 














0 1 1 0 
—g’=g\= | 4 —g=g2= d 
1 0 0 —-1 
|—z O 
—s=8s= ; 
0 —1 
and 
iO —1 
asta (1.4) 
1 O 





Spin indices are manipulated by the spinors €4s 
and e48 where 


0 1 
ll ea n|| = || 44 || = (1.6) 
—1 0 
as follows: 
va=eany® (1.7) 
and 
A= eFAy p. (1.9) 


The following identities are satisfied by g,4": 
g?A' Bg 4p=26,", (1.15) 


g74'Bg orp = 2b¢:4' 5p*. (1.16) 





Let 
SortAc=3(ge? 48,80 — Br? Agenc), (1.17) 
then 
Ser“a =0 or SerAB= SerBA: (1.18) 


In the coordinate system in which Eqs. (1.4) 
hold we have 





























| 0 -1 -1 0 
|SsA || = , [Srx42|l= | 
-1 0 0 —1 
«a £6 —+ 0 
\| S244 || = » [| Sis44 = 
0 0 1 
-~i Oo 0 4 | 
|| Spa? || = , I Ses44 || = ; 
0 —1 i 0| 
The following identities hold : 
S748 S cp = 4(bc45p? + bp*ic*), (1.20) 
§-r4BS, op =0, (1.21) 
7° OS aB= — 64? g,°'p— 6p" 2,°'a, (1.22) 


So, BS1)° _ Ag. 4g’ pte" sg,)'B 
+g7°' pg Pate?’ g,°'a), (1.23) 

SPF Serap= —3Lbp?Srpa® t+ 5B Sepa” 

+64? Sipp® +6" 4Srpn” J 
+ gro 55642 +546p"], (1.23a) 
SHA BS 673.4 = — 20” or = 

—2( 5" oe +(1/g!) e”*grcBrr), (1-26) 
SHA pg°B' © = —1pr'9"4'c (1 .27) 


and 
£5"" pS*"8 oO = Mor"’2"4 Cc. (1.28) 


The isomorphism theorem between the Lorentz 
group on the variables x* and the anti-linear 
group in the spin space may be stated as follows: 

For every proper Lorentz transformation on 
the variables x’ there are exactly two unimodular 
matrices P=||P4g,|| and —P which satisfy 


g*= PgP-"L¢, (2.1) 


and for every improper Lorentz transformation 
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there are exactly two unimodular matrices 
P=||P4's|| and —P which satisfy 


g?=Pg'P-L*,=Pg'*P-'L-,, (2.2) 


where the prime denotes the transposed matrix. 
The last of these equations follows from the 
fact that 


g74'3 = geB'A 
and hence 
g°4's = 2° pr. 


When dealing with complex vectors in the space 
of the x’ the last form of Eq. (2.2) should be 
used. 
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An Improved Method of Making Permanent Electrets and Factors Which 
Affect Their Behavior 


WILFRED M. Goop anv J. D. STRANATHAN 
Department of Physics, University of Kansas, Lawrence, Kansas 
(Received July 24, 1939) 


A method is described for making strong, smooth, and 
uniform electrets. The study concerns both the mixing of 
the carnauba wax and rosin of which the electret is made, 
and the manner of cooling in the electric field. The electret 
was cooled in a heavy iron cylinder placed in an oil bath 
whose rate of cooling was controlled automatically. Elec- 
trets were made for which the time of cooling ranged from 
30 minutes to 10 days. Observations made on some 35 
electrets seem to justify the following conclusions: (1) Elec- 
tret behavior depends markedly upon details of preparation 
of the carnauba wax-rosin mixture. The time required for 
reversal of the electret’s charge is increased by mechanical 
mixing of the components, by heating to a high tempera- 
ture for a short time, or by heating to a somewhat lower 


ERMANENT electrets composed of carnauba 
wax and rosin acquire a final charge which is 

of sign opposite to that which one expects on the 
basis of an ionic or polar hypothesis; that is, 
the face of the electret adjacent to the positive 
electrode during the manufacturing process 
finally assumes a positive rather than a negative 
charge. Crumrine! and Gemant? have suggested 
that such behavior might be expected if one of 
the constituents of these electrets were piezo- 
electric. Some force mechanism would have to 
exist to produce the observed charge. This force 
might arise because of strains set up in the wax 
during cooling. If we accept this concept, then 
we might expect these strains, and hence the 
electret charge, to be affected by the rate at 
1K. Crumrine, Master’s Thesis, University of Kansas 


(1933). 
2 A. Gemant, Phil. Mag. 20, 929 (1935). 


temperature for a longer time. (2) Extending the cooling 
time in the electric field beyond a day produces little effect. 
Below this there exists a range of cooling times vital to 
the behavior of the electret. Those cooled in the open air 
in the customary manner reverse sign in a shorter time 
than do those cooled within the cylinder. X-ray photo- 
graphs show a structural difference between these. (3) 
Alignment of crystals, as judged from x-ray studies, has 
little to do with the final charge density attained by the 
electret. Many samples which are electrets show no align- 
ment. (4) The behavior of the carnauba wax-rosin electret 
is that of carnauba wax physically modified by the presence 
of the rosin. 


which the wax is cooled during manufacture of 
the electret. 

Preliminary to investigating how the charge on 
the electret is related to the manner in which 
the wax mixture is allowed to cool during 
manufacture, some effort has been directed 
towards a method of securing smoother, more 
uniform samples. Our experience has shown that 
the details of preparation have a greater effect 
upon the subsequent behavior of an electret 
than the literature would lead one to believe.’ 
Therefore, the purposes of this investigation 
were: (1) to devise a method of making smooth, 
uniform electrets; (2) to obtain information as 
to what effect the details of preparation have 
upon the behavior and structure of the electret; 


(3) to observe how the final charge on the electret 


3 J. V. Eguchi, Phil. Mag. 49, 181 (1925). 
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Fic. 1. C, heavy iron cylinder immersed in an oil bath; 
H, heater ; S, stirrer ; R, resistance thermometer ; L, leveling 
screws; E, upper electrode; G, glass tube; W, flexible 
wire supporting and making electrical contact with the 
upper electrode. 


and the rate at which this charge is acquired, 
depend upon the manner of cooling in the 
electric field. 


THE METHOD OF MANUFACTURE 


The behavior of permanent electrets has been 
shown to depend upon the kinds and relative 
amounts of materials in their composition.? The 
strength of the electric field in which they are 
cooled has also been shown to be significant.!: ? 
All electrets in the present study were composed 
of equal weights of rosin and carnauba wax, 
and were made with a field strength of approxi- 
mately 8000 volts per centimeter. To control 
the rate at which cooling took place in the 
electric field, an oil bath as shown in Fig. 1 was 
used. A resistance thermometer, bridge with 
continuously variable galvanometer contact, 
photo-cell, and relay system, made it possible 
to extend the time required for cooling to 24 
days. 

Tin seems most satisfactory as an electrode 
material; it showed less evidence of electro- 
chemical activity than other metals which were 
tried. The bottom electrode was a tinned pan; 
the top electrode was a solid tin disk, turned on 
a lathe, and polished with carbon tetrachloride 
and rouge. A new pan was used and the top 
electrode repolished, for each electret made. 


Since the melted wax wets the tin, it is possible, 
by counterbalancing the top electrode slightly 
in excess of its weight, to cause that part of the 
electret in contact with the electrode to be 
elevated. (See Fig. 1.) In this way the electret 
is left free to contract when it cools, without the 
inevitable cracking that occurs when the elec- 
trode is imbedded. The temperature of the oil 
bath was not allowed to exceed 90°C; at higher 
temperatures the tin showed evidence of chemical 
action. For the same reason the mixture was not 
poured into the tinned pans at temperatures 
above 90°. 

The oil bath was kept at 90° for twelve hours 
after lowering the top electrode onto the surface 
of the melted wax. This prolonged heating at 90° 
seemed to have no significant influence upon the 
behavior of the electret; it was found necessary 
to produce electrets having no air pockets in 
the surface next to the top electrode. The bath 
was allowed to cool to 75°C at a rate determined 
by surrounding temperatures. Below 75° the 
cooling time was controlled automatically; it 
could be made as long as 24 days. The electric 
field was applied automatically when the temper- 
ature dropped to 75°; if it were applied at 90° 
the resulting electret inevitably cracked at the 
periphery of the top electrode.‘ The electret was 
removed from the cylinder at or below 24°C. 
If it were removed at a temperature much 
higher, the top electrode would stick. The 
electrets were kept in the pans in which they 
were made. These pans were provided with lids 
of such design that the top face of the electret 
was shorted to the bottom face when the lid 
was closed. Avoiding the use of tin foil as an 
electrode leads to much smoother electret sur- 
faces; avoiding its use as a wrapper minimizes 
effects introduced by handling. An air-tight 
cabinet with dryer was used for storage. 


RESULTS AND CONCLUSIONS 


A series of electrets was made in which suc- 
cessive samples of the series were heated to 
successively higher temperatures during melting. 
As the carnauba wax and rosin going into a 
particular electret were melted together, the 

4 This cracking was peculiar in that it appeared to follow 


the fringing lines of electric force as they leave the edge of 
the upper electrode. It is not clear just what causes this. 
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Fic. 2. Showing the effect of the temperature maintained 
during mixing upon the subsequent behavior of the electret. 
The cooling time for each of these electrets was one day. 
A positive electrometer deflection indicates that the face 
of the electret bears a charge opposite in sign to that on 
the electrode adjacent it during manufacture. Although 
these observations were made without the use of a guard 
ring, further measurements with a guard ring showed the 
same relative behavior. The final charge density attained 
by these electrets is essentially the same as that attained 
by electrets made in the usual way. 


temperature of the melted portion was held at 
that temperature characterizing this given elec- 
tret until the last bit of solid carnauba wax or 
rosin had melted. The curves in Fig. 2 illustrate 
the effect of the temperature maintained during 
melting upon the subsequent behavior. There 
are two conclusions that can be drawn from 
these curves. First, all samples attain approxi- 
mately the same final surface density of charge; 
and second, the time required for reversal’ in 
sign of charge becomes less and less as the 
temperature maintained during melting is low- 
ered. Further investigation has revealed that 
the reversal time approaches a lower limit which 
is that characteristic of an electret.of pure 
carnauba wax. There is evidence that either 
prolonged heating or vigorous stirring of the 
wax at lower temperatures accomplishes to a 
lesser degree what is here accomplished by higher 
temperatures during the initial melting. These 
facts suggest that the subsequent behavior of 
the electret depends upon the thoroughness with 
which the components are mixed, and that 
heating contributes to this mixing. Chemical 
action may play a part, but x-ray evidence to be 
presented indicates that the effect is mainly 
one of physical mixing. 


* It appears that this time of reversal depends also upon 
the rosin, since electrets made from another batch had 
reversal times, when well mixed, of about 4 weeks instead 
of the 8 days shown in Fig. 2. 


GOOD AND J. D. 





STRANATHAN 


In order to study the way in which the 
characteristics of the electret depend upon the 
rate at which it is cooled in the electric field, 
it was necessary to adopt a standard method of 
preparing the wax which could be duplicated 
with sufficient accuracy to insure otherwise 
identical electrets. The wax was prepared by 
heating it at 135° for two hours. Constant 
moderate stirring assisted in establishing a 
uniform temperature throughout. Results having 
to do with the effect of the manner of cooling in 
the electric field will, for convenience, be classi- 
fied as follows: (a) those for electrets cooled in 
the iron cylinder, and, (b) those for electrets 
cooled in the open air. When cooled inside the 
iron cylinder the electrets are smooth, uniform, 
and strong. The two parallel faces are as smooth 
as the electrodes with which they were in contact. 
Samples of such electrets have been made for 
which the cooling times ranged from 30 minutes 
to 10 days. The shortest cooling time attainable 
by allowing the oil bath to cool normally was a 
little over a day. Electrets were made in 10 days, 
4 days, and 1 day without having to resort to 
rapid cooling schemes. These electrets yield 
rather consistent evidence that the time for 
reversal of charge becomes longer, and the final 
density of charge becomes smaller, as the time 
of cooling in the electric field is increased. The 
differences are so small, however, that they can 
scarcely be considered significant. A more per- 
ceptible trend of this character was evidenced 
by electrets which were cooled by cold oil added 
immediately after the hot oil had been drawn 
off at 75°C. These more rapidly cooled® electrets 
reversed in a shorter time, acquiring essentially 
the same final charge in a shorter time. If, on 
the other hand, one adds ice water instead of 
the cold oil, thereby reducing the total cooling 
time to 30 minutes, the samples do not become 
electrets at all. This was the only manner of 
cooling which did not yield an electret of some 
character. The three samples so made did not 
reverse during a 3}-month period after manu- 
facture; and they gave no indication that a 
reversal would ever take place. Finally, electrets 
cooled inside the iron cylinder require a much 


6 These electrets cooled from 75° to 37° in one hour. 
They remained in the cylinder approximately a day, until 
the oil bath had reached room temperature. 
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longer time to reverse their sign of charge than 
those cooled in the open air, using the same 
electrode system without the inclosing iron 
cylinder. Those cooled in the cylinder were free 
from cracks and strong; those cooled in air were 
full of cracks and easily broken. The authors 
see no reason why cooling in the cylinder and 
cooling in the open air should produce results so 
radically different, or why cooling the cylinder 
with ice water produces no permanent electret. 
The phenomena are no doubt connected with 
the temperature gradient within the cooling 
electret. Information regarding this might be 
obtained through use of thermocouples imbedded 
in the cooling wax. 

In addition to investigating the behavior of 
the charge on the electret, a simultaneous x-ray 
study was made by removing a small core from 
each one and examining the diffraction rings 
immediately after the electret’s manufacture 
and again after the reversal of charge had taken 
place. For the electrets composed of rosin and 
carnauba wax and cooled in the open air, results 
were obtained corroborating the work of Ewing.’ 
The present work, however, shows a diffuse 
ring inside those described by Ewing.’ By 
securing the diffraction patterns for pure car- 
nauba wax and for pure rosin, it was ascertained 
that the three sharp rings described previously 
belonged to carnauba wax, while the inner diffuse 
ring had a contribution from both rosin and 
carnauba wax. The fact that the diffraction 
patterns for the two component materials are 
not modified by thoroughly mixing the compo- 
nents, indicates the absence of a predominant 
chemical combination. A notable difference exists 
for all electrets cooled inside the cylinder in 
that they all show entirely uniform diffraction 
rings. This is true even for electrets of pure 
carnauba wax. Both types, the one showing 


7M. Ewing, Phys. Rev. 36, 378 (1930). 

§’ Ewing found three sharp rings, and found that for 
electrets all these rings varied in intensity in a simple 
symmetrical manner. 











Fic. 3. X-ray diffraction photograph of an electret of 
pure carnauba wax cooled in the open air. The x-ray beam 
was perpendicular to the previously applied electric field. 
This field was directed horizontally across the photograph. 


uniform diffraction rings, the other showing 
marked variations in intensity, make equally 
good electrets. Crystalline orientation seems to 
have no effect upon the final strength of an 
electret. Significant is the fact that when pure 
carnauba wax is cooled in the open air, the 
diffraction pattern indicates a more nearly com- 
plete alignment of crystals than does that of 
any other type of electret. (See Fig. 3.) The 
intensity distribution in the diffraction rings of 
one pure carnauba wax electret was found to 
change noticeably during a 5-month period; 
there was no observable change in electret 
behavior. 

The authors wish to express their appreciation 
of suggestions and criticisms offered by various 
members of the Department. Particularly, they 
wish to thank Professor C. V. Kent for his 
interest and aid in the x-ray study, and to 
acknowledge the benefit of some earlier un- 
published work done jointly by Dr. R. L. 
Dolecek and one of the authors. 
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A Note on the Hole Theory of Diffusion 


R. P. JOHNSON 
Research Laboratory, General Electric Company, Schenectady, New York 
(Received August 14, 1939) 


The activation energy Q, for diffusion in a dilute metallic 
solution cannot be less than the activation energy Qo for 
self-diffusion, if the solute atoms can move only through 


the medium of “holes” which diffuse to them from the 


solvent lattice, displace them, and leave in another direc- 
tion. Since the experiments show that generally Q, <Qo an 
alternative mechanism is required. Solute atoms which are 
not so firmly bound in the lattice as are solvent atoms will 
tend to trap holes to form solute-hole molecules. These 
molecules can move as units through the dense solvent 
lattice by cycles of inversion and re-orientation. This 


1. THE PROBLEM AND THE PROPOSED MIECHANISM 


Stiegman, Shockley and Nix! (SSN) decide 
from energy considerations that diffusion in 
dilute solid metallic solutions probably occurs 
through the medium of vacant lattice sites 
(“‘holes’’) rather than by simple interchange of 
position between pairs of atoms or by a process 
involving interstitial atoms. According to the 
hole theory the diffusion constant, they say, is 


D,=v8 exp [ —(UIo+-J,)/ RT] 
=A exp[—-Q,/RT], (1) 


where v is the frequency of the atomic vibrations 
and 6 is the lattice spacing; //), the energy re- 
quired for forming a hole in the solvent lattice, 
is of the order of the binding energy and J,, 
the activation energy for passage of a solute atom 
into an adjacent hole, is presumably considerably 
smaller. The data accumulated in Table II of 
SSN show that for a given solvent Q, has its 
greatest value (Qo) for self-diffusion and may be 
as low as Q/2 for other solute elements. They 
conclude: ‘If hole diffusion is the dominant 
process, the energy //) should be the same for a 
given solvent (the concentration of the solute in 
all cases is small) and therefore all changes in Q 
should come from J,. We are, therefore, forced 
to assume either that J, is at least as large as [/o 
and is very sensitive to the nature of the solute 
or that another process of diffusion is involved.”’ 


1 J. Stiegman, W. Shockley and F. C. Nix, Phys. Rev. 
56, 13 (1939). 


mechanism vields for the diffusion constant the value 
D=A* exp [—(W+S), RT], 


where IV is the energy required to form a hole adjacent toa 
solute atom, and Sis the activation energy for re-orientation 
or inversion of a solute-hole molecule. Q,(=1W+.S) may be 
much smaller than either Qo or the binding energy of the 
solvent. 1* should be significantly less than the correspond- 
ing A for self-diffusion. Both these predictions are in 
accord with the data. The same considerations should 


apply also to diffusion in liquids. 


Actually the matter is more desperate than 
SSN indicate. Eq. (1) gives correctly the dif- 
fusion constant for self-diffusion and for the 
diffusion of solutes for which J,>Jo, Jo being 
the activation energy for passage of a solvent 
atom into an adjacent hole. But to the cases of 
practical interest, where Q, <Q», Eq. (1) does not 
apply. Briefly, the diffusion of the solute atoms 
is finally limited by the rate at which holes 
diffuse to them from the hinterland of the 
solvent. Even if J,=0, D, should exceed Do only 
by a numerical factor of the order of the coordi- 
nation number, and Q, should be identical with 
Qy. This conclusion seems to be inevitable so long 
as diffusion of solute atoms is supposed to occur 
by means of holes which approach from the 
reaches of the solvent lattice, pass through 
solute atoms and displace them, and retreat in 
another direction. 

There is another mechanism of diffusion, in- 
volving holes, which avoids this impasse. If the 
binding between a solute atom and its neighbor- 
ing solvent atoms is less tight than the binding 
between neighboring solvent atoms, holes will 
appear preferentially in sites adjacent to solute 
atoms. Statistically the lattice will contain a 
certain concentration of solute-hole molecules; 
the fraction of the solute atoms instantaneously 
associated with holes to form diatomic molecules 
will be 


zexpl_—W/RT], 


where z is the coordination number and W is the 
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HOLE THEORY 


energy required for removing a solvent atom 
from a site adjacent to a solute atom. A solute- 
hole molecule can proceed amoeba-like through 
the lattice by cyclic changes in its orientation— 
that is, by cyclic rearrangements of the sur- 
rounding solvent atoms—without having to wait 
for an additional hole to diffuse to it from the 
solvent lattice. It is this random drift of solute- 
hole molecules which is proposed as the dominant 
process in the diffusion of solute atoms, in the 
cases where Q0,<@Q». This mechanism yields for 
the value of the diffusion constant 


D,=A* exp [—(W+S)/RT] 
=A* exp [—Q./RT], 


where S is the activation energy for passage of a 
solvent atom into an adjacent hole, when both 
the solvent atom and the hole are near neighbors 
of a solute atom. Neither of the two terms now 
composing Q, is directly related to Ho, Jo, or Jz 
defined above. It appears that Q, need not be 
restricted to a narrow range of values; it may be 
considerably smaller than either Q» or the 
binding energy of the solvent. A* should be 
smaller than the corresponding A. for self- 
diffusion by a factor which decreases expo- 
nentially with the number of moves a trapped 
hole must make to complete a cycle displacing 
the solute-hole molecule by one lattice-spacing. 
Some such trend appears in the A values in 
Table II of SSN: for Cu, A./A*>100; for Pb, 
A,/A* =12. The serious uncertainty of measured 
or calculated A values limits, of course, the 
worth of this apparent agreement. 

The arguments basic to these statements are 
presented in the following sections. 


2. DirFuSION CONSTANT FOR HOLES 


Consider a crystal containing NV, normal atoms 
a and N, holes 0. In equilibrium, when the free 
energy is a minimum, 


N./Na=f=exp [—Ho/RT]. 


Each hole occasionally moves a distance of one 
lattice-spacing p. Each such move is assumed 
independent of all preceding moves—this is true 
if the frequency n of moves by a particular hole 
is small in comparison with the frequency »v of 
the atomic vibrations. If Jo is the activation 
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energy for passage of a hole to an adjacent 


lattice site, 
n=v exp [—Jo/RT]. 


After n moves of a particular hole (which will on 
the average require unit time) the vector dis- 
placement? of the hole from its original position 
will be 


So= pi, 


each vector p; having one of the several possible 
directions. Forming the scalar product of each 
side by itself, and averaging over many holes 
each of which has made m moves: 
(So?) =(SPi-Pidwt(D VPs: Pi nw =np’*, 

” ix) 
the products ~;-p; being as often positive as 
negative. The expression mp’ is clearly identical, 
except for a numerical factor determined by the 
geometry, with the diffusion constant Do for 
holes in the diffusion equation 


No = DoV?No > 
that is, 
Dy=np*=vp? exp [—Jo/RT ]. 
This same device will be generally used here- 
after: an (.S*)y will be calculated and set identical 
with the corresponding diffusion constant D. 


3. CONSTANT OF SELF-DIFFUSION 


A move by a hole is obviously identical with 
a move (in the opposite sense) by an atom. Let 
a few of the a atoms be marked (for example, be 
made radioactive). The probability that a single 
move by a particular hole will also be a move of a 
particular marked atom is 1/N,. The total dis- 
placement S, of a particular marked atom from 
its original position, after the No holes in the 
crystal have made an average of m moves each, 
will be given by 


(S.)e=n—p? 
a )w=n—p*. 
a 


It follows that 


Da=fDo=Dao exp [ —H)/RT] 
=vp* exp [ —(Hot+Jo) ‘RT }. 


2 This method was suggested by M. J. Polissar, J. Chem. 
Phys. 6, 833 (1938). 
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That is, the diffusion constant for self-diffusion 
is smaller than the constant for hole-diffusion 
by a factor which is just the fractional concentra- 
tion of holes. The division of Qo into two terms, 
one the energy Ho required to form a hole and 
the other the energy of activation Jo for an atom 
to move into an adjacent hole, is patently 
justified. 


4. CONSTANT FOR DIFFUSION OF IMPURITY ATOMS 


Let the few marked a atoms be replaced by 
chemically-different atoms x. If an x atom re- 
quires an energy of activation J,> J» for moving 
into an adjacent hole, the probability that it 
will so move is only exp [—(Jz—Jo)/RT] times 
the probability that a marked a atom in the 
same position would move into the hole. It 
follows that 


D,=D, exp [—(Je—Jo)/RT] 
=vp® exp [—(Ho+Jz)/RT] (2) 
=A, exp [—Q,/RT]. 


This case of J,>Jo appears, however, to be 
without practical interest, for Table II of SSN 
shows that Q,<Q» for all the dilute metallic 
solutions listed there. It is clear on reflection that 
Eq. (2) is not applicable when J,< J o—that is, 
when an x atom is more likely than an a atom to 
move into an adjacent hole. The successive 
moves of an x atom are then not generally inde- 
pendent, for the x atom will interchange posi- 
tions with an adjacent hole a number of times 
before the hole can escape by capturing one of 
the a atoms; it is certainly not legitimate to 
count these to-and-fro moves as contributing to 
the mean square displacement of the x atom 
from its original position. An upper bound for 
D,, if only this mechanism of hole-capture-hole- 
release is operative, can be calculated as follows: 
Consider the case most favorable for x atom 
* diffusion, in which J, has the extreme value zero. 
Imagine each x atom surrounded by a “sphere 
of influence’ containing several a@ atoms, and 
assume that whenever a hole reaches the bound- 
ary of this sphere it inevitably and immediately 
gravitates in to the x atom and displaces it by 
one lattice-spacing, passing out of the sphere in 
another direction. The probability that a single 
move of a particular hole will place it on the 
boundary of a particular sphere of influence is 
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b/Na, where b is the number of a atoms on this 
boundary and is of the order of magnitude of 
the coordination number. This by assumption is 
also the probability that a single move by a 
particular hole will result in a move of the 
particular x atom in this sphere. The total dis- 
placement S, of the particular x atom after each 
of the No holes present has made an average of n 
moves will be given by 


(S27) my = bnp* No, Na, 
and it follows that 
D,=bD,. 


The diffusion constant, even for J,=0, is seen 
to exceed the constant for self-diffusion only by 
a factor of the order of 10, and the Q values for 
the two are the same except for a possible 
temperature dependence (presumably negligible) 
of the size of the sphere of influence. 

This mechanism, in which the holes diffuse to 
the impurity atoms, displace them, and move on, 
is clearly in disagreement with the values of Q, 
in Table II of SSN, not essentially because those 
values are markedly smaller than Qo, but because 
they are at all smaller than Qo. The alternative 
mechanism of molecule-motion, which avoids 
this limitation, is developed in the next section. 


5. FORMATION AND DRIFT OF SOLUTE- 
HoLe MOLECULES 


The holes in their equilibrium distribution 
(which they will attain relatively rapidly, since 
they diffuse rapidly) will not be scattered at 
random in the lattice, but will tend (1) to cluster 
around x atoms if these are not so tightly bound 
to their neighboring a atoms as @ atoms are 
bound to one another, and will tend (2) to avoid 
contiguity with x atoms if the x—a binding is 
more firm than a—a binding. This is readily 
seen either by considering the probable moves of 
a hole in the vicinity of an x atom or by using 
the Boltzmann theorem to find the average local 
equilibrium concentration of the holes. Case (2), 
in which the holes detour around x atoms, yields 
a slower diffusion for x than for a atoms and 
hence is without practical interest. In case (1), 
where x atoms are more likely than a atoms to 
have holes associated with them, it is convenient 
and legitimate to speak of xo molecules as 
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statistically present in the lattice. In the simplest 
situation, where the disturbing influence of an 
x atom extends not far beyond its nearest 
neighbors, the fraction of the sites adjacent to 
x atoms which will in equilibrium be vacant is 


exp [— W/RT], 


where W is the energy necessary for removing 
an @ atom from one of these sites. The fraction 
of the x atoms instantaneously associated with 
holes to form a diatomic xo molecules is therefore 
approximately 
zexp[—W/RT], 

where z as before is the number of nearest 
neighbors. 

It remains only to notice that an xo molecule 
can travel, unassisted by additional holes, 
through the a lattice. A typical cycle which 
restores the molecule to its original configuration 
and orientation but leaves it displaced by one 
lattice-spacing is shown in Fig. 1, the lattice 
being approximated by a plane square array. 
The diagonal orientation of the molecule in this 
simple array (Fig. 1 (3) and (5)) is a sort of 
excited state—in a more complicated lattice so 
wide a separation between x and o might never 
have to occur in the course of a cycle (for 
example, it would not occur in a plane hexagonal 
array). 

The rate of diffusion by this mechanism can 
be estimated very roughly as follows: Consider 
first the case in which inversion of the molecule 
requires less energy of activation than does 
re-orientation—that is, the x atom is more 
likely than an a atom to move into the trapped 
hole. Suppose that m moves of the hole are 
necessary for completing a displacement-cycle, 
and that each move can occur in g directions 
only one of which contributes to completion of 
the cycle. The probability that a given sequence 
of m moves will complete a cycle and so advance 
the molecule by one lattice-spacing is 1/g". In 
the time required for n moves of a trapped hole 
(n>m) the molecule will have moved a distance 
Sa given by 

(Sa?) = np?/mq™, 
where p as before is the lattice-spacing. The 
diffusion constant for xo molecules is therefore 


Da=vp?/mq" exp [—S/RT], 
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Fic. 1. A cycle of inversion (1-2) and reorientation 
(2-6) which moves a solute-hole molecule one lattice- 


spacing. 


where S is the activation energy for moving an 
a atom into an adjacent hole, both the a atom 
and the hole being in the immediate neighbor- 
hood of an x atom. Correspondingly, the diffusion 
constant for x atoms generally, whether asso- 
ciated with holes or not, is 


D,=svp*/mq” exp [—(W+S)/RT] 
=A* exp [—Q,./RT)]. 


With this mechanism Q, again appears as the 
sum of two interpretable terms, but neither of 
these is directly related to the work necessary 
for forming a hole in the a lattice, nor to the 
activation energy for moving a hole about in 
the a lattice, nor to the activation energy for 
moving an x atom into an adjacent hole. It is 
plausible (though not essential) to suppose that 
if W<Ho, then also S<Jo. At any rate, Q, is 
left largely unrestricted, and it is entirely 
reasonable that Q should generally be larger for 
self-diffusion than for the diffusion of any solute 
whose solubility increases with increasing tem- 
perature. Since 2, g and m are all of the same 
order, evidently A*, with this mechanism, should 
be significantly less than the corresponding A 
for self-diffusion, calculated on the basis of the 
other mechanism. 

In the second possible case, where the activa- 
tion energy for passage of the x atom into the 
trapped hole exceeds that for passage of an a 
atom into the hole, the rate of diffusion would 
be limited by the rate of inversion of molecules 
rather than by the rate of re-orientation. S as 
defined above would then be replaced by the 
activation energy for inversion, and A would be 
larger than A* estimated above. This case 
seems less likely to occur than does the alter- 
native discussed in detail in the two preceding 
paragraphs. 
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6. RANGE OF APPLICATION OF 
THE MECHANISM 


None of the discussion has involved the ratio 
of the concentration of holes to that of x atoms. 
Either of these may far outnumber the other. 
In particular, the concentration of impurity 
atoms may increase from zero up to the point 
where interactions among the impurity atoms 
become appreciable. The arguments, in short, 
apply to the same range as do the usual “‘infinite 
dilution” theories. 

No use has been made of the periodicity of 
the lattice. For this reason it seems that the 
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foregoing considerations ought to apply without 
change to dilute liquid solutions, wherever the 
hole theory of diffusion is at all applicable. It is 
uncertain from the data* whether the solute-hole 
molecule mechanism is commonly suitable for 
accounting for diffusion in liquids—that is, 
whether Qo commonly exceeds Q.. 


I am indebted to Dr. C. W. Hewlett, Mr. C. G. 
Found and Dr. W. Shockley for several dis- 
cussions on this subject. 


3H.S. Taylor, J. Chem. Phys. 6, 331 (1938). 
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The theory of transport in gases taking into account 
the full effect of quantum statistics is extended to include 
mixtures as well as one-component gases. The method of 
Lorentz, Hilbert, and Enskog, which was used previously 
in the development of the quantum theory of transport 
in a single component gas, is used again in this more general 
case. As is to be expected, all transport equations have 
formally the same dependence on velocity, temperature, 
and pressure gradients as in the classical statistics, the 
effects of diffraction and interference introduced by the 


INTRODUCTION 


HE study of transport phenomena in gases 
has been recognized as a most promising 
field of investigation having as its objective the 
determination of intermolecular forces. The 
study of viscosity, heat conductivity and diffu- 
sion by numerous early investigators together 
with the rigorous analytical treatments of the 
subject given by Enskog and Chapman have 
demonstrated fully the sensitivity of the method 
and the practicality of the calculations which 
lead to the possibility of detailed comparisons 
between theoretical results and experimental 
observations. 
With the introduction of the quantum sta- 
tistics, the study of transport phenomena in 
gases took on a further significance, which was 


quantum statistics appearing only in the coefficients 
themselves. Expressions for the viscosity, heat conduc- 
tivity, pressure diffusion, and thermal diffusion coefficients 
into which assumptions with regard to the interaction 
laws may be introduced have been obtained. It is expected 
that these expressions may form the basis for calculation 
based on plausible assumptions as to the interaction that 
will provide a relatively good test of these laws as well 
as of the theory itself. 


to be found in the possibility of an experimental 
test of these statistics. Certain discrepancies 
between observational data and the results of 
calculations based on the classical theory of 
Chapman and Enskog had already appeared. 
These discrepancies, which were observed for all 
transport coefficients, were at first attributed to 
the assumption of incorrect interaction laws on 
the basis of which the theoretical results were 
obtained. That this interpretation of the dis- 
crepancies was inadequate was demonstrated by 
Massey and Mohr' for the case of viscosity and 
heat conductivity in single component gases. 
The considerable improvement in the theoretical 
results obtained by these authors when quantum- 


1H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. 
A141, 434 (1933): A144, 188 (1934). 
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theoretical cross sections were substituted for 
the classical cross sections in the expressions for 
the gas coefficients derived by Chapman was an 
indication of the importance of having a com- 
plete quantum-statistical treatment of transport. 

Such a theory of transport in single component 
gases was given by Uehling and Uhlenbeck,? and 
calculations based on the theory applicable to 
the gases H, and He under the assumption of 
elastic sphere interaction were given by one of 
the present authors.’ The theory shows that the 
modifications due to the quantum statistics are 
of two kinds: (a) a diffraction effect, which for 
light gases of moderate density is appreciable 
even at room temperatures; and, (b) an inter- 
ference effect due to modifications in the 
“Stoszzahlansatz,’’ which is inappreciable even 
for the case of H2 and He‘ except at temperatures 
in the neighborhood of the critical values. The 
experiments of Itterbeek and Keesom® on the 
viscosity of helium at low temperatures together 
with the results of previous experiments at higher 
temperatures demonstrate the importance of the 
diffraction effect. What discrepancies still remain 
in the temperature dependence of the viscosity 
coefficient are presumably attributable to the 
simplifying assumptions used with respect to the 
interaction laws. Numerical calculations of 
Massey and Mohr, Massey and Buckingham, 
and the authors® based on Van der Waals types 
of interaction substantiate this conclusion. 

The second of the two quantum-mechanical 
effects appears to be more difficult to detect. 
The theory shows a density dependence for the 
viscosity coefficient of He which is large com- 
pared with the nonideality correction in the 
neighborhood of 5°K.* According to the experi- 
ments of Itterbeek and Keesom, this effect 
appears, however, to be too small for detection 
within the range of density variations in which 
the theory may be presumed to be valid, and 
the temperature dependence of the density effect 


2E. A. Uehling and G. E. Uhlenbeck, Phys. Rev. 43, 
552 (1933). 

3E. A. Uehling, Phys. Rev. 46, 917 (1934). 

4 Reference 3, Tables VII and VIII. 
( 5A. v. Itterbeek and W. H. Keesom, Physica 5, 257 

1938). 

6H. S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc, 
A144, 188 (1934). H. S. W. Massey and R. A. Buckingham. 
Proc. Roy. Soc. A168, 378 (1938). E. A. Uehling and E. J. 
Hellund, Phys. Rev. 54, 479 (1938). 





is difficult to separate from the temperature 
dependence of the diffraction effect. 

For these reasons the development of a quan- 
tum theory of gas mixtures is undertaken. In 
addition to the phenomena of viscosity and heat 
conductivity, one now has also the phenomena 
of diffusion to consider. The introduction of 
diffusion processes into the problem leads to the 
following interesting considerations. There exist 
in general two types of diffusion; a pressure 
diffusion, and a thermal diffusion. As is the case 
with all transport coefficients, the diffusion 
coefficients will exhibit temperature and density 
variations which are characteristic of the diffrac- 
tion effect and of the interference effect. Under 
certain conditions, however, only the ratio of 
these diffusion coefficients is important. This is 
true for any experimental arrangement in which 
a definite quantity of a mixture of gases is 
allowed to come to equilibrium under the 
influence of an impressed temperature gradient. 
Equilibrium is established under these conditions 
with variations in density of each component 
along the direction of the temperature gradient 
such that the processes of pressure diffusion in 
one direction are just balanced by the processes 
of thermal diffusion in the opposite direction. 
This equilibrium situation is described by the 
ratio of the pressure and thermal diffusion 
coefficients. Unlike all other transport coefficients 
this ratio does not depend on any single integral 
over transport cross sections, but only on the 
ratio of such integrals. One would expect, 
therefore, that in this particular case the im- 
portance of the diffraction effect is minimized, 
and that the interference effect in the quantum 
statistics is, in consequence, of relatively greater 
importance. 

A test of this expectation seems to be of 
considerable importance from a theoretical point 
of view. As a test of interaction laws the trans- 
port process under consideration may be of 
considerable sensitivity, since the thermal diffu- 
sion process vanishes altogether in the classical 
statistics for a particular interaction law.’ Also, 
the temperature dependence of the ratio of 
thermal and pressure diffusion coefficients is of 


7 The inverse fifth-power law. See Sir James Jeans, The 
Dynamical Theory of Gases (Cambridge University Press, 
1925), 4th ed., p. 324. 
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importance for any process of isotope separation 
which depends upon the establishment of an 
equilibrium state under the influence of a 
temperature gradient. In spite of the appearance 
of only ratios of cross section integrals in the 
description of this process, and the resulting 
complete lack of temperature dependence in the 
classical statistics for elastic sphere interaction, 
there is no a@ priori reason to believe that the 
temperature dependence in the quantum sta- 
tistics is negligible for any interaction law. 

From the point of view of isotope separation 
there is still another consideration which may 
be of importance. The ratios of cross sections 
which appear must involve, necessarily, similar 
and dissimilar molecules, and in a few cases, also, 
molecules of opposite statistics. The large effect 
arising from considerations of identity in the 
theory of collisions is, therefore, of importance 
in any consideration of separation of molecular 
species of approximately equal mass. 

No numerical results are included 
paper, though preliminary calculations based on 
the elastic sphere model have been made in 
order to test the temperature sensitivity of the 
ratio of the thermal and pressure diffusion 
coefficients. In view of the known inadequacy of 
the elastic sphere model to even approximately 
describe the process of thermal diffusion these 
calculations are not included in this paper, 
though the results may be stated here. With this 
type of interaction the ratio of thermal and 
pressure diffusion coefficients shows a tempera- 
ture dependence for the case of a mixture of 
helium and neon of approximately 20 percent 
between the temperatures of 10°K and 273°K 
as compared with a variation of approximately 
30 percent in addition to the 7! for each gas 
coefficient separately. 

The formal theory of gas mixtures considered 
here is developed in three sections. The general 
theory of transport with a determination of the 
fundamental transport equations valid for a gas 
consisting of an arbitrary number of components 
is given in Section I. In Section II the differential] 
integral equations for a gas of two components 
is solved according to usual methods valid for 
the case of infinitesimal deviations from the 
equilibrium state. In Section III an application 


in this 
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of the variation method is made in order to 
obtain explicit forms for the gas coefficients. 

Numerical calculations based on the theory 
and on the assumption of a five-parameter type 
of interaction are in progress. These results will 
be obtained for cases of particular interest and 
published in a succeeding paper. 


I. THE TRANSPORT EQUATIONS 


The state of a gas consisting of N components 
is completely described by the distribution 
functions fi(xa, fa, !) which are solutions of the 
following differential integral equation :° 


Of; 
at 
X (fifi) A1+6f)(1+6;f)) 
—FAMAOFIA+6F;)} 


where 


+Di(fi) => d6; gisos(de)do 


4=1,2,---N, (1) 


D; -= FiaO/OXat Xiad/ OF ia, 
dj = G;(m;/h)*drj,dr jodrj3. 


The distribution function f; of these equations 
represents the number of particles of component 
z per cell of phase space of which the space part 
is taken to have the value unity. The notation 
adopted here is to use Latin letters as subscripts 
to designate the gas components, and to use 
Greek letters as subscripts to designate the 
components of vectors, with the repetition of a 
Greek letter as a subscript in the product of two 
quantities indicating a summation over the 
vector components. The meaning of the remain- 
ing quantities is as follows: riz, the components 
of velocity of particles belonging to the ith 
specie ; Xia, the force components per unit mass; 
Gi, a weight factor; gi;, the relative velocity of 
two particles belonging to the ith and jth species; 
wi;(8¢)dQ where dQ=sin dddd¢, the differential 
cross section for scattering in which the direction 
of the relative velocity is changed through an 
angle # and falls into an element of solid angle 
dQ after collision; m;, the particle mass; and h, 
Planck’s constant representing the volume of a 
cell in phase space. The statistics are determined 

8 Reference 3. See also R. H. Fowler, Statistical Me- 


chanics, 2nd Ed. (Camb. Univ. Press, 1936), Chapter 
XVII. 
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by the value of 6;, being Einstein-Bose if @;=1 
and Fermi-Dirac if ¢;= —1. In this equation as 
in all succeeding equations in which collision 
integrals appear, primes are attached to functions 
of the velocity variables when the values of the 
variables after a collision are meant. 

The general transport equations for the gas 
are obtained in the usual manner by multiplying 
Eq. (1) by a function F;(xa, ra, t), representing 
any additive property of the individual mole- 
cules, and integrating over all velocity space. 
Performing this operation, introducing new 
velocity variables via=fia—Ua, Where Ue is any 
function of x.,¢ possessing derivatives with 
respect to these variables, and defining 


d/dt=8/dt+e0/dxXa 


the general transport equation becomes 


“(nd Da) m4 Fant i(ViaF; Yaw) 


on{ (C2), +e, 
+(: . -=)(—) 


oes +E uF), 2) 


OX j=1 








where 


Ai;(Fi) = [ a6. f a6; f gsotoe aor, 


X{fiF A+Ofi) 1+ 6:fi) 
—SfAM+OSIA+F6F;))}. (3) 
Average values are taken with the distribution 
function, and m; denotes the total number of 
particles per unit volume of component 1. 


Symmetry considerations lead to the following 
properties for A;;(F;) 


Ai(Fi) = 1 f do: f a6; f esroude 


XK {Fi -— FFE F/ +6 f) 1+ 4;f;) 
—ff(Ut+OfA+6f;)} 
for 14#j, (3a) 





Aii( Fi) = tf do: f doa f giavade 


X{ Fi -— Fi’ + Fa Fis’} 
X (fi fia’ 1+6f)(14+6fi1) 
—fifalt+OfOA+6fi')}, (3b) 


where for the case of i= j a subscript 1 is attached 
to certain functions to distinguish the two 
velocity classes over which integration occurs. 

The hydrodynamical equations are obtained 
from Eq. (2) by allowing the function F; to 
assume in turn the character of mass, momen- 
tum, and kinetic energy. The function u, is 
specialized to denote the components of mass ve- 
locity of the entire gas, and a variable uja= (ria) 
is introduced to represent the same property for 
each of the gas components. The hydrodynamical 
equations then become 























dp; OU ia Opi 
ae + (tia—Ua)—=0, (4a) 
OXa OX 
djia . OUg OPiag dua 
+ Jia— = (X- ) 
dt OxXg OX, 
OUq N 
—jis—t)>d Ai(maia), a=1,2,3 (4b) 
OXg i=! 
d(Q;/ p:) OGia 0; Djia J du. 
pi- =— t+ Jial Xia—— 
dt OXa Pi OXa 
N 1 
— PiapSapt+ dui(maruta), (4c) 
j=1 
where 


pPi=nimi, p=> Pis ptea=)>, Pitlia, 


i=1 


pin N 
Jia = pi(Uia— Ua) oo , 3 pj(tia— Uja); Dd Sie == 0, 


p =i j=1 

Piag = pi(Viadis)av, Pap= L Pies 
hy N 

pi= } > Piaa; p= > pi, (5) 


a=1 i=1 


3 N 
0; = 4 pi(ViaVia mv - 4) Piaa = 3 Di, Q= Xi, 





a=1 i=1 
dia= 4 pi(ViaViglip a, qa = > Gia 
i=1 
OU_ OUg 
senate 
OX, OXa 





822 E. J. HELLUND 
Eqs. (4a, b and c) are, respectively, the con- 
tinuity, hydrodynamical, and energy equations 
for the individual components of the gas mixture. 
The quantities ji2, Gia and Q; are, respectively, 
the mass current, heat current and kinetic energy 
density of the ith component in the gas, and 
Pas and Sag are, respectively, the stress and 
strain tensors for the gas as a whole. 

The hydrodynamical equations for the gas 
mixture are now obtained by summing Eqs. (4) 
over all components. Using Eqs. (5) and the 
relations 


N N 
d Ai(mpia)=0, ¥& Ais mMiaria) =9, 
ii é f 


which follow from (3a and b), one obtains for 
the entire mixture 











dp Ose 
—+p— = 0, (6a) 
dt O@Xa 
Opas du, N 
=—p +> pixia, a=1, 2, 3 (6b) 
OX dt i=1 
d(Q/p) 9a Nv 
p + on — PapSap+ DL Siakia- (6c) 
dt OXa i=1 


In the summation over i in Eq. (4c) two of the 
terms are conveniently grouped, and with the 
use of Eq. (4a) put in the form 

d(Qi/pi) QiPjia dQ; 


ee “eae Oar oe 


dt Pi OXa dt 


OUe 








OXe 


Equations (4) and (6) are exact. The form of 
these equations in zeroth approximation is of 
some interest. In this approximation all mean 
values quantities are evaluated for an equi- 
librium state of the gas. Since there are N+4 
gas parameters, pi, u and T (i=1, 2, ---N; 
a=1, 2,3), describing the equilibrium state of 
an N component gas, there must be just N+4 
zero-order hydrodynamical equations. These 
equations may be obtained from (4a, 6b and 6c) 
by introducing the conditions of spherical sym- 
metry into the evaluation of pias, Gia and Jia. 
The form of the equations will be given in the 
next section in connection with the determination 
of the first approximation to the nonequilibrium 
distribution function. 
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II. SOLUTION OF THE BOLTZMANN EQUATION 


§ 1. Principle of solution 


Applying the method of Lorentz, Hilbert and 
Enskog to Eq. (1) we seek an approximate 
solution of the form 


fi=f (1+ ¢3), (7) 


where f; is the equilibrium distribution func- 
tion, and ¢; is a function of the velocity, temper- 
ature, and pressure gradients within the gas, 
and expresses in first approximation the de- 
parture of the actual distribution function from 
that corresponding to the equilibrium state. The 
equilibrium distribution function is determined 
by the vanishing of the collision integral in 
Eq. (1). Multiplying this integral by In /f;/ 
(1+96,f:)d¢;, integrating, and using Eqs. (3a and 
b) one obtains in the manner familiar from the 
development of the H theorem 


fi =[A exp {mi(ria— Ua) 
X (ria—Ua)/2kT}—0;}-', (8) 


where the constants uq are necessarily the same 
for all gas components. 

Proceeding to the next approximation in the 
determination of fi, its form given by (7) is 
substituted into Eq. (1), and second-order 
quantities are neglected. This corresponds to 
the introduction of f; into the left member and 
the neglect of products of the ¢; in the right 
member of Eq. (1). Defining 


xi=¢i/(1+0fi), (9) 


one then obtains an integral equation for ¢; 
which is 
af; 


ot 


(10) 





N 
+Di(fi) = —-—X Tix), 

j=1 
where 


Tula) = fds f gins(ooddaepio fy 
X(14+6:f:1)(1+6)f)) xi tx +x’ —x J. (11) 


Considering now the homogeneous part of Eq. 
(10), multiplying it by xid¢; and integrating, 
one obtains 


% Cx, xJis=0, (12) 


j=1 
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where for functions F and G of the velocity 
components 


(F, Gi= f do TH@) 


= fae: f 46; f exsou(ooran 
Xf iOO'F OA AFOVU FOF) 
X FiLG:+G;—G,’—G;'}. (13) 


As in the derivation of Eqs. (3a and b) one 
may write 


CF, G]i=} f de, f de; f gastwj(9-¢) fel” 


Xfi" Of) (1+ 65f;) 
X (Fi— Fi’) (Gi +G;—G,' —G;’) 
for 1#j, (14a) 


LF, Gli= tf a6. f doa f give) fu 


X fi AF Of) A+ 6 fa) 
X (Fit Fa— Fi — Fi’) 
X (Gi+Gi—-Gi—Gi'). (14b) 


Then 
CF, Fli+ CF, F)ji=0. (15) 


The solutions x; of Eq. (12) are null solutions 
of Eq. (10). In order that such solutions exist it 
follows necessarily from (12) that 


Ix, x] =¥ Cx, x es 
me i 
+D (Ex, x Jip AL, xO] js} =0. (16) 


i<j 
Since, by Eq. (15), every term in this sum is 
positive definite, null solutions are those which 
fulfill the relation 


Xi +x; — x, (0) — x,’ =O, 


t, j=1,  & --N, (17) 
or 
xi? =A + COM IT ial ia FHM La? ia (18) 


containing five arbitrary constants which are 
functions of x, and ¢, and of which only one may 
be different for the different components. The 
form (18) of x: follows strictly from (17) for 
spherically symmetric molecules without internal 
degrees of freedom to which the theory is 





restricted. The existence of null solutions of Eq. 
(10) permits the imposition of auxiliary condi- 
tions on the solution x; which are taken to be of 
the following form 


fH edo= [H-+05.)xdb.=0, (19a) 


- 
Lm: f (re — Ua) fi vido 
= Tims f (rama) i+ Of) xed.=0, 

- a=1,2,3, (19b) 
Som f (rata) (rine) fi ed 
= Em. f (Tia — Ua) (Tia — Ua) fi 
X(140:f:)xidbi=0. (19c) 


The physical interpretation of these conditions 
is that the macroscopic description of the gas in 
terms of the N+4 parameters p;, u_ and T is 
unaltered by the perturbation. Thus, from Eqs. 
(7) and (19) 


=m: f fdoi=mif fidb., (20a) 


N N 
Pla => Pittia= Emi f refidds 


i=1 i=1 


N 
= Tan f riafidd:, (20b) 
i=1 


a, f (rsa — the) (Pca — the) feds 


i=1 i=1 


Sms f (rin— ta) Pia — te) flO 


tol 


N xn RT ~ 
=} 2d pi=3 X fete), (20c) 
where e; and ¢ are the kinetic energies per unit 
mass in component 7 and in the entire gas, 
respectively. The last two forms given in Eq. 
(20c) follow from the definitions given in Eqs. 
(5) and the well-known form of the equation 
of state for ideal gases.°® 


*G. E. Uhlenbeck and E. A. Uehling, Phys. Rev. 39, 
1014 (1932). 
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If Eq. (10) is multiplied by x;d¢;, integrated 
and summed over i, the right member vanishes 
by (14a and b and 17). Setting successively all 
but one of the N+4 arbitrary constants in x; 
equal to zero, one thus obtains N+4 equations 
representing the orthogonality conditions which 
must be fulfilled in order that Eq. (10) possess a 
solution. These conditions may be written in the 


form 
af 
fn + Dif) ftos=0, 
at 











i=1,2,---N, (21a) 
afi 7 
Ef mar FDAG™) [doi=0, 
i | oat 
: awz1,2,3, (21b) 
raf; . 
r f mariatie] ——+ Dif) d= 0. (24) 
i | ol 








One may readily show" that these conditions are 
equivalent to the requirement that the param- 
eters p;, Uz and T of the equilibrium distribution 
function satisfy the hydrodynamical equations 
in zeroth approximation. Since this approxima- 
tion is obtained by introducing the conditions 
for an equilibrium state, one evaluates the 
various mean value quantities of the transport 
equations under the assumption of a spherically 
symmetric velocity distribution. Thus, one has 
in this approximation 


Uia = Ua; Jia= 0, Jia = 9, 
Pias= Pidap, Pas= Pbap. 


Then from Eqs. (4a, 6b and c) the zeroth approxi- 
mation to the hydrodynamical equations equiva- 
lent to the orthogonality conditions (21) are 











dp; OUa 
+p,—=0, i=1,2,---N, (22a) 
dt OXa 
Op dua N 
= — p—+) pixia, ae ay 2, 3, (22b) 
OXa dt i=1 ° 
d(Q/p) Ota 
———= —p——. (22c) 
dt OX 


As in the classical theory of the one component 


10 Reference 2, note 2. 
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gas" one can now show that if a general solution 
x of Eq. (10) is decomposed into a term satis- 
fying the auxiliary conditions (19) and a term 
which is a null solution of the form (18) with 
constants @;, Co and Cq (t= 1, 2, ---N;a=1, 2, 3), 
the constants can without loss of generality be 
chosen equal to zero at t=fo, and they then 
remain equal to zero for all values of ¢. If a 
solution of Eq. (10) is obtained, then, subject to 
the condition that the gas parameters satisfy 
Eqs. (22), the auxiliary conditions (19) may be 
imposed and remain valid for all values of the 
time. 


§ 2. Decomposition of the integral equation 


Returning now to Eq. (10) the left member is 
transformed by the introduction of f; from 
Eq. (8) and the substitution of new velocity 
variables £;. for ria according to the definition 


bia=(Tia—Ua)Ci', 73? = Eiakia, (23) 


where c;=m;/2kT. Then Eq. (10) becomes 
fF’ fd In A; 72dT 








Ae’ dt | T dt 
Eia(O In A; due 7 OT 
+ ~2e4{ 84—— “— | 
c;? OXe dt T OXa 


OUg N 
+28utie— |= —D Tix). (24) 


0X8 7=1 


The time derivatives in the left member of this 
equation may be eliminated by making use of 
the following relations :” 








dinA; dW; ldp; 31 dT 
= +W(———— —— , (25a) 
dt dt pi dt 2T dt 
dln A; Di 1 Op; Si eoF 
. (-—--__), (25b) 
OX nikT\p; Oxq 2 T OxXa 


with W;(Tp;—'), the function defined in (20c), an 
adiabatic invariant. In accordance with the 
discussion of §1 all time derivatives of the gas 
parameters must fulfill the hydrodynamical equa- 
tions in zeroth approximation. Then (25a) and 
(25b) must be evaluated subject to the conditions 

11D. Enskog, Kinetische Theorie der Vorgdnge in mdssig 


verdiinnten Gasen, Dissertation (Upsala, 1917). 
12 Reference 2, note 3; Phys. Rev. 39, 1014 (1932). 








3), 


is 


yf 


' Ww ( —_ 


—_ 
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given by Eqs. (22) and the vanishing of the 
total time derivative of W;. For this purpose, 
Eq. (22c) is expressed in the form 


dT /dt= —%T0u,/0xa, (26) 


which is obtained in the following manner: 


N pi 
$RT © —WiTp), 


1 J; 


3p 
2P 








Q= 
4). p dT pdp RT Widp; 








pl dt p*dt p iM; dt 
TS pi dW; 
+-— 
p 1 M; dt 


The second and third terms of this equation 
vanish as a consequence of (22a) and the fourth 
as a consequence of the adiabatic invariance of 
W;. Introducing Eqs. (22a, b and 26) into 
Eqs. (25a and b) one obtains 

e 














d In A; 
=0, (27a) 
dt 
d|ln A; dua 5 p OT 
a 20e{ ta )-—|-:* 
OXa 2 T 0x. 
Op; Op 
Po 3 pits) | (27b) 
OXa p ~1\0Xq 


Then the integral Eq. (24) becomes 
fi" - 1 oT 5 pi ) 


pe 
A.e7* 








—tie Ti 
c#T 0% 2 nkT 


OUa Phas. 
+(futir- an) (+ ) 
OXg OXe 
Pann! Op; 
fa (— nn pit) 
ba OXa 


ap; " 
an ~— pitie) !|- ~¥ Tul). (28) 
OXe j=1 


p i=l 








In the collision integrals J;;(x) it is convenient to 
introduce in addition to the variables £4 a new 
relative velocity variable yi; for the gi; de- 
fined by 





Citc; 
=e . 
CiC; 





Denoting dw;=déi:déjedtis, so that 


mi * 
-c(~) ci tdwi, 
h 


the collision integral written out in full becomes 


citc;\! 
Iii(x) = G(~ ‘) ié yer 
Ci; 


X F(A) Fi(AnJi(x), (29) 





where 


Ji(x) = F(A Fyr(A i) f de; f r.sou(oe)a0 


Xfi’ FiO"(1 40.) 
XK (1+6;f5) (xitxi—xi’—xi’) (30) 
and 
1 ad uSdu 
F s(A,) = f (30a) 
T(S+1)/9 (1/A,) exp u—6; 


is the Sommerfeld integral. 

Equation (28) with J;; defined by Eqs. (29) 
and (30) must be solved now for x; in order to 
determine the distribution function to the first 
order of approximation. We consider here only 
a two-component gas and restrict all further 
considerations to this case. Writing out Eq. (28) 
in full one has then 


— 1 aT 5 a) 


Ayw™ ot T a 2 mkT 
OUe Pros. 
+ (frets) (“+ 
Oxg OXe 
2ci4 = p2Opi pidPpe pipe 
+t a —( =) 


p1 p OXq pOXq p 

















my, 3 2 
= -a(— ; ee 1) J in(x) 


me\* (atc 
-6(~ ”) ( ) o-4F\(A,) Fis) Jua(x), (31a) 


C102 


yee 1 aT 5 ps 





—to. 2 
AseLeo! T 3 Oxe 2 nokT 


OUa OUg 
+ (tatu -4) a 


OX OXe 





2co! Pi dpe p2Opi pepi 
OP Oy all 


+—és. 
pe p OXa Pp Xe p 
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my, 3 /Ci +e ; 
-«,(~) ( Jenin ) F\(As)Jaulx) 


€1C2 





me 3 2} 
-6,(~) — FA 2) J 22(x). (31b) 
C2 


The solution of these equations is to be obtained 
subject to the auxiliary conditions (19) which 
now take the form 


fd 0h) xdor= i=1,2, (32a) 
Gums f thi 1+ 0fi)xrder 
+Gumt f trofu (14+ Oafr)xxdor=0, 
a=1,2,3. (32b) 
Gum! f trafiehi A+ Oifi)xrder 
+Gums! f Eratonfal(1-+00f2)xador=0. (32c) 


Since Eqs. (31) are linear, and all temperature, 
velocity and pressure gradients and the external 
forces are arbitrary, the solution x; may be 
decomposed into a linear combination of twelve 
functions Xie, Vie and ITiag (a, 8=1, 2, 3; 
Iia3= Tiga) with coefficients depending on the 
gas constants and parameters together with their 
gradients. Thus, we may express 


wi ( m me ) - pe Ops 
N\N2\m,+mMe kT \ p 0x2 
Pi Ope Via oT 


Pip2 
—— 4 ——(¥2a— Bie) | + — 
p OXa =p T 0x 





alas 


(33) 





Ilias ( 


+—*)) j= 1,2 
—+—}I, :=1, 2. 
(2kT)} 0x8 OX 


Introducing this form of x; into Eqs. (31) and 
using the relation 


2am kT i 
) F,(Aj), 





pPir=nym;= mG 


which follows directly from (8) and (20a), one 
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obtains the following component equations for 
the individual functions 


Ete fer” “( 


2me2 





j 
Sen tenneeore ) TulXe) 
m3 A,F,(A 1) ne 


mi+me 
+Ji2(Xa), (34a) 
bea fe *e7?” 


m2} A2F,(A 2) 


= Joi(Xa) 





No 2m, 
+ 
ni\m,+me 

BST 


2 mkT/ ALFA) 


(34b) 





5 
) Je2(Xa), 





nN 
—f1e Ty 
m3 


ny 2me 


n2\m,+mMe 


” ( . 5 pe 
anata pitta 
ms' /—" 2 nok 


(34c) 





3 
) Tal Ve) +Sur(Ve), 


fo er" 


A2F,(A2) 





(34d) 





ne ; 
= Jo1(Va) +=( ) J22(WVa), 


ni 


fi %er” 
n g a re 
( or ts) F(A) 


m,+me 


nN, 2me 


no\mi+me 


fo *er? 
m( frets —— “tap FAs) 


(34e) 





) Ji1(Tas) +J12(Tas), 


my, 





nN2 
= Jo;(Iag) +— 


ni\mi+m2 


4 
) Joo(Tlas). (34f) 


As in the simple gas theory'* one can show from 
the form of these equations as linear integral 
equations of the second kind that the functions 
Xia, Vie and II;eg are necessarily of the form 


Xia = fiaxi(7?), (35a) 
Via = biaWi(7*), (35b) 
Tiag = (tiatig—37:75ap)Ti(7?). (35c) 


In terms of the solutions of Eqs. (34) a formal 
expression for the distribution function may now 


13 —D. Enskog, reference 11, p. 37. 








for 


4a) 


tb) 


ic) 


d) 
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be given. Using Eqs. (7), (8), (9), (33) and (35) 
one obtains 


f fol - ( mere )<— 


N\n2\m,+me Ai 








Eiaxif p2 OP. pr ops 
xa 


kT p OXa p OXa 





Pipe EiaVi oT 
+ ante) [+ —_— 
p T OXe 


Te Ti OUa OuUg 
+ futis——~das) —+— | 
3 (2kT)'\Oxg Axa 





i=1,2, (36) 


giving the distribution function in a form con- 
taining unknown functions which depend only 
on 7,°. Using this form of the function all phe- 
nomena of transport may be considered, and the 
transport coefficients may be evaluated. The 
numerical values of these coefficients, in which 
we are particularly interested, may then be 
obtained by a variation method which will be 
discussed in succeeding sections. 


§ 3. The diffusion coefficients 


The gas coefficients which we now seek to 
evaluate are found as constants in the evaluation 
of the mean value quantities of the hydro- 
dynamical equations. Referring to Eqs. (5) the 
quantities to be evaluated are 


Jia = — jra= (pip2/p)(Uia— ea); 
Pias = pi(ViaVip)an 
Jia = 3Pi(Viad spVip ws 

the remaining quantities pi, vu. and 


3 
Vi= spi= 2 LX Pia 
remaining unchanged from their values as given 
by the equilibrium distribution function by 
virtue of the auxiliary conditions (20). Consider- 
ing first the case of diffusion we evaluate the 
quantity (wie—Uea) given by the equation 





1 1 
Uia—Usa=— | fitiaddi—— | fof 2addo 
nN, 


Ne 


G, my, 3 
- (~) J fabrade 
N1C;" h 
G2 me 3 
fy) J Feira 


Introducing f; and fz as given by Eq. (36) one 
obtains 








pipe oT 
+—(%2a— X10) + —| (37) 
p OX 


where 
(2kT) ri mime ; Gym, 

A (mf 
h® nyn2\m,+me mA, 


Gome 
- [noreretndes| (38a) 
NrAs 








X Exide 
(2kT) «3 ¢ mymz \'fGim, 

xv=2k ( ) [pore 
h® nyne\mi+m, mA, 


wer eae (38b) 











X EvyYidw: — 





In these integrals, which contain the square of a 
single vector component £1.’, the distinguishing 
subscript a has been dropped. If we now multiply 
Eqs. (34a and b) by £:x1dw1= Xidw; and £2x2dwe 
=Xedwe, respectively, and integrate, and then 
substitute the left member into Eqs. (38a) one 
obtains 


2 1 ( m me ) 
~ (2kT) nynz m,+me 


: 1 2m2 
J xX dw 
x|~ (—) fs ) 


+ [ XJu(X)dor + [ XaJu(xdder 


of 2m, \} 
Pe. we ) [xrmcrrden (39a) 


ni\mi+me 
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Similarly, multiplying Eqs. (34a and b) by 
Eidw1= Vida and Eovodwe= Vedwo, respec- 
tively, one obtains 


2k 1 ( m\ms ) 
~ (2kT)§ nynz\m-+ mz 
2m2 


ny ; 
|“( ) fesucoder 
n2\mi+me 


+ f UJuo(X)dor + f VoJui(X)door 














2m, 


Ne ; 
+—( ) ff veracordes]. (39b) 
ni \m +m 


In a manner analogous to the definition of the 
operator [F, G];; on functions F and G of the 
velocity variables rj. and rj« given by Eq. (13) 
we now define new operators on functions of the 
velocity variables éj2. With F; and G; functions 
of the variables é;2, F; and G; functions of £2, we 
define 





LF, C= [ FIu@der (40) 
where the operator J;;(G) is defined by Eq. (30). 
Since only operators on functions of the éia will 
now appear, no confusion with the operator 
previously defined by Eq. (13) will arise. Also, 
we define the operator 





ny 
{F, G} =— 


n2\m,+mM2 


=) CF, GJut+ LF, Gis 





N2 
+[F, GJau+— (41) 


Ni\M, 
These operators have obviously the properties 


LF, GJu=(G, Fi, (42a) 


CF, G+H]ii;=CF, Glist+LF, W]iz, (42b) 

CF, cG]ij=cLF, G]jii, (42c) 

[F, FJis=0, (42d) 

[F, GjatLF, Gja=(G, Fjiet(lG, Fla,  (42e) 

[F, F]ut+[F, Fja=0, (42f) 
where c is a constant. Also 

{F, G}={G, F}, (43a) 
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{F, G+H}={F, G}+{F, H}, (43b) 
{ F, cG}=c{F, G}, (43c) 
{F, F}=0. (43d) 


Other properties of this operator which will be 
required are the following. The equation 
{x, x} =0 


can have only the solutions 
Xi=AitCokiakiatMidCatia, 


where 41, G2, Co, €1, C2 and ¢3 are six arbitrary con- 
stants. But solutions of this form must vanish 
identically if they are to satisfy the auxiliary 
conditions (32). Secondly, 


{F, F}{G, G}={F, G}?. 


The existence of this property may be shown as 
follows. Form a function H out of functions F 
and G in the manner 


H=G{F, F} 


(44a) 


(44b) 


—F{F,G}. 
Then 


{H, H}={F, F}L{F, F}{G, G} —{F, G}*J=0. 


According to the above properties the result then 
follows immediately. Finally, if 


{F, F}{G, G}—{F, G}?=0, 


where F and G are two functions satisfying the 
auxiliary conditions, it is necessarily true that 


F=cG, (44c) 


where ¢ is a constant. This result follows as a 
consequence of the property that if {H, H}=0, 
His of the form (44a). But G and F cannot be 
of this form and simultaneously satisfy the 
auxiliary conditions. 

Returning now to the expressions for «x and xv 
one may express these coefficients in terms of the 
operators defined. Thus 


my me 


2 
—( ) {X, X}, 
~ (RT) nyn2\m,+me 





(45a) 








o —( ce iy. x}, (5b) 
~ (2kT)* mins ~~) 
{W, X} 
y= . (45c) 
{X, X} 








t3b) 
43c) 
t3d) 
| be 


4a) 


lish 
ary 


4b) 


l as 


b) 


Cc) 
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The method of evaluation of these coefficients 
and the determination of the unknown functions 
X, V and II may now be discussed. For the case 
of the function X let us define functions Z which 
satisfy the auxiliary conditions (32) and which 
belong to a class defined by the equation 


(0)2 49,2 
LL) =— f e Lider 
A,F,(A)) 


Ea falar 
—— | — —Leday». 
m2} A2F,(A 2) 


Using the integral Eqs. (34a and b) this condition 
is found to be equivalent to the equation 


(L, L} ={L, X}. (46) 
Since the properties of this operator yield 


{X—L, X—L}=0, 
it follows that 


(X, X}—{L, L}=0. (47) 


But, according to the discussion following Eq. 
(44a), there exists none but vanishing solutions 
of the equation {X—L, X—L}=0, and, there- 
fore, the equality sign of Eq. (47) is valid only 
for L=X. Then X may be determined as that 
function L satisfying the auxiliary conditions 
which maximizes {L, L}, and which gives, there- 
fore, to the coefficient «x the largest possible value. 


§ 4. The heat conductivity coefficient 


In order to determine the heat conductivity 
coefficient one evaluates the heat current density. 
For each gas component 


_ 3 pi(ViaVisdip ww = Imi | fosevigrads 


SE) frst 


For the purpose of calculation it is convenient to 
consider the difference between this quantity 
and the quantity 





5 5 5p 
aPivia dn = Pil ttin— He) == f foods, 





Taking this difference and summing over the 
two components one obtains 


5 
Ja ™ beter. Ua) + po(Ura —Ua) | 


2kT 
1G1 J fiéial 71? —— dw, 
5 
“ef : =~) des] 


The distribution function (36) is now introduced 
into this expression giving the result 








5 
qa = alba la — Ua) + p2(U2a— lia) | 





Pipe oT 
$e tae) |r (48) 














p Xa 
where 
(2kT)? x! ¢ mime \! 
_ h® slot) 
Fesioem(e 
2 mkT 


(49a) 


ween $ A) 
ne 


(2kT)? x3 ( m me ) 


m,+me 


mG, 
x| _— = Vader 
Aj 2 nykT 


(49b) 


mrertest( 2? — =) yadus] 
2 nokT 


Multiplying Eqs. (34c and d) by &:x:d#:= Xidw 
and £x2dw2= X2dw: respectively, integrating and 








i= 











h® nme 
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substituting into Eq. (49a) one obtains 


—( m Me yi 2me ) 
m\n2 \mi+me n2\m,+me 


x [XSuMdort [XSi Ydos 








vs 








+ [ XeJu(Wder 
Ps 2m, 
+“( ) fxetatden] 
m,+me 
(2kT)} mM me , 
= ( ) {X, VW} =xvrT. (50a) 
m\n2 \mi+me 


Similarly, multiplying Eqs, (34c and d) by 

EWidwi= Vida; and fo~edwe= Vodwe, integrating 

and substituting into Eq. (49b) one obtains 
( 

2n\nol 


mime 





i= 


; 
) {W, ¥}. (S0b) 


mi+me 
Combining (37), (48) and (50a) one obtains 
finally 


5 
= [oi(1a— We) + p2(U2a— Ua) ] 


Ura) —r’\—, (51) 


Xa 


+rT (U1. sia 


where 
(52a) 


According to the property expressed in Eq. 
(43d), the coefficients x and \; are positive 
definite quantities. Also, evaluating «A; and x*v?T 
from (45a and b and 50b) and using (44b) one 
finds that the quantity A:—«v’J is positive 
definite. The latter may never vanish, however, 
for according to (44c) the expression 


2k mM \mM2 
KA, — Ky? T = ( ) 
(m\n2)? mi+me 


A=A,—xKv*T. 





can vanish only if ¥=cX where c is a constant. 
But such a relation cannot be fulfilled since V 
and X must simultaneously satisfy Eqs. (34a, b, c 
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and d). Then 
(52b) 


A>0, 


A> xv’T, 
\<A, unless v=0. 


Like X, the function Y may be determined by 
a variation process. Consider a class of functions 
M fulfilling the auxiliary conditions and defined 
by the equation 








fie" 
{ M, M} ~~ fan; 2—_ “) M da, 
2 mkT/ Ai F,(A1) 
Ne 5 pe \ foi*er? 
= bo( 72 ) Meda. 
me' 2 mghT A2F,(A2) 


According to Eqs. (34c and d) this condition is 
equivalent to 


{M, M}={M, ¥}. 
Since 
{w—M, ¥—M}=0, 


it follows that 
{v, vV}—{M, M}=0. 


Thus, Y may be determined as that function M 
satisfying the above conditions which maximizes 
the coefficient A1. 


§ 5. The viscosity coefficient 


We consider now the stress tensor and evaluate 
the quantities pag and paa— p. Since 


Piag= piloiatia)u=ms f Saradisdd 


mM; : 
-Gm(~) ctf febiatisdn 


one obtains 
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Introducing (36) 














Ou, OUy 
Pzy= -o( +), (53a) 
Oy Ox 
27 Ou, Ou, Ou, 
a 
3 Ox dy a2 
where 
(2kT)? xi # myme \! 
A (oe) 
h® nn2\m,+me 





Gym} 
x| [A@rertictytndes 
A, 
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(0)"@" buténs rads 








9 h® nyne 


3(2kT)? xi ( mime ) 


m,+me2 


Gym} 
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T?” 
et( tx? rade} 
3 


In the evaluation of this coefficient it will be 
sufficient to consider only the second form, and 
to restrict our considerations to the functions 


t=(te—“! 


Proceeding then as before with Eqs. (34e and f) 
one obtains finally 


3 (2kT)'/ mime \! 
yitin ( ) in, m, (54) 
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As is the case with the other two functions, 
II has a maximal property, such that of all 
functions N defined by the condition 


{N, N} ={N, 1} 


and satisfying the auxiliary conditions, II is that 
one which maximizes the coefficient yu. All of the 
gas coefficients may be evaluated, therefore, 
with the help of a variation method. Explicit 
expressions for the gas coefficients in terms of 





known functions will be found in this manner, 
and discussed in the succeeding section. 


III. DERIVATION OF EXPRESSIONS FOR THE 
Gas COEFFICIENTS IN TERMS OF 
KNOWN FUNCTIONS 


§ 1. Method of solution 


For the purpose of this section it is convenient 
to consider a slight change in notation. Hitherto, 
all functions of velocity variables have been 
regarded as defined in their respective spaces £14 
and £24. We shall now regard each function as 
defined over the combined velocity space of two 
particles, and introduce a new operator on 
functions H and K defined in this six-dimensional 
space as follows: 


CH, K]=3F\-(A1)Fi-(Aa) f tis f ‘ies 


x f viswi(09)dQ(H —H’)(K —K’) 


Kf’ fo" A+ Afi) (1+62f2). (55) 


Then for two functions H= F,+ F; and K=G, 
+Gz where F; and G; are defined so as to vanish 
in the subspace 2, and F2 and G2 to vanish in 
the subspace 1, the operator defined by Eq. (41) 
becomes 





(H, K} = —_) [Fi Gi) 


m,+me 
a Git+G:] 
ne 


ni\m,+me 





—.) [ Fe, Go Joo, (56) 


since, obviously, from a comparison of Eqs. (55) 
and (40) 


(Fit Fe, Git+G2J=(CF, Gjluat+(LF, G)e, (56a) 


where, in the left member each function appear- 
ing is regarded as defined over the combined 
space, and in the right member all functions are 
defined separately in both component spaces. 
The purpose of this change of notation is that 
we have now a notation for a portion of the 
operator {H, K} which occurs when one term of 
H or K or both vanish over the entire space. 
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Conforming with this notation the solutions 
of the integral equations, X, VW and II, must be 
regarded as functions of six variables; e.g., 


X=Xi+Xo, 


where X; vanishes in region 2 and Xe vanishes in 
region 1. The quantities | F, G} appearing in the 
expressions for the transport coefficients derived 
in the last section may be taken, then, as of the 
form given by Eq. (56) without altering their 
meaning. 

The procedure now, as indicated in the 
previous discussion of the maximal properties 
of the solutions of the integral equations, is to 
choose complete sets of linearly independent 
functions which individually fulfill the auxiliary 
conditions (32), and from which linear combina- 
tions may be formed which belong to the proper 
functional class as defined, for example, in 
the case of the function X, by Eq. (46). The 
constants of this linear combination are then 
to be varied in order to satisfy the maximal 
property." 

Since both X and W are proportional to £ and 
depend otherwise only on 7? one set of (2n+1) 
functions, h, hy”, he“ (r=1, 2, ---2), may be 
used in the determination of these solutions. 
Similarly, we determine that solution II which 
is proportional to (#—47r?), and in terms of 
which the viscosity coefficient may be evaluated, 
by choosing a set of 2m functions, ki”, ke” 
(r=1, 2, ---m), each of which is of this form. 
Sets of functions of this character, which satisfy 
also the auxiliary conditions may be chosen, 
then, as follows: 





pip2ns sx ; 
A= in region 1; 
p (m) 
pip2sEo . 
= ——— ——— In region 2; 
p m2(mz)! 
P(r+5/2) Fr4s(A1) 





i= e] ni in region 1; 
(5/2) Fy(Ai) 


=0 in region 2; 


For a complete discussion of this procedure together 
with questions of convergence see Enskog, reference 11, 


pp. 71-87. 
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ho“) =0 in region 1; 
ef PQ +5/2) Fris(A2) 
2] T2°” — 

(5/2)  Fy(Ae) 





in region 2 


for the first set, and 
ky = (&;?— 37,?)7,?"-? in region 1; 
=(0 in region 2; 
ko“ =0 in region 1; 
= (f,?— 472”) r2?"-* in region 2 
for the second set. Since these functions satisfy 


the auxiliary conditions, any linear combination 
of them also satisfies these conditions. 


§ 2. Series developments for the gas coefficients 


In order to determine X we consider the 
function X‘” given by 


xX = Bf +>) (BPH + Bo he”) (57) 
r=1 


and determine the coefficients 8 so as to minimize 
the quantity 


H,={X-X™, X-X™}, 
Differentiating H, with respect to each of the 


6’s one obtains the following set of algebraic 
equations 


{h, X™} = (20, x}, 


(r=1, 2, ---m;s=1,2). (58) 
(he, X™} ={h,™, X} 
It follows from (57) and (58) that 
{X™, X@} ={xX™, xX} (58a) 


and that 

H,,= {X, X} —{X™, X™}=0. 
Solving Eqs. (58) for the 6’s and introducing 
the results into Eq. (57) one obtains 


A (2n+2) 
Xe -———, (59) 
DCnth 


where 
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th”, ho} th, hi St h®, he} | h®, X} 
‘hy G) hO} hy), hy} (hy, he} (hy, x} 
> A (2i+2) 
. fhe, nO} fhe, hy} {he®, he} {ho®, X} 
h® hy” h, 0 
{h, ho} fh, hy} fh, he} 
2: DCD =| fh, hO} hi, Ay} {hy™, he} }. 
fhe, hO} fhe, hy) {he®, he} 
12 | ) — caters eens cacao 
The ratio of determinants occurring in Eq. (59) {h®, X}, thy, X}, | fh, X}. Then 
fy may be rewritten as a series, and takes the form (PO, Po} 
- {fh , XJhO *® aot a (2r+2) _(2r+2) 
eee (r) | r r Pe ’ | r , 2r r, r+ 
x ~ { }, (0) hA©} +2 . saan alta {3731 #40} oieee {3 r+, orh2 
t ’ r=1 = 
its (2r—1) _ (2741) 
where 
he 
(2r+2) an (2r+2) _(2r+2) where B+ is the determinant A°'’*” in which 
yt ITE, Big) OO OE 2} this replacement has been made. But all of the 
7) P= elements {/;°,X} and {fe,X} in B@rt” 
(2r—1)  (2r4+1) 7 - - 
vanish. This may be shown as follows using 
—— Eqs. (56) and (56a) 
ze and A,, ,°’*” is the cofactor of the element in 
the kth row and /th column of A®*”. We now . nif 2m2 \! 
form the quantity {X‘,X}. In order to aa Re sci -) Ch, XI 
: : A ; : +n 
obtain this expression, we observe that if h is iit . 
1e any of the functions h, ---hy°-, he», then +[hy™, Xi+Xe] 
ic both of the quantities 
nif 2me 
——— i) (7) 
(2r4-2) (9742) Ps (— ren ) [h »XJutlh , X Jie. 
h, A ®r, 2r and h, A Qr, ral 2 1 2 
{2%3. 342} {27:, m si2} 
3) Using Eq. (34a) and the definition of F,(A:) 
vanish, since in both cases one obtains a determi- given by Eq. (30a) 
nant with two equal rows. Then 
{P®, AO’= {Po P® =0, (rs). 61) {hy @), x} -—_—_— fiesior nh, dw, 
1) Using Eqs. (58), (60) and (61) one then obtains 2 — 
T t Z 
{ Pls) Y¥(n)ti af Pls) (s)t{—fPls) ¥ ANS. -| 
{P » xX j |P * |P , X}. (62) acre P (1 A,)é&—94 
Now using Eqs. (58a) and (62) the result x| r(j+5/2) son 
6 au eee 
(40) x}2 i 
g (X@™, XO} =—— . +> (PP, P™} ae, Sa 
i p() ho? euid 
i ’ w git} 
? j ——_—_———dz |=0. 
follows. The expression {P‘, P“} may be re- +if (1/Ay)e— 6; 
) written. From Eq. (62) it follows that {P™, P™} 
is given by P“” if each element h®, hi, ho, The determinant B°'+” is now conveniently 
--he in P™ is replaced, respectively, by expressed in terms of the determinant D®@’*”. 
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One then obtains 


(PO, PO} ={h, X}? 





(2r+1) _ (2r+1) (2r+1) _ (2r+1) 
1, 2r { 3°; 1 * 1, 2r+1 {3*; 1 } 
2r+1, 2r+1 2r+1, 2r 
x . (63) 
(2r—1) (2r+1) 


As in the one component gas theory one can show 
that if the integral equations (34a and b) possess 
finite and continuous solutions, the limit as 
approaches infinity of {X,X™} is {X, X}. 
Therefore, from Eq. (45a) one obtains for the 
gas coefficient x 


22 «1 ( m m2 ) 
K= 
(2kT)* nyne m,+me 
ou . 


Ho, poy le Poy (64) 











with {P“, P™} given by (63). This coefficient 
is thus expressed completely in terms of known 
functions since the quantity {h®,X} may be 
evaluated by integration of Eqs. (34a and b). 
In order to determine VW and the thermal 





{hy™, hy} 
Fert) = the), hy) 
{hy™, Vv} 


(2r+1) 
Ger) = Fors, 2r+4s 


one finds 


{X, yin) }2 Fent+) 
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2r+1, 2r {3-1 aril — Farts, arf art, 2r } 
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conductivity coefficient associated with it one 
considers as before a function ¥‘” formed as a 
linear combination from the set A, 4;™, - + -he™. 
One obtains then as in the case of X‘” the result 


Cent) {2 Pip an 
a +>0, 


Dnt) {n, po} 4 





yous — 


where C®@"*”) is the same determinant as A@"*» 
with WV replacing X and Q“” is the same as P” 
with the same replacement. The quantity 
{h, W} unlike {h,X} vanishes, as may be 
shown in a manner analogous to that used above 
to prove the vanishing of {h,‘”, X}, and using 
finally the relation p/nkT= F3;2(A)/F12(A). 
Then 


n 


v= TO, 


r=1 


Of the two thermal conductivity coefficients, 
the coefficient A given by Eq. (52a) is of the 
greater interest. In order to determine it the 
expressions {¥™,W} and {W¥‘,X} must be 


evaluated in addition to {X,X} already 
obtained. Denoting 
-  {hy, he} {Ay, W} 
{he™, he} {he™, Wh], (66a) 
{he™, Vv} 0 
(66b) 
(2r+1) (2r+1) (2r+1) 


2r+1 2r, 2r+1 








fy, Vv} = . =— = 
fx, Xx} Gn) r=] 


where G is to be set equal to unity. Taking the 
limit of this expression as » approaches infinity, 
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and using Eqs. (52a), (50b), (45b and c) one 
obtains 


(2r+1) (2r+1) 


2r, 2r+1 
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Similarly, the function II and the viscosity 


coefficient associated with it are evaluated by 


(67) 
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Proceeding as before and denoting 
(ki, ky} 
Lert) = {heo), ky) 
{k,™, 11} 
(2r) (2r+1) 


2r+1, 2r+1y 


one obtains from Eq. (54) 


(2r+1) 


th®, ha} (a, 1] 
{he (r) ka) (he, 11} (68a) 
(ke, IT} 0 

(68b) 


(2r+1) (2r+1) (2r+1) 


2r+1, 2r. [p+ 2r—1 i} Lora, 2r—1 {?7-}. vr} 


2r+ 2r, 2r+1 


(69) 








3 (2kT)'/ mime \} @ 
“Toa ete & 
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Finally, the thermal diffusion coefficient may 
be developed from the relations already obtained. 
Referring to Eq. (45b) one finds that it is the 
limit of the expression {X‘, WW} which is 
required for this purpose. This may be obtained 
from Eq. (60) for X‘” or from the corresponding 
equation for ¥‘” to give 





(2r—2) _(2r) 
K 





[XM PML= SL (PO, ym} =F (QM, xm} 


r=l1 r=] 
=LI[P, H}=L1O, x}. 
r=] r=1 


Passing to the limit in the summation over m and 
introducing the result into Eq. (45b) one obtains 








2k 1 mms \} @ 
po eee x 
{hh} {fh hy} 
(hs qa) HO} ha, my} 


where 


(2r+2) (2r+2) (2r+2) (2r+2) 
Morse, 2r41Myear, or Mors2, 2rMyeor, ras 
{3 2r41, 42} {371 254") 
' (70) 
(2r—1) _ (27-41) 
D + 
{nh he} 0 
tha a) he} (a, vy} 
(71) 


Mert) = 
he, h} (ho, h 1} 


(hn, xX} 0 





The coefficients characterizing a mixture of 
two gases are thus completely determined and 
expressed in terms of known functions. The 
diffusion process depends on « and », the heat 
conduction on \ and », and the viscosity on yu. 
In order to obtain numerical values of the 
coefficients there remains the evaluation of 





tha, he) (he, v} ; 
0 0 








integrals of the type {hi , hj}, {A,X} and 
{k?, II}. Integrals involving the unknown 
functions are evaluated by direct substitution 
from the integral equations. These calculations 
with reference to particular gas coefficients will 
be given in a succeeding paper. 
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A Modified Arc Source for the Cyclotron 


Encouraged by the success of Livingston et al.! and 
particularly of Allen? with arc ion sources in cyclotrons, 
we have tried a similar source in the 60-inch cyclotron 
here. The design is a modification of those recommended in 
the references given, but we believe that it is sufficiently 
different and simpler to merit a brief description. Fig. 1 
shows a cross section of our source. The cone is turned 
from a solid block of copper; it has a }-inch hole in the top 
and is beveled at about 45°. The filament is a coil of 50-mil 
tungsten, with vertical leads that bend horizontally at the 
bottom, and are clamped in water-cooled blocks. Below 
the filament is a tungsten plate at the filament potential, 
to prevent the arc from striking downward. The arc runs 
with 1.5—2 amperes at about 100 volts drop, in a deuterium 
pressure estimated at about 10-? mm Hg. 

The performance of this source may be illustrated by 
some results of trials. These figures were collected from 
the data of operation over several weeks and may not be 
strictly comparable. In all cases the beam consisted of 
16-Mev deuterons, and the oscillators were fed with single 
phase full wave rectified power. The peak voltage between 
dees was about 200 kv. Old filament source 144A; arc 
source, ;s"" hole, not beveled, no feelers 5uA; arc source, 
is’’ hole, beveled, no feelers 254A; arc source, }” hole, 


A \rae PIECE 
COPPER LINING 











Fic. 1. Cross section of ion source in place in 60-inch cyclotron. The 
feelers are 2 inches wide in the direction along the dee gap. The pole 
pieces are 10 inches apart. 


beveled, no feelers 52uA; arc source, }” hole, beveled, 


feelers on 90uA. The introduction of the feelers reduced 
the amount of power needed to maintain the dee voltage, 
even though it increased the beam. This would seem to 
indicate that their function, in this case at least, is to give 
the ions from the source a better start rather than to pull 
more ions from the source. 

By operating the oscillators on three-phase power, an 
ion current increase of 2-3 times should be obtained, with 
the same maximum dee voltage and arc conditions. 

The operating life of the 50-mil filament is found to be 
about 24 hours. We have now put in a 60-mil filament; 
since a 40-mil filament lasted about 4 hours, this should 
give a great increase in life. 

Epwin McMILLAN 
W. W. SaLispuRY 
William H. Crocker Radiation Laboratory, 
University of California, 
Berkeley, California, 
October 2, 1939. 


1M. Stanley Livingston, M. G. Holloway and C. P. Baker, Rev. Sci. 
Inst. 10, 63 (1939). / 

2 Alexander Allen, J. Frank. Inst. Oct., 1939, and private communica- 
tions. 





The High Frequency Perpendicular Fundamental 
Vibration of the Ammonia Molecule 


For some time it has been recognized that the high 
frequency perpendicular fundamental of ammonia (con- 
ventionally denoted as v2) has a value around 3400 cm™, 
but the exact location has proved difficult. In a recent 
paper' Barker has suggested the value 3415 cm™ from a 
very careful investigation of certain combination bands, 
but particularly from a band at 4u, which he interprets as 
vo—vs. The purpose of the present note is to point out 
that the interpretation of this combination band offered 
by Barker is open to question. The value it yields for v2 
seems to be too low if we are to interpret the band at 2.24 
as vo+v3. The center of the latter band appears to be at 
4450 cm~ whereas Barker's value of vz would make it fall 
at 4365 cm™ or even lower. Again in the plot of the 3u 
region, where a part of the v2 fundamental can be picked 
out, the maximum of intensity would appear to be much 
closer to 3450 cm™ than to 3415 cm™. Further, a com- 
parison of the values of v2 and v4 in the isotopic molecules 
NH; and ND, indicates that the value for v2 in NHs 
should be considerably nearer 3450 cm™ than 3400 cm™. 
Since these three separate lines of evidence suggest a 
value for v2 near 3450 cm we must find another inter- 
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pretation of the band at 4y, and there seems to be no 
reason why it should not be interpreted as v3+v,4. An 
examination of the behavior of this band at low tempera- 
tures would perhaps be the best method of checking its 
assignment as a sum, rather than a difference, of two 
fundamentals. 

The writer wishes to acknowledge the benefit of discuss- 
ing this matter with Professor Barker. 


G. B. B. M. SUTHERLAND* 


Pembroke College, 
Cambridge, England, 
September 15, 1939. 
* At present Leverhulme Research Fellow. 
1E. F. Barker, Phys. Rev. 55, 657 (1939). 





Magnetic Anisotropy of Nickel at 20°K 


The only experiments on ferromagnetic anisotropy that 
have been carried out below the temperature of liquid 
nitrogen are those of Honda, Masumoto and Shirakawa! 
on nickel in liquid hydrogen. Their results indicate a large 
increase in the anisotropy as the temperature is lowered 
from 77° to 20°K, the constant K; changing by a factor of 
about 5. On the other hand, Brukhatov and Kirensky? have 
found that in the temperature range from 77° to 350°K, 
the constant is given by the relation 

K, = Koe~*™ (1) 
which predicts an increase of but 20 percent in going from 
77° to 20°K. Accordingly we have undertaken, with the 
kind cooperation of Drs. H. A. Boorse and S. L. Quimby 
of Columbia University, to measure again the anisotropy 
constants at 77° and 20°K, using this time the more 
accurate method of torques. 

The ratio of the constants was found to be about 1.2 
(accuracy about 10 percent), as compared with the ratio 5 
derived from the data of Honda, Masumoto and Shirakawa 
and 1.21 from the equation of Brukhatov and Kirensky. 
Our absolute values at 77°K and above are very close to 
those of Brukhatov and Kirensky. Thus our work extends 
the validity of this equation to lower temperatures (see 
Fig. 1) and shows that there is no unusual behavior in the 
ferromagnetic anisotropy at these low temperatures. This 
clarifies the theoretical situation since Van Vleck® in his 
discussion of the wave-mechanical theory of anisotropy, 
has not been able to find any basis for a difference in 
variation with temperature of the constants for iron and 
for nickel. 

The crystal of nickel used was grown‘ in pure hydrogen 
from high purity nickel kindly supplied by Mr. E. Wise 
of the International Nickel Company. It was cut in the 
form of a disk with planes parallel to (100) and edges 
rounded to a semi-circle. The thickness was 0.29 cm, the 
largest diameter 1.38 cm. The liquid hydrogen was intro- 
duced into the Dewar flask surrounding the crystal through 
a straight Dewar tube of stainless steel connected directly 
to the bottom of the liquefier. The flask and crystal and 
torsion-measuring apparatus’ were then removed to the 
electromagnet for measurement of the torque when the 
field was inclined at various angles to [011], the direction 
of easiest magnetization in the (100) plane. The highest 
field used was about 4000 oersteds. This was not sufficient 
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Fic. 1. Anisotropy constant of nickel as dependent on temperature. 
Data from 77° to 350°K, inclusive, by Brukhatov and Kirensky. Data 
at 77° and 20°K by the authors, adjusted slightly to fit the former data 
at 77°K. Curve calculated from Eq. (1) using K =800,000, a =0.000034. 


to permit observation of the torque at saturation, but was 
so near this point that the ratio of the constants at 77° 
and 20°K could be determined with some accuracy. 
Saturation was later observed at 77°K in a field of about 
5000 oersteds. 

We wish to express our appreciation to Dr. Boorse and 
Dr. Quimby and others of the Cryogenic Laboratory of 
Columbia University, for supplying the liquid hydrogen. 

H. J. WILLIAMS 
R. M. BozortH 


Bell Telephone Laboratories, 
New York, New York, 
September 25, 1939. 


1K. Honda, H. Masumoto and Y. Shirakawa, Sci. Rep. Tohoku Imp. 
Univ. 24, 391 (1935). The anisotropy constant was derived by one of 
us (R. M. B., J. App. Phys. 8, 575 (1937)) from their magnetization 
curves for the [100] and [110] directions. A similar calculation by 
L. W. McKeehan (Phys. Rev. 52, 18 (1937)) yielded an even higher 
value of Ki. Its value is somewhat uncertain on account of the extra- 
polation of the magnetization curves to saturation. 

2N. L. Brukhatov and L. V. Kirensky, Soviet Phys. 12, 602 (1937). 

3J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). : 

4 By Mr. O. L. Boothby, using the method described by P. P. Cioffi 
and O. L. Boothby, Phys. Rev. 55, 673 (1939). 

5 Similar in design to that described by H. J. Williams, Rev. Sci. 
Inst. 8, 56 (1937). 





The Disintegration of Mesotrons 


In order to test the hypothesis of the spontaneous decay 
of mesotrons we have compared the absorption of the 
mesotron component of cosmic radiation in air and in 
carbon. 

The mesotrons were detected by the coincidences of 
three Geiger-Miiller tubes arranged in a vertical plane. The 
counters were shielded with 10 cm of lead on each side to 
prevent coincidences from the air showers. Also, 12.7 cm 
of lead was placed between the counters in order to cut off 
the soft component. 

The absorption in air was measured by counting coin- 
cidences at different heights from Chicago up to the top of 
Mt. Evans, Colorado, (4300 m). The absorption in carbon 
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was measured by putting layers of graphite above the 
counters. 

It was consistently found that the mass absorption in air 
was considerably larger than that in carbon. One set of 
measurements, for instance, gave the following results: 
Mt. Evans (4300 m, atmospheric pressure 618 g/cm?) 
without graphite: 11.9+0.07 coinc./min. Jbid., under 84 
g/cm? graphite: 11.0+0.057 coinc./min. Echo Lake 
(3240 m, atmospheric pressure 700 g/cm?) without graphite: 
9.7 +0.046 coinc./min. 

Thus the additional air layer of 82 g/cm? between Mt. 
Evans and Echo Lake reduced the intensity of the meso- 
trons by more than twice as much as did the graphite screen 
of 84 g/cm’. It is obvious that this large difference cannot 
be ascribed to the difference in stopping power of air and 
carbon. We see, therefore, definite evidence for the dis- 
integration of the mesotrons. 

The above results show that 1.3 mesotrons out of 11 dis- 
integrate while traveling a distance of 4.30 x 10°—3.24 105 
= 1.06 10* cm. Their mean-free-path for the distintegra- 
tion is, therefore, L= 1.06 X 10°/log (11/9.7) =8.5 X 105 cm. 

L is connected with the lifetime ro by the formula: 
cro=ucL/p where yu is the mass and p the momentum of 
the mesotrons. At sea level the average value of uc/p was 
estimated to be about 0.07.1 Assuming tentatively the same 
value in our case, one finds r>=2 X10 sec. 

A fuller account of these experiments will be published 
later. The writers acknowledge with thanks the helpful 
discussions and support given to this work by Professor 
A. H. Compton. They also wish to express their apprecia- 
tion for the facilities made available in Colorado by Dr. 
Joyce Stearns, as well as for the assistance of Mr. O. E. 
Polk and Mr. W. Bostick. 

BruNO Rossi 
H. Van NorMAN HILBERRY 
J. Barton HoaG 
Ryerson Physical Laboratory, 
University of Chicago, 


Chicago, Illinois, 
September 30, 1939. 


1B. Rossi, Cosmic Ray Symposium, Chicago, June, 1939; Rev. Mod. 
Phys. July—October (1939). 





Magnetic Spectrograph Investigation of N™ 
Gamma-Radiation 


Richardson! has reported that the decay of N® is ac- 
companied by a gamma-ray of 280+30 kev in addition to 
the well-known positron annihilation radiation. This 
gamma-ray is estimated to occur in 40 percent of all N™® 
disintegrations which take place. 

The same radiation has been reported by Lyman? who 
estimates it to occur in 20+15 percent of all disintegra- 
tions; and by Watase and Itoh’ who estimate it to occur in 
20 percent of all disintegrations. The estimates of Richard- 
son and of Watase and Itoh are uncertain by a factor of 
two. In view of the general interest in N™, it has seemed 
desirable to make further observations on this radiation, 
using a method which is free from statistical errors. 

The N" gamma-ray spectrum was explored by measuring 
the energy and intensity of the secondary electrons ejected 
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from lead and aluminum foils of equivalent thickness. The 
magnetic spectrograph used was of the usual semi-circular 
focusing type, constructed largely of lead. The slit jaws 
and other parts nearest the radioactive source were faced 
with graphite in order to minimize the background. The 
radioactive sources were produced by bombarding 0.5 mm 
thick graphite plates with 4.3-Mev deuterons. Eastman 
“No Screen’’ x-ray film was used, and was developed for 
eight minutes in D19 developer at 66°F. 

The Pb and Al foils were placed in contact with the 
radioactive sources. A particular gamma-ray will eject 
both photoelectrons and recoil electrons from lead, but 
only recoil electrons from aluminum because of the different 
Z dependence of the two effects. The photoelectrons from a 
particular gamma-ray, having an initially homogeneous 
velocity, will appear on the spectrogram as a group with a 
sharp upper energy limit followed by a gradual decrease 
in intensity toward lower energies because of a straggling 
in the emitting foil. The recoil electrons ejected by the 
same gamma-ray under these conditions will have a much 
less homogeneous energy distribution because their 
energies depend greatly upon their directions of emission 
with respect to those of the quanta. 

In this experiment the photoelectron spectrum of lead 
irradiated by N™ gamma-radiation was isolated from the 
recoil spectrum as well as from the instrumental back- 
ground. This was done by successive exposures with lead 
and aluminum secondary emitters, the latter distribution 
being subtracted from the former. The relative photo- 
electron intensities due to any gamma-rays present may 
thus be directly compared without making any estimates 
of the contribution of recoil electrons as was necessary in 
the experiments of Watase and Itoh. 

The data are shown in Fig. 1, which gives the film opacity 
as a function of Hp. Because of differences in source in- 
tensities it was necessary to multiply the aluminum ordi- 
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Fic. 1. Photometric measurements of films exposed to secondary 
electron spectra from lead and aluminum irradiated by N" gamma- 
radiation. The lowermost curve is the difference between the Pb and 
Al data. The vertical arrows indicate the Hp region corresponding to 
lead K photoelectrons from a gamma-ray of 280+30 kev. 
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nates by 1.26 in order to bring them into coincidence with 
those for the lead at the point of lowest Hp shown. The 
zero line of the difference curve was drawn through its 
lowermost points. The large maximum in the difference 
curve is due to K photoelectrons from annihilation radia- 
tion; the Z photoelectron edge does not fall on the film 
for the field intensity used. There is no evidence for a 
photoelectron line in the region of 280+30 kev (indicated 
by arrows). 

In order to obtain the relative gamma-ray sensitivity 
of the spectrograph for annihilation and 280-kev radiation, 
it is necessary to correct, for the variation of the photo- 
electric effect with gamma-ray energy,‘ the variation of 
film sensitivity with electron energy® and the instrumental 
effect due to the different radii of curvature of the two 
distributions. Taking all these into account the spectro- 
graph is estimated to be at least four times as sensitive to 
280-kev radiation as to 512-kev radiation. From Fig. 1 it is 
necessary to conclude that in the region corresponding to 
280+30 kev there is not more than 0.05 gamma-rays per 
disintegration. At no point in the range from 1200 to 1800 
gauss cm (gamma-ray energy 200 to 325 kev) could there 
be more than 0.11 gamma-ray per disintegration. 

The author wishes to thank Professor L. A. DuBridge 
and Dr. S. N. Van Voorhis for their interest in this problem. 


G. E. VALLEy* 
Department of Physics, 
University of Rochester, 
Rochester, New York, 
September 29, 1939. 


* Now at Harvard University, Cambridge, Massachusetts. 

1J. R. Richardson, Phys. Rev. 53, 610 (1938); 55, 609 (1939). 

2 E. M. Lyman, Phys. Rev. 55, 1123(A) (1939). 

3 Y. Watase and J. Itoh, Proc. Phys. Math. Soc., Japan 21, 289 (1939). 
4L. H. Gray, Proc. Camb. Phil. Soc. 27, 103 (1931). 

5C. D. Ellis and G. H. Aston, Proc. Roy. Soc. Al19, 645 (1928). 
*K. T. Li, Proc. Camb. Phil. Soc. 33, 164 (1937). 





Search for 8- and Delayed +-Radiation from the 
Deuteron-Deuteron Reaction 


The evidence! for the existence of a group of low energy 
neutrons resulting from the reaction H*(d, »)He*® has been 
strengthened by recent experiments of Bonner.‘ The low 
energy group is found to have an energy of 1.1 Mev 
(Q=1.48 Mev) and to comprise 10 percent of the total 
neutron yield. Since the well-known 2.4-Mev group of 
neutrons corresponds to a Q of 3.32 Mev it follows that 
there should exist an excited state of He* having excitation 
energy of 1.84 Mev, and that the decay of this excited 
nucleus should give rise to observable radiation. There are 
several possible decay processes 


(1) He**—He’+7, 
(2) He**—+He*+ y (largely internally converted), 
(3) He**—+H*?+e* (upper limit of spectrum 0.8 Mev). 


Attempts*~’ to observe instantaneous 7-radiation from 
the d-d reaction have failed to show its presence in amount 
greater than one y-ray per hundred neutrons, a value too 
small by a factor of ten to account for the low energy 
neutron group. 

We have attempted to observe radiation from other 
possible processes indicated above. The apparatus used is 
shown in Fig. 1. The heavy ice target was bombarded by a 
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beam of deuterons from the 400-kv transformer-rectifier 
set in this laboratory. In the first set of experiments, 
designed to detect internal-conversion electrons, or posi- 
trons from the decay of a short-lived He**, only the foil 
B, of 0.02 mm Al, was used. Observations were made with 
a double counter of the Trost type which was used in a 
coincidence circuit® having a resolving time of 2 x 10~ sec. 
The total thickness of window B and both counter win- 
dows was such that electrons having energy greater than 
0.23 Mev would have been counted. Numbers of counts 
were recorded with and without a 6-mm Al absorber be- 
tween the window B and the counter. With 20ya of 135-kev 
deuterons incident on the target a count of 900/min. was 
recorded. This was due to the neutrons, as it was unchanged 
within the limits of error (75/min.) by the interposition of 
the Al absorber and also of a Pb absorber. We calculate 
from the known yield of the d-d reaction® and the geometry 
of the apparatus that an electron-emitting process in 
equilibrium with the deuteron beam should give about 
2X 10* counts/min., assuming that the reaction leading to 
He* is 10 percent of the whole. This seems definitely to 
eliminate any possibility of internal conversion or short- 
lived positron radioactivity. 

In order to investigate the possibility that the He™* 
might be a long-lived positron or y-ray emitter the foil A, 
which consisted of a collodion film of 0.5 mm air equivalent 
covered with an Al foil of 0.7 mm air equivalent, was intro- 
duced. The introduction of this foil made it possible, by 
closing the stopcock shown in the figure, to collect in a 
separate vacuum-tight chamber the He*™ recoils (range 
4 mm) from the target, and to investigate their activity. 
Experiments were made by bombarding the target for 
ten minutes with 20ua of 135-kev deuterons and then 
making measurements with the beam shut off. Check 
measurements were made after identical bombardments 
with the stopcock open, in order to take into account the 
effect of induced radioactivity in the metal of the target 
chamber. We used the coincidence arrangement for observ- 
ing electrons and a sensitive copper-walled counter for the 
detection of y-radiation. The results were as follows: With 
the coincidence counter we obtained 4 counts/min. after 
bombardment with the stopcock in either position. With 
the y-ray counter we obtained about 10 counts/min. over 
the counter background (75/min.) after bombardment 
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with the stopcock in either position. We should have been 
able to detect very unambiguously a difference of 3 elec- 
tron counts/min. due to the changed position of the stop- 


cock, and similarly a difference of 20 counts per min. in the’ 


y-ray case. No such differences were observed. We calculate 
that with the stopcock closed there would be 210" He** 
caught in the side chamber after a ten-minute bombard- 
ment. From the geometry used and from the counter 
sensitivities we find that if there exists an excited He’, its 
lifetime for positron emission is greater than 10 days and 
its lifetime for y-ray emission is greater than 45 min. The 
high voltage apparatus used was built with the aid of a 


grant to Professor Ladenburg from the Rockefeller 


foundation. 
M. H. KANNER 
W. T. Harris* 


Palmer Physical Laboratory, 
Princeton University, 
Princeton, New Jersey, 
September 17, 1939. 


1T. W. Bonner, Phys. Rev. 52, 685 (1937); 53, 711 (1938). 

2 Baldinger, Huber and Staub, Helv. Phys. Acta 11, 245 (1938). 

3 E. Hudspeth and H. Dunlap, Phys. Rev. 55, 587 (1939). 

4T.W. Bonner, Nature 143, 681 (1939). 

* Kallmann and Kuhn, Naturwiss. 25, 231 (1937). 

6A. J. Ruhlig, Phys. Rev. 54, 308 (1938). 

7S. Kikuchi and H. Aoki, Proc. Phys. Math. Soc. Japan 21, 20 (1939). 

8 L. A. Turner, Phys. Rev. 55, 1134 (1939). 

* R. Ladenburg and M. H. Kanner, Phys. Rev. 52, 911 (1939). 
, he ~ with the United States Rubber Company, Providence, Rhode 
sland. 





Pair Emission from Fluorine Bombarded with Protons 


When fluorine is bombarded by protons of suitable 
energies gamma-rays with 6.3+0.1 Mev quantum energy 
are emitted. Measurements of the gamma-ray yield as 
function of proton energy were first made by Hafstad and 
Tube! and later with higher resolution and over a greater 
range by Bernet, Herb and Parkinson.? 

These measurements were made with ionization cham- 
bers and the radiation was filtered through } in. or more of 
lead. They show that the penetrating gamma-radiation is 
produced at several sharply defined energies. Dee, Curran 
and Strothers* have shown that the resonance levels at 
330, 670 and 860 kev all give rise to the same gamma- 
radiation. We‘ have confirmed this and in addition have 
found that the same is true for the prominent resonances 
at 0.920 and 1.36 Mev. It has also been shown in this 
laboratory® that at the 330-kev resonance the gamma-rays 
are accompanied by alpha-particles, with a range of 8 mm 
in air. It seemed safe, therefore, to conclude that the 
6.3-Mev gamma-radiation originates from the reaction 


F194 H-+(Ne?)>*0"6 + Het 


and represents a transition in oxygen from an excited state 
to the ground state. The alpha-particle group at 330 kev 
has also been found by Burcham and Smith* and we have 
recently been informed that Burcham and his collaborators 
have found the corresponding alpha-particles at the 860- 
and 920-kev resonances.’ 

In order to investigate the possible existence of radiation 
of low penetrating power from fluorine bombarded by 
protons we have made yield measurements by simultaneous 
observations with two ionization chambers, to which we 
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shall refer as No. I and No. II. The two chambers were as 
similar as practicable but No. II was arranged so that 
suitable filters could be interposed between target and 
chamber. To reach the chambers the radiation passed 
through the 0.13-mm German silver wall of the target 
tube and the 0.40-mm aluminum ionization chamber wall. 
This filtration was desirable in order to exclude the x-rays 
produced by protons in the target, which consisted of a 
copper disk on which a thin layer of CaF, was deposited. 

The filter chosen for the yield measurements with cham- 
ber No. II was 3.3 mm of lead. This is sufficient to absorb 
gamma-radiation up to several hundred kv or electrons 
up to 10 Mev. 

Curves 1 and 2 (Fig. 1) represent the readings obtained 
with chambers I and II, respectively, as function of bom- 
barding voltage, and curve 3 represents the difference 
between 1 and 2. 

On the assumption that curve 2 is a measure of 6.3-Mev 
radiation only, and that chamber No. I is equally affected 
by this radiation, we can conclude that curve 3 represents a 
kind of radiation which is completely absorbed in 3 mm 
of lead. These assumptions are not entirely correct and for 
this reason we cannot exclude the existence of a few percent 
of absorbable radiation, even where curves 1 and 2 coincide, 
but this does not in any way invalidate the conclusions to 
be drawn from the difference between them. 

Measurements of the absorption in lead and in alu- 
minum made at 820 and 1130 kv proved that the radiation 
represented by curve 3 did not consist of soft gamma- 
radiation and that it probably consisted of fast electrons 
with a maximum range of approximately 1.5 mm in lead 
and 7.5 mm in aluminum. From 500 cloud-chamber photo- 
graphs, taken at 820 kv, we obtained 166 positive and 
173 negative electrons and 29 pairs could be identified 
with some certainty. 

We conclude from this that curve 3 represents the ioniza- 
tion produced by pairs. The observed energy is 5.9+0.5 
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Fic. 1. Relative intensity of ionization vs. bombarding proton energy. 
Curve 1—radiation filtered by 0.5 mm aluminum. Curve 2—radiation 
ee by an additional 3.3 mm lead. Curve 3—difference between 1 
and 2. 








re as 
that 
and 
ssed 
rget 
vall. 
rays 
of a 
ted. 
am- 
sorb 
‘ons 


ned 
>m- 
nce 


lev 
ted 
isa 
nm 
for 
ent 
de, 
} to 


ion 


“oS. 








LETTERS TO 


Mev. In comparing the relative transition probabilities it 
must be remembered that the pairs are approximately 
twenty times as effective in producing ionization as are the 
gamma-rays, hence the latter are in all cases much more 
numerous. 

It is interesting that although these pairs occur at 
definite resonance energies they do not coincide with the 
gamma-ray resonances. For example, at 920 kv the ioniza- 
tion due to gamma-radiation is nearly ten times as intense 
as that produced by pairs, while at 840 and 1190 kv the 
reverse is true. Clearly, therefore, the pairs are not pro- 
duced by internal conversion of gamma-rays in the usual 
sense, but are emitted directly from a nucleus in an excited 
state. Presumably this is a state in O" with 7=0 and the 
transition is to the ground state which is known to have 
j=0. It is, however, possible that some or all of the pairs 
observed originate from a transition in Ne?°. If so, gamma- 
rays of approximately 7.5 Mev energy should accompany 
the pairs and we cannot exclude this possibility from our 
experiments so far. If the transition is in O" alpha-particles 
should be observable at the pair resonances. Since no 
single quantum transition is allowed from such a state, 
the lifetime must be very long. Professor Oppenheimer 
has made a tentative estimate of 10~* second for the half- 
life. 

It seems probable that the pairs observed by Crane and 
Halpern® at 600 kv—i1 pairs per thousand quanta—are 
to be attributed to this process rather than to internal 
conversion. 

W. A. FOWLER 


C. C. LAURITSEN 
California Institute of Technology, 
Pasadena, California, 
September 27, 1939. 


1L. R. Hafstad and M. A. Tuve, Phys. Rev. 48, 306 (1935). 

? Bernet, Herb and Parkinson, Phys. Rev. 54, 398 (1938). 

3 Dee, Curran and Strothers, Nature 143, 759 (1939). 

* Fowler, Lauritsen and Lauritsen, Bulletin Phys. Soc. Stanford 
Meeting, June (1939). 

* McLean, Becker, Fowler and Lauritsen, Phys. Rev. 55, 796 (1939). 

®*W. E. Burcham and C. L. Smith, Nature 143, 795 (1939). 

7 We are indebted to Dr. Burcham for communicating these results 
to us before publication. 

8H. R, Crane and J. Halpern, Phys. Rev. 55, 260 (1939). 





Low Energy Gamma-Radiation from Lithium 
Bombarded with Protons 


By means of the method described in the preceding 
letter we have investigated the radiation from Li’+H! as 
function of proton energy. The target used consisted of 
separated Li’ with a stopping power of approximately 
30 kev.! 

The filter used in front of ionization chamber No. II 
was 1.33 cm of lead. The readings of chambers Nos. I and II 
are shown in curves 1 and 2, respectively, and curve 3 is 
the difference between 1 and 2 (Fig. 1). 

The resonance at 440 kev appears to be due entirely to 
the well-known 17.5 Mev gamma-radiation, while the 
radiation above 800 kev is strongly absorbed in lead. 

We have measured the attenuation of the radiation at 
1080 and 1290 kev and find an apparent absorption coeffi- 
cient «=1.50+0.10 cm= in lead and »=0.12+0.01 cm™ 
in aluminum. For annihilation radiation from N"™ we find, 
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Fic. 1. Relative intensity of ionization vs. bombarding energy. 
Curve 1—radiation filtered by 0.15 mm lead. Curve 2—radiation filtered 
by an additional 1.33 cm lead. Curve 3—difference between 1 and 2. 


with the same arrangement, 7. =1.43+0.05 cm™! in lead. 
This gives the value 495+25 kev for the gamma-rays at 
1080 and 1290 kev bombarding energy. 

From this and from the character of the yield curve 
above 800 kev it seems reasonable to assume that this 
radiation originates from excitation of Li’ without capture 
of the proton in analogy with the well-known excitation of 
Li’ by Het. Rumbaugh, Roberts and Hafstad* have ob- 
served the same state in the following reactions: 

Lié+H*—+(Be*)—Li’?+H! 
—*Li?+H! 
—Be7+n! 


Be’—>* Li? —e~. 


From the difference in proton ranges they find the separa- 
tion of the states in Li? to be 455+15 kev, and from the 
attenuation of the radiation following the decay of Be’, 
425+25 kev. 

Although our value 495+25 kev is somewhat higher 
there can be little doubt that the same state in Li’ is 
involved. 

W. A. FOWLER 
C. C. LAURITSEN 
California Institute of Technology, 


Pasadena, California, 
September 27, 1939. 
1 We are indebted to Professor Rumbaugh and the Bartol Foundation 


for their kindness in supplying us with this target. 
2? Rumbaugh, Roberts and Hafstad, Phys. Rev. 54, 657 (1938). 





On the Equality of the Proton-Proton and 
Proton- Neutron Interactions 


A comparison of the 'S proton-proton interaction and the 
1§ proton-neutron interaction has been made recently by 
Breit, Hoisington, Share and Thaxton.' It is the purpose 
of this letter to add a remark to this subject. With the 
meson type of potential, Ce~"/rd, a variational calculation 
has been made of the binding energy of H* of high accuracy 
(error <0.1 percent).? This calculation together with the 
value of the binding energy of H? and the scattering of 
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thermal neutrons by protons gives the following values for 
the constants in the meson potential for the *S neutron- 
proton interaction: 


C(8S) = —62.75 me; (1) 


Any change within reasonable limits of the 4S proton- 
neutron interaction affects this determination of the *S 
interaction very little. If one assumes the range, A(1S), of 
the 4S interaction between neutron and proton is the same 
as A(3S), one gets the following constants: 


ACLS) =A(8S). 


ABS) = 1.536 (mc?/e*). 


(2) 


This calculation uses the experimental value for the scatter- 
ing of thermal neutrons by protons of 18.3 10-*%* cm*. It 
may be noted that a 35 percent change in the value of the 
scattering cross section gives only 1.5 percent change in 
C(4S) for fixed (4S). 

The proton-proton interaction as deduced from scatter- 
ing experiments leads to the following interaction constants 
as determined by Share, Hoisington and Breit:* 


= —89.1 mc?; A=2.38 (mc?/e?). (3) 


The constants in (3) are considerably different from those 


CLS) = —36.32 me; 
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in (2) where it was assumed that the proton-neutron 4S 
range was the same as the proton-neutron *S range. If 
one assumes that the 4S proton-proton interaction con- 
stants (3) also holds for the 1S proton-neutron interaction, 
one may also fit the experimental data on the scagtering of 
thermal neutrons by protons.! 

If the fitting of the proton-proton scattering data is 
unambiguous, then either of two conclusions is indicated: 
that A(S) #A(4S); or that the 1S proton-proton interaction 
does not equal the 'S proton-neutron interaction. These 
conclusions will not be appreciably affected by the intro- 
duction of spherically symmetric spin-spin forces, but may 
be affected by other spin-spin forces such as give rise to the 
quadripole moment of H?. 

FREDERICK W BROWN 
MiLTon S. PLESSET 
Norman Bridge Laboratory of Physics, 
California Institute of Technology, 


Pasadena, California, 
September 19, 1939. 


1G. Breit, L. E. Hoisington, S. S. Share and H. M. Thaxton, Phys. 


Rev. 55, 1103 (1939). 
2 Frederick W. Brown, to be submitted shortly to the Physical 


Review. 
3S. S. Share, L. E. Hoisington and G. Breit, Phys. Rev. 55, 1130 


(1939). 
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= Proceedings of the Southeastern Section of the American Physical Society 
m0 MINUTES OF THE UNIVERSITY OF GEORGIA MEETING, MARCH 31 
raf AND APRIL 1, 1939 
" HE fifth annual meeting of the Southeastern Section of the American 
adie Physical Society was held at the University of Georgia, Athens, Georgia, 
ion on March 31 and April 1, 1939. Local arrangements for the meeting were in 
ese charge of a committee consisting of: L. L. Hendren, chairman, E. H. Dixon, 

_ R. G. Henry, and R. H. Snyder. Approximately 150 members and guests were 
vd registered. The following officers were elected for the year 1939-40: 

Chairman, B. A. Wooten 

Vice-chairman, R. C. Williamson 

Secretary, P. Rudnick 

Treasurer, W. S. Nelms 

Charleston, S. C., was selected as the place for the annual meeting in 1940, 

Lys. . * ‘ ° 
7” at the invitation of The Citadel. 
~ Dr. Detlev W. Bronk, Director of the Johnson Foundation for Medical 


Physics at the University of Pennsylvania, was the guest of the Section and 
principal speaker in a symposium on biophysics, for which the program is 
printed below, together with abstracts of research papers presented at the 
meeting. The total number of papers on the program was 52; abstracts of those 
related to the teaching of physics are published in the August issue of the 
American Physics Teacher. 





PHILIP RUDNICK 
Secretary, Southeastern Section 


Program of Symposium on Biophysics 


The Physical Basis of Biological Organization.—DrETLEV W. Bronk, Johnson Foundation for 
Medical Physics. 

Applications of Nuclear Physics to Biology.—J. B. Fisk, University of North Carolina. 

The Present Status of the Electron Microscope.—Ortro STUHLMAN, JR., University of North 
Carolina. 

Applications of Photography to Medical and Biophysical Problems.—G. G. QuarLes, Uni- 
versity of Alabama. 

Purification of Biological Materials by Centrifuging.—J. W. Beams, University of Virginia. 

A Recording Sensitive Differential Manometer.—WILLIAM Hurst, Duke University. (See ab- 
stract 18) 

The Lethal Effect of 2537A Radiation on Bacteria.—D. Gorpon SHarp, Duke University. (See 
abstract 19) 


ABSTRACTS 


1. A Method of Measuring Electrolytic Conductivity at which depends only on the dimensions of the coil and 





High Frequencies. Gorpon Stipe, JR., AND J. H. Purks, 
JR., Emory University—The rate of energy absorption by 
different solutions of hydrochloric acid in a cylindrical glass 
cell placed in a coil carrying several amperes at frequencies 
of the order of ten magacycles has been measured. This 
rate of energy absorption was found to be a function of the 
specific electrical conductivity #, the volume v of the solu- 
tion, the area a of the solution normal to the field, the 
frequency f of the current i in the coil, and a factor k 


is defined by H=ki. An empirical relation was found 
which is expressed by the equation Au/At=pusAT/At 
= [1.449 x 10" Javok*i*f?, where Au/At is the rate of energy 
absorption. A theoretical equation for the rate of energy 
absorption was derived. This equation is gu/¢t 
=[4/2X10-* Javok*i#f? which agrees closely with the 
empirical equation. Since all factors in this equation other 
than the conductivity may be measured independently, 
the above relation may be used to determine the high 


843 








844 


frequency electrical conductivity of electrolytic solutions 
from the rate of energy absorption by the solution in a 
high frequency magnetic field. 


2. The Determination of Melting Points by Transmitted 
Light. DuDLEY WILLIAMS AND BENJAMIN HINTON, Uni- 
versity of Florida.—An arrangement for the determination 
of melting points is described. A sample of the compound 
being studied is placed on a thin glass plate mounted inside 
a temperature-control bath. Light from a linear filament 
passes through the sample and is focused on a narrow 
slit behind which is mounted a photo-cell. At the melting 
point the intensity of the transmitted radiation increases 
and causes a rapid rise in the photo-current. Temperatures 
are determined by means of a thermocouple mounted in 
the control bath close to the sample. Typical photo-current 
vs. temperature plots are shown. Results obtained by the 
present method are compared with those obtained by 
visual observation and cooling-curve measurements. 


3. An Apparatus for the Excitation of Raman Spectra of 
Gases. J. S. Kirpy-Smitu, Duke University —An appa- 
ratus designed primarily for the excitation of Raman 
spectra of gases at low pressures has been constructed and 
put into operation. The light source consists of 16 low 
voltage direct-current Pyrex mercury arc lamps. Each 
lamp is 60 cm long and dissipates, normally, about 500 
watts. A speciaily designed lamp housing, cooled with 
compressed air, permits reflectors, arcs, and scattering 
tube to be mounted in close contact without overheating. 
Appropriate filter solutions for isolating the various excit- 
ing lines, usually either Hg4047 or Hg4358, are circulated 
through a jacket surrounding the Raman tube. The entire 
apparatus operates in a vertical position, and the scattered 
light is reflected, by means of a right angle prism, into 
a Zeiss 3-prism spectrograph with an effective camera 
aperture of f: 2.3. Initial measurements have been made 
on a series of gaseous amines at about two atmospheres 
pressure. Good Raman plates have been obtained after 
exposures of from 3 to 6 hours. : 


4. Spectrographic Differentiation of Thallium Toxicity 
and Frenching of Tobacco Plants. G. M. SHEAR AND H. D. 
Ussery, Virginia Polytechnic Institute —It is known that 
certain elements in minute amounts produce marked re- 
sults on the growth of plants, some producing toxic 
effects, and the absence of certain others causing deficiency 
diseases. Frenching, one of the most important tobacco 
diseases, has remained confused with thallium toxicity, 
primarily because it has not been possible by ordinary 
chemical analysis to detect and measure the very small 
amounts of thallium required to produce toxic effects. In 
this investigation, ashed samples of leaves from tobacco 
plants grown in water cultures, and on frenching and 
nonfrenching soils were arced on copper electrodes, the 
spectrum from \ =2200A to \=4400A being photographed 
with a grating spectrograph. Estimations of the thallium 
content for certain samples was made by comparing the 
intensity of the thallium line \=3775.73A in these samples 
with the intensity of the same line in samples of ash to 
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which known amounts of thallium were added. The results 
of this work show that thallium toxicity and frenching 
are not the same, because no thallium was detected in the 
ash of the frenched tobacco, whereas thallium was found 
in measurable amounts in the ash of plants receiving 
thallium in amounts too small to produce thallium toxicity. 


5. The Physical Factors Involved in Blood Volume 
Determination. Joun C. Burcu, E. T. ELLIson AnD N. 
UnbERWOOD, Vanderlilt University.—A brief outline of the 
method of measurement is presented. Measurements of the 
index of refraction, the density, and the hematocrit are 
made at the same time the blood volume is measured. 
Thus the changes in the quality of the blood that accom- 
pany changes in volume are indicated in these experiments. 


6. Skin Temperature Measurements. M. A. Pitrman, 
Madison Coilege—A study of the skin temperatures of 
various types of individuals was made using very simple 
apparatus. Radiation leaving the subjects passed through 
a hole in the end of a box housing a vacuum thermocouple 
with rocksalt window. The thermocouple was connected 
to a 10-ohm galvanometer and temperatures were mea- 
sured by comparing deflections of the mirror with those 
produced by a blackbody of known temperature. 


7. Dental Fluoroscope and Shield. C. R. Founrtarn, 
George Peabody College for Teachers. —The present form of 
dental fluoroscope, consisting of a small fluorescent screen 
clipped at an angle of about 30° to a regular dental mirror, 
is very similar to that designed by the author several 
years ago. The original design was not as satisfactory as 
desired and was not made public because the fluorescent 
screens available at the time did not show quite enough 
contrast when exposed to the type of x-rays regularly used 
for photographic work. The new fluorescent screens (Type 
B) are much more sensitive and give ample contrast, 
especially when exposed to the softer x-rays available with 
modern x-ray machines. The x-ray image on the screen, 
within the mouth, is viewed in the mirror by an observer 
entirely cutside the path of the small beam of x-rays. 
When used with a lead shield designed to limit the direct 
beam and concentrate most of the secondary radiations 
upon the same small area, the operator of this dental 
fluorescope is not exposed to harmful radiations. The 
screen is protected from action upon it by saliva and 
sterilizing agents. 


8. Graphical Evaluation of the Statistical Significance of 
Rate Differences. F. T. HoLMEs, University of Virginia.— 
Workers in the general field of biology frequently must 
interpret rate differences. This is often done qualitatively 
rather than on a sound quantitative statistical basis. The 
work presented here was begun in the belief that the above- 
described condition was caused and fixed as a habit in 
many individuals by fear of the square root sign. It has 
been found possible to exhibit graphically on log-log scales 
certain curves which are sufficient to determine the 
presence or absence of a statistically significant difference 
between two rates. The graphs cover explicitly a wide 
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range of these four parameters: 20, po, Ne, and Ni/Ne 
where 20=:—pf2=twice the standard error for the 
numerical data given by p; and the remaining parameters, 
the p’s and N’s representing, respectively, the rates to be 
compared and the totals of the numbers of events from 
which the rates were computed. It is believed that the use 
of these graphs will occasionally save time for persons who 
are mathematically skilled and both time and effort for 
those who are not. 


9. A Statistical Treatment of the Ultracentrifugation of a 
Bacteriophage. THomAs Davis, Virginia Polytechnic Insti- 
tute-—The formulae for the statistical treatment of the 
errors of sedimentation constants and their influence upon 
subsequent calculations are set forth. Emphasis is placed 
upon the special advantage of statistical methods to 
biological data. The sedimentation constant, density, 
diameter and apparent ‘‘molecular weight"’ of an anti- 
colibacteriophage are given along with their mean errors, 
based on many independent determinations. 


10. Mileage of Gasoline at Different Speeds, and of 
Different Grades. J. B. DERtEUx, North Carolina State 
College —The miles per gallon of gasoline were determined 
at speeds from five to sixty miles per hour, and the grades 
tested were ‘‘high-test,’’ ‘‘regular,”’ and “‘traffic.’’ Graphs 
of mileage against speed were smooth curves rising rapidly 
as speed increased to twenty-five miles per hour, where 
the maximum was reached, then falling away more slowly 
beyond. Data on different cars were obtained and they 
all had approximately the same values. There was very 
little difference in the mileage of different grades. Gasolines 
of different companies all gave approximately the same 
value. The tests were made without adjusting the octane 
selector for the different grades, just as the average motorist 
usually does in trying out the different grades. In the 
apparatus arrangement, the fuel pump was disconnected 
from the pipe leading to the car's gasoline tank, and con- 
nected to a tube leading to a two-way stopcock, one of the 
ways of the cock was connected by a tube into a graduate 
where the volume used was measured, the other way of the 
cock was connected into a large bottle of the gasoline 
under test, and was switched to it while initiating a run. 


11. Remarks on the Study of Structural Viscosity and an 
Example of the Technique for a Cellulosic ‘‘Solution.” 
FRANCIS BREAZEALE, American Enka Corporation.—The 
problem of determining the flow properties of imperfect 
viscous fluids, is discussed. It is shown how the data from 
capillary and Couette viscometers may be correlated with 
that from other experimental procedures to give good 
information about the fluid in regard to: (1) the existence 
(and magnitude) of yield value; (2) the existence (and 
extent) of creep; (3) the form of the viscosity rate of shear 
function. The differences between, and factors governing 
Ostwald and Bingham systems are emphasized. It is 
indicated how the expressions for the flux of such fluids 
through a cylindrical pipe may be derived. As an example, 
photographs of the movement of a cellulosic solution 
through a tube are shown. They indicate: no creep; no 





yield value; ‘but structural viscosity. Measurement of 
this liquid in capillary and Couette viscometers confirm 
this. An approximate expression for the flux of the fluid 
is derived in extenso. 


12. Infra-Red Absorption of Mixtures Containing D,O. 
P. E. SHEARIN AND E. K. PLyLer, University of North 
Carolina.—The purpose of the present study was to deter- 
mine if the nature of the solvent affected the association 
of DO molecules. The investigation included mixtures of 
heavy water and acetone, isopropyl ether, ethyl alcohol, 
and isoamyl alcohol. One absorption band of heavy liquid 
water is at 4u and the corresponding band of heavy water 
vapor occurs at 3.6u. Mixtures of heavy water with the 
two alcohols showed the water absorption band at 4x. 
Practically no change was observed in this band as con- 
centrations were varied from 2 percent to 20 percent. 
This indicated that the association between D,O and the 
alcohols produces about the same effect as the association 
of D.O with itself. In the case of a 5-percent solution 
of D,O in isopropyl ether a broad band was observed with 
a minimum at approximately 3.954. This showed that the 
binding between the ether molecules and the water mole- 
cules is different from the association of D,O and alcohol. 
The acetone-water mixtures showed a further shift in the 
D.O band to 3.84. The concentrations varied from 5 per- 
cent to 20 percent of D,O. The D,O molecules are nearer 
to the vapor state in the acetone-water mixtures than in 
the other mixtures. 


13. Near Infra-Red Absorption Spectra of Some Sugars. 
E. S. Barr anp C. H. CurisMan, Tulane University.— 
By use of a fluorite prism spectrometer, infra-red spectra 
have been observed in the region between 1.74 and 5.0g 
for nine monosaccharides (d-arabinose, /-arabinose, d- 
xylose, /-rhamnose, d-mannose, d-galactose, d-levulose, 
d-glucose, and 8-d-glucose) and four disaccharides (sucrose, 
maltose, d-lactose and 8-d-lactose). Saturated solutions in 
water were used for some of these materials, but for most 
of them it was found that slow evaporation made it possible 
to prepare cells with the water content highly reduced, 
without crystallization setting in. This procedure reduces 
the error involved in correcting for the absorption of the 
solvent. Characteristic absorptions were observed at 
2.164 and 2.354. The strong general absorption in the 
region of 3.34 was partially resolved into the component 
bands. 


14. The Influence of Discharge Chamber Geometry 
upon the Striking Potential of the H.F. Discharge. 
SHERWOOD GITHENS, JR., University of North. Carolina and 
Wake Forest College.—In a paper on the striking potential 
of the h.f. discharge in hydrogen given at an earlier meeting 
(February 20, 1937), the relations of striking potential 
to pressure at 6 frequencies between 5 and 10.5 megacycles 
were shown. These curves possessed three minima instead 
of the usual Paschen law single minimum. A corresponding 
set of curves, obtained with the latest of a serigs of specially- 
designed discharge chambers, will be presented. A com- 
parison of curves and discharge chambers verifies that the 
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lowest-pressure minimum in the older chamber is produced 
by a discharge initiating between either electrode and the 
walls of the chamber; and leads to the conclusion that at 
most frequencies, there are two modes, rather than one, 
in which a discharge may initiate between the electrodes. 


15. The Effect of Humidity and Sphere Material on the 
Sparkover Voltage of the 2-Centimeter Sphere Gap. 
ARTHUR B. Lewis, University of Mississippi—Data are 
presented showing that: (1) The effect of humidity on the 
irridiated 2-centimeter sphere gap, set at a gap of 4 mm, 
is to increase the sparkover voltage by +0.13 percent per 
mm (of mercury) increase in vapor pressure of the water 
in the atmosphere. This effect is apparently independent 
of the sphere material for the metals aluminum, brass, 
chromium, nickel and steel. (2) There seems to be no choice 
between these metals so far as the repetition of the results 
is concerned, the probable error of a day's results averaging 
+0.28 percent. This error can be largely if not wholly 
accounted for in terms of known sources of uncertainty. 
(3) Even when corrected for all known variables, including 
humidity, the final sparkover voltages for the spheres of 
various metals differ from each other by far more than can 
be accounted for by any definitely recognized source of 
uncertainty. 


16. Apparatus for Nuclear Physics. J. C. Movuzon, 
Duke University—A description of an inexpensive half- 
million volt a.c. transformer set made up of discarded 
x-ray transformers, its associated equipment, and its 
application to specific nuclear problems will be given. 


17. Emission of Electrons from “‘Cold’”’ Metallic Targets 
under High Energy Positive Ion Bombardment.* J. B. 
Fisk, University of North Carolina.—A small electrostatic 
generator at the Massachusetts Institute of Technology 
has been used to accelerate protons, (hydrogen molecular 
ions, and singly charged helium ions), to energies between 
50 and 450 kv. The ions then struck a cold metallic target. 
The number of electrons emitted per incident ion was 
measured as a function of incident energy for a number of 
different metals. For protons, the “‘yield’’ of electrons 
varied smoothly from about 4 at low energies to about 2 
at high energies, nearly independent of target material. 
The yield for hydrogen molecular ions was about seven; 
for helium ions about 13, there being little variation with 
energy. For targets of Mo, Cu, Pb, Al prepared in a given 
manner the yield was very nearly proportional to the mass 
of the bombarding particle. However, the yield depends 
very markedly on the condition of the surface of the target. 


* Hill, Buechner, Clark and Fisk, Phys. Rev., in press. 


18. A Recording Sensitive Differential Manometer. 
WitiraM Hurst, Duke University—A modification of the 
differential manometer recently described in the literature! 
has been made which possesses several advantages over 
the former instrument. A drum with light weight rubber 
stretched over it actuates a mirror which pivots on a glass 
shaft. The manometer is sensitive to pressure changes 
equivalent to 0.00005 cm of mercury and responds to 
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pressure variations occurring as rapidly as 25 per second. 
Pressure variations are recorded on moving sensitized 
paper. While the instrument has been developed for use in 
clinical medicine, it has already been applied to problems 
in zoology, such as the study of the respiration of small 
insects. 


1 William Hurst, ‘‘A Sensitive Differential Manometer,” Rev. Sci. 
Inst. 10, 27 (1939). 


19. The Lethal Effect of 2537A Radiation on Bacteria. 
D. Gorpon SHARP, Duke University.—In order to measure 
the lethal effect of 2537A radiation on bacteria an appa- 
ratus' was used in which the organisms were carried in a 
stream of compressed air through a region of high intensity 
rays. Measurements made on intensity of radiation and 
speed of the air stream were used to calculate the energy 
incident per unit area of each bacterium. By taking samples 
of the air beyond the exposure chamber and counting the 
number of survivors, quantitative data were obtained on 
several species. Bacillus subtilis was killed with an incident 
energy of 62,225+7.2 percent ergs/cm? while Pseudomonas 
aeruginosa required 16,100+5.4 percent for complete 
killing. All other organisms tested were in this region. 
In the case of Escherischia coli the survivor curve was 
plotted. It was found that this curve showed considerable 
deviation from the one predicted by existing theory. This 
deviation was especially apparent for survival ratios less 
than one percent. These low survival ratios have not 
been examined by the plate method because of its physical 
limitations not inherent in the present method. The ex- 
planation of these results necessitates an alteration in the 
proposed theories of lethal action of ultraviolet rays, and 
it is suggested that more weight be given to the variation 
in individual cell resistance. 

1D. Gordon Sharp, J. Bacteriol. 35, 589 (1938). 


20. Surface Effects in Testing for Ferromagnetic Im- 
purities. F. W. Constant AND J. M. Formwa ct, Duke 
University —As described in previous papers, a method 
has been developed whereby a permanent magnetic 
moment as small as 10-7 per cc may be measured in any 
small solid specimen—less than 1077 percent of that found 
for Armco iron. For the various metals tested, magnetic 
moments per cc of 2 10-7 to 8X 107 were found. In such 
measurements the elimination of surface impurities is of 
prime importance. The effectiveness of various methods of 
cleaning has been investigated with several metals. In 
most cases the cleaning fluid used made little difference, 
and a series of tests on the same specimen would show a 
linear relationship between the total magnetic moment 
and the volume, or a constant magnetic moment per cc. 
In testing aluminum, however, it was found that some 
solvents appear to leave the ferromagnetic impurity in 
the form of a film adhering to the surface, so that the 
magnetic moment per cc increases with successive cleanings. 


21. Linearity of Wide Range Galvanometer Response in 
a Photoelectric Spectrophotometer Utilizing a Balanced 
Amplifier Circuit. WALTER C. BoscH AND BARREMORE B. 
Brown, Tulane University —Photo-cell conductances, C, 
for a large range of spectral intensities in the visible and 
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ultraviolet are measured by a null method and for each 
intensity the deflection, d, of the plate galvanometer in a 
DuBridge-Brown amplifier is read. An equation, d= AEC/ 
(1+CR)k is experimentally investigated. EZ, the potential 
across the photo-cell and series resistance, R, is kept 
constant at 90 v. A 3.5-meter mirror to scale distance 
reduces the galvanometer constant, &, and increases the 
voltage sensitivity of the amplifier. The factor (1+CR) 
equals 1.005 for the greatest deflection used. The current 
amplification factor, A, quickly deviates from constancy 
unless proper bias conditions are established and a method 
for determining correct bias is given. Experimental data 
and curves for R=10° and 10" ohms show that, with cor- 
rect bias, conductance/cm for any given value of R is a 
constant within +1 percent of a mean value for deflections 
up to 1500 cm. The incident light flux in this deflection 
range, both values of R considered, is estimated to vary 
between 10~ and 10-* lumen. 


22. Effective Rotation Temperatures of CO in the 
Electrodeless Discharge. Myron S. McCay, Virginia 
Polytechnic Institute, AND HAROLD P. KNAuss AND BRUCE 
ARCHDEACON, Ohio State University—The effective rota- 
tion temperatures of carbon monoxide in the electrode- 
less discharge heated by an electric furnace have been 
determined by the method of band intensity maxima, and 
from the intersection of the intensity envelopes of the 
branches composing the band.! The temperatures were 
found from the line intensities of the (0,1), (0,2), and (0,3) 
bands of the Angstrom system of CO for furnace tempera- 
tures ranging from 300°K to 600°K. Comparison with 
readings of an air thermometer placed within the discharge 
indicates a consistently higher spectroscopic temperature, 
in contrast with the observed convergence of furnace 
temperature and rotation temperature at high values for 
the low-voltage arc.” 


1 Phys. Rev. 52, 1143 (1937). 
2 Proc. Phys. Soc. 47, 413 (1935). 


23. The 7.54 Fundamental Vibration of CH;Cl. ALVIN 
H, NIELSEN* AND HARALD H. NIELSEN, Ohio State Uni- 
versity.—Because of the small separation of the rotation 
lines in the parallel bands of CH;Cl they were not at first! 
resolved. Somewhat later Barker and Plyler? partially 
resolved the band vs at 13.74 giving the spacing as 1.1 
cm and computing the moment of inertia A to be 
50 X 10- g cm*. Nielsen and Barker remeasured v3 at 7.5 
and with poor resolution found A», to be 1.3 cm=. The 
writers have made a new attempt to resolve »; with fair 
success. The spectrometer used was of prism-grating 
design equipped with a 2000-line-per-inch grating. The 
slits included a spectral interval of 0.6 cm=! and galvanom- 
eter readings were taken at intervals of 0.2 cm=. The 
lines in the P branch are resolved much better than the 
lines in the R branch because of the isotope shift, but on 
averaging the best line spacings over the whole band, the 
value appears to be about 0.96 cm=! which gives a value 
of A equal to 57.9 10-" g cm’. 


vd 1 ey of Tennessee, Department of Physi 
. Bennett and C. F. Meyer, Phys. Rev 3 oy 888 (em 
rE. ra ‘Barker and E. K. Plyler, J. Chem. ay 3, 367 (1935 
A. H. Nielsen and E. F. Barker, Phys. Rev. 46, 970 (1934). 





24. Force Constants of NO, Groups. DuDLEY WILLIAMS 
AND LORAINE DECHERD, University of Florida.—The infra- 
red spectra of inorganic nitrite solutions have been studied. 
From the fundamental frequencies it was possible to 
determine the force constants and angles involved in the 
group. The values obtained for the angles are in fair 
agreement with x-ray data. The force constants of the 
nitrite group are compared with those of the nitro groups 
in organic compounds and with those of nitrogen dioxide. 


25. Change of the Viscosity of Liquids Produced by an 
Electric Field. A. A. Dixon, North Carolina State College.— 
The work of Alcock' showed that for polar liquids, the 
viscosity was changed by an electric field but for nonpolar 
liquids the effect was zero. A rotating cylinder type of 
viscosimeter has been used during the past year to measure 
the effect of an electric field on the viscosity of several 
liquids. A potential difference which could be varied, was 
applied between the two cylinders. Some of the liquids 
tested were the same as those reported by Alcock and the 
results were similar to those contained in his report. 
Measurements on a few additional liquids have been made. 
In all the polar liquids tested the viscosity was found to 
increase with the electric field strength. 

1E. D. Alcock, Physics 7, 126 (1936). 


26. The Unit Cell and Space Group of Potassium 
Bicarbonate. RicHarD C. KEEN, Louisiana State Uni- 
versity —Small needle-shaped crystals of potassium bi- 
carbonate were prepared by passing carbon dioxide gas 
through a solution of potassium carbonate. X-ray rotation 
photographs about all three coordinate axes were taken. 
The planes producing the diffraction spots were indexed 
using the Benal reciprocal lattice method. According to 
data given by Groth the crystal should have axial ratios 
of a:6:c=2.677:1:1.311. This was found to be in- 
correct and axial ratios are actually a: b : c=2.667 : 1 
0.655. The length of a unit cell along Z axis is only one-half 
of the value given by crystallographic measurements. 
Planes having indices hOO and OkO were missing when h 
and k& were odd. Calculations from density, molecular 
weight of potassium bicarbonate and the dimensions of 
unit cell, obtained from measurements of photographs, 
show that there are four molecules of this compound in 
each unit cell. These measurements and missing planes 
would suggest the compound should belong to space group 
Cu*. Characteristics of this space group together with 
preliminary calculations show this to be an impossible 
arrangement. A space group, retaining the glide plane 
along X axis and having much lower symmetry, C,’, is 
suggested. This space group accounts for absence of hOO 
planes when h is odd. There is also no physical reason 
why the computed intensity of OkO planes should not be 
zero when & is odd. Then this space group, C/’, having 
only two molecules per unit cell enables one to apply its 
parameters twice to obtain the four molecules and to over- 
come the impossible difficulty of concentrating atoms 
at one-fourth, one-half, and three-fourths the distance 
along X axis, which led to the impossible atomic distances 
inherent in the Ca‘ space group arrangement. 
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27. An Analytical Centrifuge.* J. W. BEAMs AND R. E. 
Fox, University of Virginta.—A new design of a vacuum 
type analytical centrifuge is described which requires no 
optical system. The driving and supporting mechanism 
has been previously described,! the only changes being in 
the large rotor or ‘‘centrifuge.’’ The centrifuge contains a 
number of identical sector-shaped cells spaced sym- 
metrically with respect to the axis of rotation and equi- 
distant from it. These cells are connected by small channels 
near their periphery so that each is filled to the same radial 
distance when the centrifuge is spinning. If the cells ‘‘over- 
flow,’’ the material is collected in a chamber situated above 
them. The centrifuge is first accelerated to the desired 
speed and the material to be centrifuged is injected through 
the hollow supporting shaft into the cells. The centrifuge 
is maintained at constant angular speed until the desired 
separation has taken place. A sufficient amount of heavy 
nonmiscible liquid is then injected into the cells at their 
periphery, to force about half of the solution (by volume) 
being centrifuged into the upper chamber. The machine 
is then stopped. From a determination of the cencentration 
of the material in the upper chamber and of the original 
material, the dimensions of the centrifuge, time of centri- 
fuging, and angular speed, molecular weights and sizes 
can be found. This apparatus may be used either for 
sedimentation equilibrium measurements or rate of sedi- 
mentation measurements. 


* Supported by a grant from the Research Corporation. 
1 Beams, J. App. Phys. 8, 795 (1937). 


28. Measurement of Radiation of the Sky. C. M. Heck, 
North Carolina State College-—The radiation of the sky 
toward the earth has been recorded throughout 1938 by 
means of thermometers and thermocouples placed in the 
bottom of a small hemispherical aluminum mirror, which 
mirror was placed confocally within an enclosing mirror 
of double the diameter. In turn, the larger mirror was 
enclosed by a still larger mirror and this by one still larger, 
making a confocal nest of four mirrors, the function of 
each being: (a) to protect the mirror enclosed from the 
radiation of the earth and convectional currents of the air; 
(b) to direct radiation to the enclosed mirror only from the 
sky. With such devices the radiation has been continuously 
studied at Raleigh and for a short time from the top of 
Mount Mitchell and from the top of the Empire State 
Building. Curves of the variation in radiation show: (a) 
a sudden fall in radiated heat around sunset that allows 
the temperature within the radiometer to fall as much as 
35° below that of the surrounding atmosphere, which great 
differential tends to remain constant thereafter throughout 
the night. (b) the differential appears dependent on the 
absolute humidity and its relative distribution in the 
atmosphere whereby upper gulf air masses or passing 
invisible clouds of higher absolute humidity are recorded 
with precision. (c) the average point of thermic control of 
such insulated and radiation environed points at the 
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earth's surface can thus be carried to heights of two or 
more miles. 


29. The Light Plane Hypothesis. J. L. TA.Ltey, 


Junior College of Augusta. 


30. Displacements of Raman Frequencies of Some 
Aliphatic Molecules in Water Solution. R. C. WILLIAMson, 
University of Florida——The substances studied were 
methanol, ethanol, acetone, dioxane, formic, and acetic 
acids. Curves are presented showing the displacements 
(plus or minus) of the following Raman frequencies as 
functions of the ratio of the number of molecules of water 
to one of the solute: C—H™” (+methanol, +dioxane); 
C—O (—methanol, —ethanol, —dioxane); C=O (—ace- 
tone); C—C (—ethanol, +acetone, —dioxane). The curves 
indicate approximate saturation, the greater part of the 
shift being attained below a molar ratio of four of water 
to one of solute. The frequencies are usually displaced with 
no broadening of the lines. Except that in the case of formic 
and acetic acids (as noted by previous observers), the 
C=O line at 1666 cm™ gradually fades and a new one 
develops with a frequency increase of 52 cm™ (formic) 
and 42 cm™ (acetic). Microphotometer records show that 
the original line and the new one are about equal intensity 
at a molar ratio of approximately one of water to two or 
three of acid. The shifts observed for dioxane in water 
agreed to within approximately 2 cm™ with those reported 
by Simon and Feher. Dioxane shows well marked C—H” 
shifts, reaching +14 cm™ at ratios of six to one. No 
measurable shifts were observed for the flexural C—H® 
frequencies. The C=O acetone line at 1712 cm™ was 
decreased by 11 cm™ at a molar ratio of 6 to 1, contrary 
to Edsall who reported no observable shift. 


31. A Study of Dielectric Absorption. J. W. Simmons, 
Virginia Polytechnic Institute—An extensive study of 
absorption in waxed paper used as a dielectric has been 
made to determine empirical equations expressing the 
relation of absorbed current to times of change, discharge, 
and recovery after discharge. High capacity and low 
direct-current potential were used to avoid leakage and 
other losses. Results have been as expected, residual 
charge increasing rapidly with time of charge, for fixed 
times of discharge and recovery after discharge, until 
maximum charge is approached, then increasing very 
slowly. The inverse effect is true for variation of residual 
charge with discharge time, charge time and time of re- 
covery being fixed. Curves of residual charge plotted against 
time of recovery after discharge show a marked increase 
in slope for the higher values of charge time, but are almost 
flat for small charge times. Increase in time of discharge 
tends to flatten the curves, even those of large charge time 
values. It is hoped that a connection between the curve 
equations and alternating-current dielectric losses may 
be shown. 
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VOLUME 56 


Proceedings of the American Physical Society 


MINUTES OF THE STANFORD, CALIFORNIA MEETING, JUNE 28- 


Jury 1 


, 1939 


HE 229th regular meeting of the American Physical Society was held 
at Stanford University, California, on Wednesday, Thursday, Friday, and 
Saturday, June 28, 29, 30, and July 1, 1939. 

Morning sessions were held on Thursday, Friday, and Saturday for the 
presentation of the 57 contributed papers abstracted below. The symposium 
on Wednesday afternoon, held jointly with the Astronomical Society of the 
Pacific, was concerned principally with the problem of limb darkening, and was 
addressed by C. D. Shane, Edison Pettit, A. B. Wyse, and E. M. McMillan. 
On Thursday afternoon a demonstration symposium on “Some New Ultra- 
High Frequency Radio Apparatus’’ was addressed by D. L. Webster, W. W. 
Hansen, and S. F. Varian. On Friday afternoon a symposium on ‘‘Methods 
and Results of X-Ray Structure Determination” was held, the speakers being 
M. L. Huggins, J. D. Bernal, and O. L. Sponsler. 

Attendances ranged from about 50 to 230 persons. 


PAUL KIRKPATRICK, 
Local Secretary for the Pacific Coast 


ABSTRACTS 


1. Initial Recombination. N. E. Brappury, Sianford 
University.—In an attempt to determine the fraction of 
ions lost by recombination in an x-ray ionization chamber, 
a theory has been developed for the processes involved in 
preferential and initial ionic and electronic recombination. 
The theory considers the change of the energy distribution 
of the electrons as they diffuse away from the parent atom. 
From this together with a knowledge of the electron cap- 
ture process, the space distribution of negative ions formed 
may be obtained. The probability of the initial electron 
recombining preferentially with the parent positive ion 
is considered as well as the preferential process for the 
negative ion. Knowing the initial spacing of the ions, it is 
possible to calculate the recombination occurring during 
the diffusion process until random distribution is reached. 
The final volume recombination may then be calculated in 
the usual manner. The theory may be employed in both 
electronegative and free electron gases and to ions formed 
in the presence or absence of an electric field. 


2. Experiments on the Multiple Scattering of Electrons 
and Positrons. C. W. SHEPPARD AND W. A. FOWLER, 
California Institute of Technology.—Measurements on mul- 
tiple scattering! have been continued in lead, aluminum and 
carbon foils of various thicknesses. The distribution in 
energy times scattering angle has been found to be Gaus- 
sian as predicted by the theory of E. J. Williams but with 
a smaller arithmetic mean angle than given by the theory. 
No difference in the scattering of positrons from that of 
electrons could be found within the experimental error. 


The results are contained in the following table: 


No. oF = — 
SCATTERER THICKNESS Tracks Oss.Wa Tueo. Wa 
Lead 0.015 cm 362 45 106.0 
Lead 033 415 89 173.5 
Aluminum .102 423 46 64.0 
Carbon 114 401 38 42.7 
Carbon .330 252 57 75.7 


W. A. Fowler, Phys. Rev. 54, 773 (1938). 


3. Energy Fluctuations in the Electromagnetic Field. 
P. Morrison, University of California.—There is a well- 
known analogy between the quantized electromagnetic 
field and a system of Bose particles. This analogy is strict 
in the case of the total energy and momentum; the infinite 
zero-point energy of the field can be removed by introduc- 
ing a term independent of the occupation numbers. But 
the energy localized in a small volume fluctuates even for a 
field containing no quanta in a way to which there is no 
particle analogue. These zero-point fluctuations arise from 
terms corresponding to the emission and absorption of two 
quanta. The zero-point energy fluctuations actually diverge 
for instantaneous measurements of energy. The effects of 
time averaging and of smearing the space-time boundaries 
of the defining region are examined. Various methods of 
measuring energy density are compared. 


4. Conduction and Mobility of Thin Lead Films. M. G. 
FosTER AND A. Goetz, California Institute of Technology.— 
From measurements of electric conductivity made on thin 
films of Pb obtained by condensing the metal on cooled 
glass surfaces at rates from 5X10" to 10010" atoms 
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sec.~' cm~* under high vacuum conditions designed to 
eliminate contamination, the following results are obtained: 
The critical film thickness at which the (specific) conduc- 
tivity of the metal begins changing rapidly from its low 
value (10-* mho-cm™") in the thinnest films to that of the 
bulk metal (10** mho-cm~") is in the neighborhood of 60A 
for room temperature films and of 30A for films cooled 
with liquid air. The mutual configuration of the condensed 
Pb atoms changes with time as is shown by a decrease 
observed in the conductivity when the film was isolated 
from external influences, and by the eventual appearance 
of a granular structure visible under the ultramicroscope. 
In some cases a reproducible dependence of the conduc- 
tivity on the applied potential was observed. These effects 
prove to be in harmony with the thermodynamic ex- 
pectancy for the stability of such films (tendency toward 
aggregation) resulting in the removal of mobile atoms into 
crystallization centers, and thus in gaps which obstruct the 
conduction electrons. Certain deficiencies in quantitative 
reproducibility are ascribed to variations in the physical 
surface conditions on the glass plate. 


5. Concentration of C'* and Measurement of its Nuclear 
Spin. CHARLEs H. Townes, California Institute of Tech- 
nology.—Heavy carbon was concentrated with a Hertz 
diffusion apparatus of 34 members to a maximum of 50 
percent, and enough carbon at 30 to 40 percent concentra- 
tion was obtained to make possible spectroscopic and 
nuclear disintegration work. The concentration was in two 
processes. Ordinary methane was let continuously through 
the light reservoir of a Hertz apparatus for the collection 
of a large quantity of gas containing 6 or 7 percent heavy 
methane, then this gas reintroduced into the system for a 
final concentration. From measurements on the C*—C® 
band spectrum, the C* nucleus obeys Fermi-Dirac statistics 
and apparently has a spin of 1/2. A 21-ft. grating and 
Lummer-Gehrke plate combined were used to resolve some 
of the close A-type doublets of the (O—O) band of the 
C%—C'3 Swan system. Resolution was not complete, but 
was enough to determine the nuclear statistics and allow 
a good estimate of the spin from preliminary measurements. 
It is hoped that a microphotometric analysis will allow a 
conclusive measurement of the spin. 


6. The Generation of Square-Wave Voltages at High 
Frequencies. W. H. Fenn, University of California (Intro- 
duced by L. C. Marshall).—Two methods are described for 
the generation of high frequency alternating voltages 
having a square wave shape. The first method is based on a 
previously developed system utilizing an overloaded direct- 
coupled amplifier. The second method makes use of a spe- 
cial pulse generator followed by a vacuum-tube trigger 
circuit. Square waves are obtained with both methods at 
frequencies above 200 kilocycles per second. The applica- 
tions of such square waves are considered, as well as the 
importance of the circuits for other purposes. Of special 
interest are the suggested improvements in conventional 
“scale-of-two” counting circuits and the description of the 
high-frequency pulsing circuit. 
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7. A Question in General Relativity. L. I. Scnirr, 
University of California.—Professor J. R. Oppenheimer has 
suggested the following question: Consider two concentric 
spheres with equal and opposite total charges uniformly 
distributed over their surfaces. When the spheres are at 
rest, the electric and magnetic fields outside the spheres 
vanish. When the spheres are in uniform rotation about 
an axis through their center, the electric field outside 
vanishes, while the magnetic field does not. Suppose that 
the spheres are stationary; then an observer traveling in a 
circular orbit around the spheres should find no field, for 
since all of the components of the electromagnetic field 
tensor vanish in one coordinate system, they must vanish 
in all coordinate systems. On the other hand, the spheres 
are rotating with respect to this observer, and so he should 
experience a magnetic field. The resolution of this apparent 
paradox shows in an interesting manner how the warping 
of the metric caused by the rotation in the observer's 
coordinate system of the distant masses that determine 
our inertial frame introduces current-like terms into Max- 
well’s equations at the surfaces of the spheres. These just 
cancel the currents caused by the rotation of the spheres 
in this system. 


8. The Contact Difference of Potential Between Silver 
Films on Glass and on Rocksalt. PauL A. ANDERSON, Stale 
College of Washington.—Study of the structural dependence 
of the work function has been hampered by the experi- 
mental difficulties involved in preparing monocrystalline 
metal surfaces of known orientation which are free from 
mechanical deformation and atmospheric contamination. 
A new method of attack, suggested by Briick’s observation! 
that certain metals when condensed on rocksalt cleavages 
form mosaics of crystals all oriented with their (100) planes 
parallel to NaCl (100), has been tested for silver films 
formed on rocksalt at 200°C in the measuring tube. Using 
methods of measurement previously described? and a 
tube which was intensively outgassed and gettered with 
barium, the contact P.D. between these films and poly- 
crystalline silver surfaces of known work function,? formed 
on glass at room temperature, is found to be 0.12+.01 v. 
Referred to a work function of 4.46 ev for Ag (glass), the 
work function of Ag (rocksalt) is then 4.58 ev. Since devia- 
tion of the Ag (rocksalt) films from the ideal structure 
would lower the contact P.D., 4.58 ev is to be regarded as a 
minimum value for the work function of Ag (100). 


1 Briick, Ann. d. Physik 26, 233 (1936). 


2P.A. Anderson, Phys. Rev. 49, 320 (1936); 54 , 753 (1938). 


9. About the Physical Nature of the Graininess of 
Photographic Emulsions. W. O. GouLp AND A. GOETZ 
(in collaboration with F. W. Brown, III), California 
Institute of Technology—Measurements concerning the 
cause and nature of the graininess of photographic emul- 
sions are described. They are obtained with the use of the 
graininess meter previously reported,! with particular refer- 
ence to the definition of the graininess coefficient (G) as 
parameter of the Gaussian integral. 


( r 2 a Jy ood; x=AT/Tm. ) 
@ 
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The G values vary for commercial emulsions between 30 
and 150. The G density function G(D) has a maximum for 
D=1.0, which is in qualitative agreement with subjective 
graininess measurements (Lowry).? For a given emulsion 
the position of the maximum as well as dG/dD depends 
upon the aperture with which the emulsion is observed as 
the optical scattering power of the emulsion (Caillier 
coefficient) causes a dependence of the objective graininess 
upon the optics of the illuminating and observing system. 
The scattering power of different emulsions depends only 
upon the grain size (granularity). It increases nearly linear 
with D(=1) and is almost independent of the graininess. 
Effects of the superposition of the graininess of two differ- 
ent emulsions upon another are studied as they appear in 
the printing process. The printing factor P=Gp/Gy has 
been determined for a number of emulsions and has been 
found to be smaller than 1 for small densities of the print 
and for closely identical gamma. 


A. Goetz and W. O. Gould, J. Soc. Mot. Pic. Eng. 24, 510 (1937); 
w. 6. Gould, A. Goetz and A. Dember, Phys. Rev. 54, 240 (1938). 
E. M. Lowry, J. Opt. Soc. Am. 26, 65 (1936), 


10. A Note on the Wave Functions of the Relativistic 
Hydrogenic Atom. Leverett Davis, JR., California Insti- 
tute of Technology.—It does not appear to have been noticed 
that the radial functions of Dirac’s relativistic hydrogenic 
atom can be expressed in terms of generalized Laguerre 
polynomials. By using the known properties of these 
polynomials, it is easy to evaluate the normalization con- 
stants and to calculate the average value of r*. The ex- 
pressions for r¢ involve the sum of three generalized hyper- 
geometric functions of the type :F; with unit argument. 
All results are obtained in closed form since the series 
terminate. It should be noted that while the properties of 
the generalized Laguerre polynomials' are well known to 
mathematicians, these functions are slightly different from 
the associated Laguerre polynomials ordinarily used in 
quantum mechanics. 


1E. T. Copson, Functions of a Complex Variable (Oxford University 
Press, 1935), pp. 269-270. 


11. A Low-Background Electron Counter. Ropert R. 
WiLson AND Date R. Corson, University of California.— 
We have successfully applied Winkler’s' arrangement to 
count weak beta-radioactive samples. The counter consists 
of a wire surrounded by a cylindrical electrode in which is 
a small hole that permits electrons to pass to a collecting 
plate. The radioactive wire is maintained at a negative 
potential with respect to the cylinder which is negative with 
respect to the plate, the voltages being just below corona 
onset. The whole arrangement is maintained at a pressure 
of one or two cm. The secondary electrons ejected from the 
surface of the wire by the beta-particles are multiplied by 
collision in the intense field near the wire. The electrons 
passing through the hole are further multiplied by colli- 
sion in the field between the cylinder and plate. The total 
multiplication is of the order of 10° and the impulses are 
easily amplified to register on an oscillograph or mechanical 
counter. The background counting rate is low because of 
the small volume of the high field region around the wire. 
By using many holes in the cylinder the effective solid angle 





can be made to approach 47. The method is applicable to 
substances which can be deposited on a wire, or which can 
be bombarded in wire form. 

1 Winkler, Zeits. f. Physik 107, 235 (1937). 


12. Growth of Droplets in an Expansion Chamber. 
R. M. LANGER, California Institute of Technology.—The 
temperature of the drop in a Wilson chamber at all times 
is essentially the temperature at which the drop has a vapor 
pressure equal to the partial pressure of the vapor in the 
chamber. This physical condition permits an approximate 
solution for the radius r of a drop in a fog of moderate 
density as a function of time ¢ after expansion. The gas in 
the chamber is supposed to warm up to room temperature 
T after expansion x as (1—e~**) and the fractional volume 
increase on expansion is supposed small compared with 
unity. Then if ro is the drop radius before expansion 


7? — 19° = (6K /Apay*) {1 —e***}, 
where 


p=1/((1+e)x—1]}xT 


and A=latent heat of evaporation of the drop liquid, 
p=density of the liquid, e=RT7T/A, K=thermal conduc- 
tivity of the gas and «=the ratio of specific heats of the 
expanding gas. For alcohol vapor in air at about room 
temperature and pressure and with a=2 which is about 
right the formula leads to 

t (in seconds) 0.01 0.1 0.2 0.3 0.4 0.5 1 

y (in microns) 4 18 28 32 37 41 60 
Slight corrections from more detailed theory have been 
made for the early stages. These values are in approximate 
agreement with qualitative observations of Anderson, 
Neddermeyer and Bgggild who, in studying distortions, 
took motion pictures at 40 frames per second during the 
first }-second after expansion in various chambers. 


13. Effect of Cloud Chamber Expansion Ratio on Drop 
Count Determination of Specific Ionization of Cosmic Rays. 
DaLe BaGLey, University of California (Introduced by 
Robert B. Brode).—The variation with expansion ratio of 
the number of positive and negative ions on which con- 
densation takes place in cosmic-ray cloud-chamber tracks 
has been studied. The tracks were separated into columns 
of positive and negative ions by an electric field applied in 
the plane of focus of the camera. In order to count the 
number of drops in each track, it was necessary to allow 
the tracks to broaden by diffusion. This was accomplished 
by means of a cam mechanism which delayed the expan- 
sion of the chamber 0.2 second. The delay circuit was set 
in operation by the passage of an ionizing particle through 
Geiger counters placed above and below the chamber. 
Nitrogen, oxygen, or argon at 1.5 atmospheres pressure con- 
taining alcohol, water, or a mixture of two parts ethyl 
alcohol and one part water was used in the chamber. 


14. Transport Phenomena in a Mixture of Gases. E. J. 


’ HELLUND AND E. A. UEHLING, University of Washington.— 


The theory of transport in gases obeying the quantum 
statistics is extended to include mixtures as well as one 
component gases. Expressions for the coefficients, into 
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which assumptions with regard to the interaction laws 
may be introduced, have been obtained. From the point 
of view of separating the two effects of quantum mechanics, 
the problem of thermal diffusion seemed to be of particular 
interest since the ratio of the thermal to pressure diffusion 
coefficients depends only on the ratio of integrals involving 
the molecular cross sections. As contrasted with all other 
transport coefficients the phenomenon of thermal diffusion 
might be expected, therefore, to depend less sensitively on 
the diffraction effect in collision in comparison with the 
interference effect than the other coefficients do. A pre- 
liminary caclulation based on the elastic sphere model for 
helium and neon bears out this presumption only slightly, 
however, the temperature effect between 10°K and 273°K 
amounting to 20 percent as compared with temperature 
effects of the order of 30 percent for the pressure diffusion 
coefficient itself in this range of temperatures. However, 
it is just for the case of thermal diffusion that the elastic 
sphere model is particularly inadequate. Calculations 
based on a five-parameter potential are now in progress. 


15. A Quantitative Study of the Clean-Up of Hydrogen 
by Barium. G. W. Jonunson, W. A. HANE AND P. A. 
ANDERSON, State College of Washington.—A known mass of 
barium, thermally vaporized to form a film of uniform 
thickness on a spherical surface of known area, was ex- 
posed to a succession of measured, approximately equal 
“doses” of pure hydrogen. After each admission of hydro- 
gen, pressure-time curves were taken with an ionization 
gauge operating automatically at constant grid current. 
The clean-up time (time required to reduce the hydrogen 
pressure from 10-? to 10-* mm) decreased progressively 
(from 8 min. to <2 min.) during the admission of a quan- 
tity of hydrogen equal to ca. 25 percent of that required 
for saturation, then remained constant until the absorption 
of hydrogen ceased abruptly with saturation. The initial in- 
crease in the rate of clean-up with the amount of hydrogen 
absorbed is probably due to break-up of the original mirror 
smooth barium surface under the corrosive attack of the 
first doses of hydrogen, with consequent increase in the 
effective surface area. Analysis of the pressure-time curves, 
taken after the initial break-up, shows the diffusion of 
hydrogen into the barium-hydrogen mass to be the limiting 
factor determining the rate of removal of gaseous hydrogen. 
At saturation, and within an experimental error esti- 
mated as <10 percent, one molecule of hydrogen was 
absorbed per atom of barium, pointing to BaH, as the end 
product in the gettering of hydrogen by barium. 


16. Adsorbed Films on Interferometer Mirrors. W. V. 
HousTON AND S. Rusin, California Institute of Technology. 
—One of the methods of measuring the index of refraction 
of air involves the measurement of the order of interference 
in a Fabry-Perot interferometer, in air, and with the air 
removed. The calculations are usually based on the assump- 


tion that the phase change upon reflection is independent _ 


of the presence of the air. A series of observations has 
shown that the order of interference changes steadily 
after the air has been removed or admitted, and the equi- 
librium is not reached for some eight days. This is pre- 
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sumably due to the breaking down and building up of 
an adsorbed layer on the reflecting surfaces. The total 
observed change has amounted to about 0.06 fringe, and 
probably considerably more before the first observation 
could be made. This effect must be taken into account in 
measurements of the index of refraction, and its neglect 
may be a cause of some of the existing discrepancies. 


17. Virtual Level of He® and Meson Forces. S. M. 
DancorF, University of California.—Resonance neutron 
scattering in helium observed by Staub indicates a virtual 
level of He® near ground. If this is the lowest level of He® 
the added neutron is probably in a P state, forming either 
a Pi, or a P32 doublet. Splitting of these two states by the 
spin-orbit forces of the type (o;-r)(@;-r) V(r) resulting from 
meson theory might be expected to be considerable, since 
the above type of force seems to be present in nuclei in 
large amounts. However, a first-order perturbation calcu- 
lation yields no splitting for the above two states. Higher 
order splitting should be reduced by the fact that the only 
states combining with these involve excitation of the alpha- 
particle core. 


18. Normal Modes of Vibration of a Body-Centered 
Cubic Lattice. PAuL Fine,* California Institute of Tech- 
nology.—An atomic model has been set up for the purpose 
of finding the frequencies of vibration of a crystal lattice. 
The potential energy was assumed to be a quadratic func- 
tion of the displacements of the atoms from their equi- 
librium positions, and actual solutions of the secular equa- 
tion were found by selecting suitable atomic force con- 
stants for tungsten, a body-centered cubic crystal whose 
elastic constants satisfy the isotropy condition. Numerical 
methods yield a frequency distribution which is character- 
ized by two rather steep maxima. The result has been used 
in evaluating the specific heat of tungsten as a function of 
temperature, and a better fit with observed values is ob- 
tained by this method than by the particular Debye distri- 
bution with which it agrees at low frequencies. Discrepan- 
cies at low temperatures are partly due to the necessity of 
using experimental elastic constants determined at room 
temperature. Calculations have also been carried out for 
the thermal variation of the intensity of reflection of x-rays. 
Deviations from the Debye theory are apparent at absolute 
zero and become more pronounced at higher temperatures. 
However, there are no experimental data available for 
tungsten to compare with the theoretical values in this case. 


* Now at the University of Oregon. 


19. Streamline Flow of Water from an Artesian Basin 
into Horizontal Drains: Theory Compared with Experi- 
ment. Don KirKHAM, Utah State Agricultural College. 
—Farr and Gardner! and Muskat? have obtained theoretical 
expressions for the pressure distribution in artificially 
drained homogeneous soil overlying an artesian basin. The 
tile drains are circular and are laid horizontally with equal 
spacing and at equal depths. In order to simulate an actual 
field case and to test the theory a small model* with a plate 
glass front is constructed. Theoretical equations for the 
streamlines corresponding to various boundary conditions 
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are obtained and are plotted on photographs of the experi- 
mentally obtained streamlines. Theory agrees well with 
experiment. 


1 Doris Farr and Willard Gardner, Agricultural Eng. 14, 349 (1933). 

2M. Muskat, The Flow of Homogeneous Fluids Through Porous Media 
(McGraw-Hill, 1937), p. 356. 

3D. Kirkham, Trans. Am. Geophys. Union. (Now in press.) 


20. The Validity of the Field Current Equations. FRANK 
R. ABBotT AND JosEPpH E. HENDERSON, University of 
Washington.—Under good experimental conditions, field 
currents become practically as steady as thermionic cur- 
rents. It is thus possible to test the form of the equation 
relating the current to the generating potential. A series of 
six precise point to plane field current curves was taken. 
Both the applied voltage and the emission current were 
measured, using type K potentiometers. A consistent devia- 
tion from linearity was apparent when the log of the total 
emission current was plotted against the reciprocal voltage. 
The field currents within the accuracy of the experimental 
work are described by the equation 


I=aV%e4", 


in which J is the total emission current, V is the applied 
voltage, while a and 8 are numerical constants. This differs 
from the Millikan-Lauritzen experimental equation only in 
the dependence of the coefficient of the exponential on V*. 
Although this is in disagreement with the equation for the 
specific emission as given by the Fowler-Nordheim theory of 
field emission it is shown that it is not necessarily in dis- 
agreement with the basis of that theory. The effect of 
Nordheim'’s modification of the theoretical equation 
through consideration of an image force is indistinguishable 
from that given by a simple barrier. 


21. The Quenched Primary Spark of an Induction Coil. 
W. P. Boynton, Whittier, Calif —The author extends his 
previous study of circuits containing a spark gap to the 
case of the circuit breaker of an induction coil. The beha- 
vior of the primary current is described through three 
stages: the period of “‘make,” the duration of the primary 
spark, and the oscillatory discharge of the condenser. The 
condenser potential is also described through the two later 
periods. A plausible approximate formula for the secondary 
e.m.f. is also deduced. 


22. Spinor Equations for the Meson and Their Solution 
When No Field is Present. A. H. Taus, University of 
Washington.—The spinor equations equivalent to the 
Proca equations for the meson are found. They differ from 
those proposed by Dirac in three ways: (1) They contain 
two symmetric spinors Aias, Aoas and a spinor Bz, 
whereas the Dirac ones contain only one symmetric spinor 
and the spinor B4g. (2) They are invariant under spin 
transformations corresponding to both proper and improper 
Lorentz transformations whereas the Dirac ones are in- 
variant under the former alone. (3) When a field is present 
they contain terms which cannot be obtained from the 
equations for free particles by replacing the operator p, 
by p»—eg,/c as was proposed by Dirac. In case there is no 
field present the equations can be solved by introducing two 
pairs of simple spinors (¥4, g4) and (x4, 94) each of which 





satisfies a Dirac equation for a free particle of spin one-half. 
It is proposed to interpret each pair of spinors as represent- 
ing a free particle of mass m,; and mz», respectively. With 
this interpretation it follows that a free particle of mass m 
and spin one satisfying the Proca equations is equivalent 
to a pair of particles of masses m, and mz satisfying the 
Dirac equations. If the three particles of masses m, m, and 
my, are in states determined by the energy momentum vec- 
tors py, pi, and pz, respectively, and if m0, then 
Piy=mp,/m and po =mep,/m, and m=m,+ my. 


23. Contact Electric Phenomena in the Flow of Oil. 
S. Kyropou.os, California Institute of Technology (Intro- 
duced by A. Goetz).—Phenomena of contact electricity as- 
sociated with the flow of gasoline through pipes are well 
known for their disastrous effects. It is also known that 
they can be suppressed by imparting electrical conductivity 
to the gasoline. A simple model bearing permitted to detect 
the same effect with lubricating oils. It can be demonstrated 
by means of the oscillograph and its cleaning effect on the 
oil. The potentials appear high enough to result in “‘field 
currents.”’ The phenomenon is particularly easy to under- 
stand in the case of lubricating oils with their highly dis- 
symmetrical molecules as a consequence of the interaction 
of molecular surface- and flow-orientation. This means 
contact of molecules approximately with their maximum 
and minimum polarizabilities respectively and separation of 
charges according to Coehn’s law. In the technical process 
of lubrication this electrical effect results in increased wear 
due to its clean-up effect with respect to dispersed solid 
particles. Addition of polar molecules tends to suppress the 
effect, resulting in lower friction and improved apparent 
“film strength” of the oil. 


24. A Thermoelectric Method for the Determination of 
Work Functions. G. M. FLEMING AND JoserpH E. HEn- 
DERSON, University of Washington.— During the process of 
investigating the temperature effects accompanying field 
current emission it was found feasible to measure the corre- 
sponding effect for thermionic emission. This was done 
calorimetrically using essentially the same method as for 
field currents, in which a tantalum-tungsten thermocouple 
junction was incorporated in the cathode to measure 
changes of temperature. This method gives experimental 
values for the average net energy loss per electron emitted. 
The value given by theory for this energy loss is ¢+3kT, 
where ¢ is the work function of the emitting metal. With 
the use of this relation the work function of tungsten has 
been computed to be 4.46+0.09 ev. This method was 
originally applied to thermionic emission, where a cooling 
effect was known to exist, in order to test the sensitivity 
of the apparatus. It is believed that the measurements are 
capable of considerable refinement. 


25. Absorption Spectrum of CN. Joun U. Waite, Uni- 
versity of California.—Free CN radicals in the gaseous 
state are formed in the electric discharge through cyanogen. 
By using a very intense low pressure spark as a background 
the 0,0 and 1,1 bands of the *2+*= transition of CN have 
been observed in absorption at short intervals of time 
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after the end of this discharge. The intensities of the lines 
were measured by calibration of the plates and corrected 
for the imperfect resolving power of the spectrograph. 
Relative concentrations of CN were calculated. By diluting 
the cyanogen in the discharge tube with argon until the 
CN bands were no longer visible an upper limit to the 
partial pressure of CN was calculated on the assumption 
that near this point all the cyanogen present was disso- 
ciated. From this a lower limit to the f value of the 0,0 
band was calculated to be f=0.04. The rate of disappear- 
ance of CN after the end of the discharge was studied and 
found to be exponential. It is unaffected by pressure or by 
dilution with argon. Possible mechanisms of the disappear- 
ance are discussed. Using data from the thermal dissociation 
of cyanogen a lower limit tothe heat of reaction is calculated. 


26. Transition Probabilities of Forbidden Lines. Simon 
PASTERNACK, California Institute of Technology.—Recent 
work on forbidden lines has made it desirable to reexamine 
and extend the calculations made by E. U. Condon! on 
the theoretical transition probabilities of these lines. The 
method used is essentially that developed by Condon, with 
a few modifications. Formulae are derived for the magnetic 
dipole and electric quadrupole contributions to the transi- 
tion probabilities for the p*, p*, p* and d* configurations. 
A few errors are found in Condon’s calculations for the p* 
configurations; in particular, a non-zero value is found for 
the probability of the *P)»—'D, transition in the p* con- 
figuration. This line was recently observed in OIII by 
Bowen and Wyse.? Numerical computations are made of 
the transition probabilities for about fifty atoms in the 
p* configurations. The formulae for the d*? configuration 
are applied to the case of Fe VII, and give satisfactory 
agreement with the observed relative intensities. An ap- 
plication of the calculations is made to a question concern- 
ing the permitted lines of O III present in nebular spectra. 

1 E. U. Condon, Astrophys. J. 79, 217 (1934). 

21. S. Bowen and A. B. Wyse, Pub. A. S. P. 50, 348 (1938). 

27. Twinning in Bismuth Crystals. ALFRED B. Focke, 
Brown University.—The segregation of impurities in very 
pure bismuth crystals offers a tool for a large scale study 
of the twinning process if polonium is used as one impurity. 
The range of the a-particles leaving the crystal gives a 
measure of the location of the polonium. This is found to 
be segregated into relatively small regions separated by 
specific distances dependent upon crystallographic direc- 
tion. If the twinning process is atomic in nature, the 
effective distance between polonium groups should be 
unaffected by it. The results of this investigation show 
that this is not the case. In fact the spacing of the polonium 
groups when measured perpendicular to the imperfect 
cleavage plane is found to be (0.86+0.03)u whether the 
face is one cut from an undeformed crystal, or formed by 
twinning from a perfect cleavage face. The normal spacing 
perpendicular to the perfect cleavage face is (0.55+0.01)u 
in the undistorted crystal. It is found that the change of 
spacing due to twinning is reversible. 


28. The Function of Anode Spots in the Glow Discharge. 
S. M. RuBENs AND J. E. HENDERSON, University of Wash- 
ington.—Anode spots have been further investigated in 


nitrogen glows maintained in a large, spherical copper, 
discharge chamber with a disk anode at its center. Spots 
were grown on a flat probe mounted flush with the surface 
of the circular disk anode but insulated from it. When the 
probe potential is raised slightly above that of the anode 
a spot forms upon it. Plots of the probe current against 
the probe potential exhibit sharp peaks. These peaks ac- 
count for the formation of many spots rather than a single 
large one. A study of the external circuit characteristics 
reveals that anode spots occur chiefly in a regime in which 
the voltage remains constant or increases but slightly with 
increasing current. The function of the spots is evidently 
that of furnishing sufficient positive ions to maintain a 
stable discharge. A theory is proposed which accounts for 
the formation and stability of the spots. As a consequence 
of this theory anode spots must appear whenever a critical 
current density at the anode is exceeded. 


29. The Half-Life of B'*. R. A. BEcKER AND FE. R. 
GAERTTNER,! California Institute of Technology.—The half- 
life of the beta-ray active B™ produced according to the 
reaction B'"'+H?~+B"+H! was measured by Crane et al.? 
with a cloud chamber, and estimated to be about 1/50 sec. 
The result however was open to the objection that the 
method of taking delayed expansions with a cloud chamber 
set only an upper limit on such a short half-life. To check 
this result we have re-measured the half-life by activating 
a rotating target of boric acid in the form of an annular 
ring of mean diameter 20 cm fused on an aluminum disk 
which was rotated 1800 r.p.m. with a synchronous motor. 
By observing the activity as a function of the angular 
displacement from the point of bombardment it was 
possible to follow the decay of the radiation. The ratio of 
the activities at different points on the target was measured 
with two Lauritsen electroscopes. The average of many 
measurements gave the value of 0.022+0.002 sec. for the 
half-life of the radiation. 


1H. H. Rackham Fellow, University of Michigan. 
2 Crane, Delsasso, Fowler and Lauritsen, Phys. Rev. 47, 887 (1935). 


30. Further Resolution of the 10u and 16u Ammonia 
Bards. E. F. BARKER AND H. Y. SHENG, University of 
Michigan.—Because of the existence of two minima in the 
potential function of NHs, the energy levels for oscilla- 
tions along the symmetry axis occur in pairs, and the 
parallel type bands are double. The separations of these 
pairs of levels for the vibration »; are very sensitive to the 
height of the potential barrier, which in turn is consider- 
ably affected by centrifugal deformations. In consequence 
a new type of vibration-rotation interaction appears. An 
examination of the 10u double band (v3) under the highest 
available resolution reveals many new details of structure. 
Lines corresponding to a given transition in J, originally 
observed as single, now appear as groups, the different 
members being associated with different values of K. 
The component band of lower frequency shows much 
more structure than does the other. In it, as theory pre- 
dicts, the K=O lines are missing whenever the initial 
value of J is odd. The band at 16u arises from a transition 
for which the initial state is the upper level of the higher 
frequency 10u band. Only a part of the negative branch 
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has been resolved, but it is found to fit consistently into 
the scheme. The following values (in cm™) for the vibra- 
tional terms W, and for 2B=h/4x*A, are computed for 
the molecule with J=0, from the pure rotation spectrum 
for the level 0g and from the present observations for the 
other three states. 


LEVEL Ww 2B 
0g 0.67 19.890 
le 932.8 20.116 
1 968.4 19.766 
y 1597.9 


31. Phase Control Circuit and Mercury Arc Illumination 
of Cloud Chamber. Cart E. NIELSEN, University of 
California.—An atmospheric pressure quartz capillary 
mercury arc has been used as a light source for a cloud 
chamber. It has been possible to get a 90° illumination 
intense enough and of short enough duration to take satis- 
factory drop count photographs. A spherical lens condens- 
ing system has been used. Comparison is made with an 
incandescent filament lamp and a low pressure mercury arc. 
In order to flash the arc on high voltage for one-half cycle 
of the 60-cycle power supply, a phase controlled tripping 
circuit has been designed. A gas discharge tube, thyratron, 
and ignitron are employed. Two alternate circuits for 
giving a phase controlled pulse of several cycles duration 
have been constructed. 


32. The Gamma-Radiation from Nitrogen Bombarded 
by Deuterons. Louis A. PARDUE' AND E. R. GAERTTNER,?* 
California Institute of Technology—The energies and the 
relative intensities of the gamma-rays emitted from nitro- 
gen bombarded by deuterons of 700 kv have been measured 
by the positron-electron pairs and recoil electrons ejected 
from thin laminae placed inside a cloud chamber.* The 
distribution of pairs ejected from a lead lamina 0.026 cm 
thick reveals two strong components of quantum energy 
7.2+0.4 Mev and 5.3+0.4 Mev, and a number of weaker 
components which may be attributed to radiation of 
about 4, 3, and 2 Mev. There are also a number of pairs 
which extend up to 11 Mev. The distribution of recoil 
electrons from a carbon lamina 0.12 cm thick indicates 
two strong groups of quantum energy 4.4 and 2.2 Mev. 
No attempt was made to extend the recoil measurements 
to higher energies. The 7.2-Mev radiation is attributed to 
the reaction 

N'*+H*+C"+ Het (1) 
because radiation of this energy has been observed in other 
reactions producing C'*.*» 4 The 5.3-Mev radiation is at- 
tributed to an excited state of N" of this energy according 
to the reaction 

N'*+H2+N'5+H! (2) 
in good agreement with the value of 5.4 Mev predicted 
by the range measurements of Cockcroft and Lewis.’ An 
attempt will be made to correlate the energies and intensi- 
ties of the gamma-rays produced by excited states in C” 
according to several reactions.*~* 


1 On Sabbatical leave of absence from the Physics Department of the 
ey of Kentucky. 
. H. Rackham Fellow, University of Michiga 
: 4, Gaerttner and Lauritsen, Phys. Rev. 3, 628 (1938); Phys. 
Rev. 55, 27 (1939). 
‘ Bothe, Zeits. f. Physik 100, 273 (1936). 
5 Crockcroft and Lewis, Proc. Roy. Soc. 154, 261 (1936). 
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33. The Mobility Spectrum of Atmospheric Ions. E. A. 
YUNKER, Stanford University (Introduced by N. E. Brad- 
bury).—The mobility spectrum of atmospheric ions is 
being studied by using the classical air blast method with 
the collecting electrode divided into segments for resolu- 
tion. The apparatus is designed for continuous operation 
with photographic recording. The sensitivity is such that 
the range of mobilities from 2.0 to 5 10~* cm/sec./volt/ 
cm, when divided into eighteen groups, is covered in one 
hour. Simultaneous and continuous measurements of the 
density of atmospheric condensation nuclei using the cloud 
chamber expansion method! enable a study to be made of 
the change of small ions into large ions and of the mass 
and character of the condensation nuclei involved. Pre- 
liminary investigations have shown that the number of 
small ions changes markedly with the concentration of 
nuclei with appropriate changes in the magnitude of the 
local component of the earth’s electric field. The ion spec- 
trum appears to consist of rather prominent groups super- 
imposed upon a general background. 


‘ Bradbury and Meuron, Terr. Mag. 43, 231 (1938). 


34. Quantitative Analysis of Rubidium in Plant Sap by 
Spectrographic Means. Louis A. Strait, University of 
California.—The source of light is a condensed spark 
between an upper point electrode and a lower cylindrical 
electrode on which a small amount (0.04 cc) of the prepared 
plant sap is deposited. The cylindrical electrode of copper 
is mounted on a screw arrangement which allows uniform 
sparking of the complete area of the surface of the cylinder. 
The light from the spark is photographed with a quartz 
spectrograph of large dispersion. Photometric measure- 
ments are made of the relative intensities of the spectral 
lines \4215.6 and 4201.8 of rubidium and A4101.8 of 
indium, which serves as internal standard. A working 
curve is determined from known concentrations of rubid- 
ium bromide introduced into prepared plant sap. Correc- 
tion for the influence of varying amounts of potassium on 
the rubidium determinations is made by a method of 
excess. In preliminary testing of the method the accuracy | 
of analysis is of the order of 10 percent. Aliquots of 0.04 cc 
of solution of prepared sap are used for a single analysis. 
A minimum concentration of N/400 rubidium is measur- 
able. This corresponds with measurement in absolute 
amount of 0.085 mg of rubidium. The method can be 
adapted to simultaneous determination of potassium. 


35. The Far Infra-Red Water Bands and Heat Transfer 
in the Atmosphere. WaLTeR M. Etsasstr, California 
Institute of Technology.—Thermal radiation at the tem- 
peratures prevailing in the atmosphere has its maximum 
near 10u; consequently the rotational and the lowest 
vibrational water bands are the main carriers of heat 
radiation in the atmosphere. During the last two years 
extensive computations have been undertaken in order to 
apply spectroscopic results to the physical conditions under 
which water vapor radiates in the atmosphere. The absorp- 
tion of the rotational band is obtained from the analysis of 
Randall, Dennison and collaborators. The envelope of the 
vibrational band at 6u can be obtained from this by a 
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simple transformation since the two bands have parallel 
electric moments. The absolute intensity of this vibrational 
band has recently been measured by T. Strong of the 
California Institute. With these data as a basis the equa- 
tions of radiative transfer have been integrated numerically 
for a large range of temperatures and optical thicknesses. 
The results are given in form of a graph-paper in which 
temperature and moisture appear as independent variables. 
If the vertical temperature-moisture relationship in any 
actual atmosphere is plotted on this paper, the radiative 
heating and cooling at any height can rapidly be obtained 
by a graphical quadrature. 


36. The Dielectric Constant of Water Vapor at a Fre- 
quency of 42 Megacycles. ANGus C. TREGIDGA, California 
Institute of Technology.—A heterodyne beat apparatus was 
constructed for the measurement of the dielectric constant 
of water vapor at 42 megacycles. One of the oscillators was 
crystal-controlled, the other having a tuned circuit con- 
taining a condenser which could be evacuated and filled 
with water vapor. A cathode-ray oscilloscope was used to 
indicate zero beat. Drift of the oscillators was eliminated 
from the results by plotting readings on a time base and 
alternating between vacuum and water vapor as rapidly 
as physical limitations would permit. Air was used as the 
calibration gas, because it is composed of nonpolar mole- 
cules. It should therefore have the same dielectric constant 
at this frequency as at the lower frequencies at which it 
has been measured by other investigarors. The Clausius- 
Mosotti relation was verified for water vapor at constant 
temperature, and the dielectric constant of water vapor at 
100 degrees centigrade and 760 mm of mercury determined. 
It has the value 1.0060. This research was undertaken 
because of its connection with the transmission of radio 
signals of this frequency. The optical path for such waves 
in a medium of varying index of refraction is curved, and 
it was desired to know the magnitude of the curvature 
which a gradient of water vapor content in the atmosphere 
can produce. 


37. Fine Structure in the Absorption and Emission 
Spectra of X-Rays. S. T. STEPHENSON, Siate College of 
Washington——The K x-ray emission spectrum of pure 
copper has been studied. K absorption spectra of pure 
copper, of copper and selenium in cupric selenate, and of 
elements in other compounds have been obtained. The 
spectrograms were all taken with a focusing curved crystal 
(mica) spectrograph and analyzed with a recording micro- 
photometer. Faint copper emission lines were found extend- 
ing more than 300 volts to the short wave-length side of 
Cu KB». It is suggested that these lines are due to the 
transition of conduction electrons into the K shell. The 
positions of these lines have been compared with the Kronig 
type fine structure found in the absorption spectrum of 
copper. The results of this comparison point to the con- 
duction electron origin of the emission fine structure. The 
absorption fine structures of two elements in the same 
crystalline compound have been studied for cupric selenate, 
cupric arsenate, rubidium bromide and other compounds. 
The structures in many cases are different for the two 


elements making up the compound. Similar discrepancies 
have been obtained by other investigators for a few com- 
pounds. 


38. Experiments on the Scattering of Fast Neutrons. 
E. R. GAERTTNER,! Louts A. PARDUE,? AND J. F. STREIB, 
California Institute of Technology——A description of a 
series of experiments on the scattering of fast neutrons in 
gases of low atomic number with a linear amplifier and a 
mechanical oscillograph will be given. Since the angular 
distribution of the scattered neutrons is reflected in the dis- 
tribution in energy of the recoil nuclei, this experimental 
method also affords a means for studying the angular 
distribution of the scattered neutrons. An investigation of 
the scattering in helium of the low energy group of neu- 
trons (Q=0.9 Mev) produced in the reaction Be’+H? 
—B!°+n! 3 has confirmed the existence of an anomalous 
scattering for neutrons of 1 Mev.‘ The position of the 
anomaly was found to be independent of the deuteron 
energy (500 kv—800 kv). The distribution of helium recoils 
indicates also a maximum at about 0.8 Mev. An attempt 
is now being made to extend the measurements to lower 
energies to investigate further the character of this anom- 
alous scattering. 


1H. H. Rackham Fellow, University of Michigan. 

2 On sabbatical leave from the Physics Department of the University 
of Kentucky. 

3 Bonner and Brubaker, Phys. Rev. 50, 308 (1936). 

4 Staub and Stephens, Phys. Rev. 55, 131 (1938). 





39. Luminescence of Synthetic Halite Crystals. Bryon 
E. Coun, University of Denver.—Synthetic halite crystals 
were grown from sodium chloride melts to which had been 
added small amounts of manganese chloride. Crystal 
specimens were prepared which analyzed from 0 to 0.25 
percent manganese. The specimens were analyzed by the 
periodate method. For the determination of luminescence 
crystals were cleaved to a uniform face area and thickness 
and were excited with ultraviolet light. The thermo- 
luminescence emission was determined by photographic 
methods. Curves of luminescence are presented. Optima 
were observed at 0.0042 percent and at 0.05 percent 
manganese. 


40. X-Ray Spin Doublet Splittings. R. F. Curisty AND 
J. M. KEetver, University of California.—Professor R. T. 
Birge' has suggested the possibility of a precision determi- 
nation of the fine structure constant @ from his recently 
compiled data on Ly;Ly11 x-ray spin doublet splittings. This 
method involves some theoretical information on the 
variation of the ‘‘screening constant”’ s with Z. We propose 
to write 


A=S(Z)[1 — (b/Z) g(a?Z*) — (¢/Z?)(a2®Z?) — - + + J, 


where A is the observed LL splitting, S(Z) is that given 
by the Sommerfeld formula with s=0, and where the 
functional forms of ¢, ¥,-+- are to be given theoretically. 
The determination of a would then involve a least squares 
solution for a, b, c, +--+. In this form of expansion, the 
term ¢ is given by the first order interaction energies of the 
L electrons with all other atomic electrons. We are de- 
termining its functional form using Dirac hydrogen-like 
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wave functions for charge Z and Breit’s approximate 
Hamiltonian. The dependence of y and higher terms on 
aZ? is relatively unimportant and can be taken as that 
given by Sommerfeld’s formula S(Z—s) with constant s. 
We have calculated the first order electrostatic interaction 
due to the K and L shells, which provides the major por- 
tion of g, and are now calculating smaller terms in ¢ due to 
the electrostatic interactions of higher shells and to the 
magnetic interactions. 
1R. T. Birge, Bull. Am. Phys. Soc. Vol. 14, No. 2, abstract 47. 


41. Recording Bragg Spectrometer for Use Between 
Room Temperature and Helium Temperature. A. Gortz 
AND A. DeMBER, California Institute of Technology.—A 
Bragg spectrometer with stationary ionization chamber is 
described where the crystal is rigidly attached to a He- 
liquifier, so that neither the incident nor the reflected 
radiation has to pass through liquid gases. The helium 
liquifier is of the “single adiabatic expansion” type with a 
capacity of 80 cm’ and is arranged in such a manner that 
by means of liquid He, solid H2, and ultimately liquid He, 
any temperature between 300 and <4.2°K can be attained. 
The adiabacy is sufficient to maintain temperatures be- 
tween such fixed points constant for the time necessary 
for recording. The temperature is measured at the crystal 
with resistance thermometers and within the expansion 
chamber with a gas thermometer. 


42. The Measurement of Intensity Profiles of Bragg 
Reflections from Calcite Between 300° and 4.2°K. A. 
DEMBER AND A. Goetz, California Institute of Technology. 
—tThe intensity profiles of Mo Kaya, radiation reflected 
from calcite are determined for different orders between 
room temperature and the boiling point of helium. To 
eliminate distortion due to the gradation of the emulsion 
and the indeterminacy by its graininess, inseparable from 
the use of photographic methods, an ionization chamber 
connected to a linear d.c. amplifier and galvanometer is 
used for recording the intensity distribution of the reflected 
radiation either as function of the position of the crystal 
within the rocking angle or across the angle of reflection 
for a stationary crystal. Consequently the recording speed 
can be set in fixed relation to the rotation of the crystal or 
the motion of a scanning slit in front of the ionization 
chamber. For recording the full profile of the Mo Ka 
doublet the time necessary is approximately 3} min. 
which is sufficiently short for measurements under stable 
temperature conditions at and between the thermal fixed 
points of the gases used for the cooling of the crystal. 
From the integrated intensities of reflection the values of 
the characteristic temperature with and without zero 
point energy are calculated. The shape of the profiles is 
discussed. 


43. Theory of X-Ray Lines Resulting from Double 
Ionization of the L-Shell. Ropert D. RicHTMYER, Stanford 
University —We describe theoretical calculations of the 
wave-lengths and intensities of some very faint lines in 
L-series x-ray spectra. The lines are produced by atomic 
transitions from initial states in which two electrons are 
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missing from the L-shell; these initial states are in turn 
produced by Auger transitions whieh take place in atoms 
originally ionized in the K-shell. Very careful experimental 
work by Cecil Burbank and later by Werner Veith has 
brought out several of these lines photographically. The 
experimental and theoretical results agree within the 
estimated error of the calculations; furthermore this error 
is small enough to allow us to deduce a correlation of ob- 
served lines to theoretically predicted ones, the correlation 
being unique for most of the observed lines. 


44. A New Method for the Measurement of Work 
Functions. Wi_purR H. Goss aANp JosepH E. HENDERSON, 
University of Washington.—A new method for the measure- 
ment of work functions has been devised. It depends for its 
success upon the high energy cut-off in the normal energy 
distribution of field current electrons; this cut-off is quite 
sharp.* These high energy electrons are unable to enter a 
collector unless the potential of the collector is higher than 
that of the emitter by an amount at least equal to the 
work function of the collector. This should be true if the 
electrons “tunnel” the surface barrier of the emitter and 
go over the surface barrier of the collector. Thus the collec- 
tor potential at which field electrons begin to be measured 
gives directly the collector work function. A tube has been 
built containing copper, platinum, and nickel, any of 
which can be used independently as a collector. Preliminary 
data show a progressive increase in the potential thresholds 
at which current is collected in line with accepted values of 
the work functions of these three elements and of approxi- 
mately the accepted value. 


* Jos. E. Henderson and R. K. Dahlstrom, Phys. Rev. 55, 473 (1939). 


45. Limiting Solutions for Collapsing Masses. H. Sny- 
DER, University of California (Introduced by J. R. Oppen- 
heimer).—Volkoff and Oppenheimer have shown that the 
general relativistic field equations do not possess any static 
solution for a spherical distribution of neutrons if the total 
mass is greater than ~0.7©. We have made a qualitative 
investigation of the behavior of non-static solutions under 
the assumption that the total loss of mass by radiation is 
small. The characteristics of the solutions are: (1) The 
radius of the star approaches its gravitational radius 
asymptotically with time, as measured by an observer at a 
great distance from the star. (2) An observer co-moving 
with the matter in the star would not be able to communi- 
cate with an observer outside the star after a finite time, 
as measured by a co-moving clock. Neglecting the pressure 
we have obtained analytic solutions which confirm the 
general behavior indicated above. If R is the radius of the 
star and Ro the gravitational radius, then asymptotically 


R/Ro- 1 ~exp (—cT Ro). 


This characteristic time Ro/c is of the order 10~° sec. for 
stars of the mass of the sun. 


46. The Fields Involved in Field Emission. Josern E. 
HENDERSON, University of Washington, anv K. V. Mac- 
KENZIE, Oregon State Highway Department, Salem, Oregon. 
—One of the noteworthy characteristics of the energy 
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distribution curves for field emission is the occurrence 
of a sharp maximum near the maximum energy observed. 
This maximum has been observed at various positions 

‘ usually within a few volts of each other. By using a Fermi 
distribution and the transmission coefficient as given on 
the Fowler-Nordheim theory of field emission, it has been 
possible to solve for the position of the maximum as a 
function of the field present during emission. This yields 
values for the field of about 10* volts per cm. Assumption 
of an image force lowers the value of the field only slightly 
in the region where the maxima are observed. Comparison 
with the values obtained from the slopes of the correspond- 
ing log i versus 1/V curves is quite satisfactory. These 
values seem quite high unless the areas involved in emission 
are smaller than usually supposed. 


47. On the Proper Energy of the Electron. G. M. 
VoikorF, University of California.—The method used by 
Serber’ to evaluate the proper energy of the electron by 
introducing an off-diagonal distance into the commutation 
rules for the wave functions of the positron-electron field 
has been extended to include time-like off-diagonal dis- 
tances. Following a suggestion of Dirac? for eliminating the 
singularities in the classical treatment of the radiation 
field of the electron by antisymmetrizing the solution in 
the retarded and advanced potentials, the present results 
are symmetrized in positive and negative values of the 
off-diagonal time. Calculations of the electrostatic energy 
of an electron at rest were made both with the negative 
energy states filled (positron theory), and empty (single 
electron), and are summarized in the table below. 

ELECTRON PROPER ENERGY 
SINGLE ELECTRON 
Serber’s results e/2R 
for space-like 
off-diagonal 
distance R 


POSITRON THEORY 


—£[ 108 3 CR-1+0(8) | 


Present results 
for time-like 
off-diagonal 
distance r 
Although the introduction of an off-diagonal time removes 
infinite terms in the single electron case, positron theory 
still leads to a logarithmic singularity. 


1R. Serber, Phys. Rev. 49, 545 (1936). 
?P. A. M. Dirac, Proc. Roy. Soc. 167A, 148 (1938). 


-£[3-+00%| —£[log 5 cr+1 +0() | 


48. Forbidden Transitions in Nitrogen. JosEpH KAPLAN, 
University of California at Los Angeles —A number of new 
afterglow spectra in pure nitrogen and in nitrogen contain- 
ing a small concentration of oxygen are presented. These 
include the weak high-pressure afterglow in nitrogen in very 
small bulbs in which the nebular transition *7D->*S has 
been observed for the first time in the laboratory. The high 
relative intensity of the *P—+‘S line and the absence of 
first-positive bands are other important characteristics of 
this afterglow. The first observation of the transauroral 
line 1So>*P, of oxygen in a weak afterglow at medium 
pressures, accompanied by a strong emission of the Vegard- 
Kaplan bands and the green auroral line, is also included. 
The absence of the normally strong 6 bands of NO is an 


important and curious feature of this spectrum. The bear- 
ing of these spectra on the Cario-Kaplan theory of the 
Lewis-Rayleigh glow and on excitation processes in the 
earth’s upper atmosphere is briefly discussed. There are 
indications that the strong relative intensities of forbidden 
lines in these and upper atmosphere spectra arise from the 
dissociation of molecules into metastable atoms rather than 
in direct excitation of atoms. 


49. The Positron Spectra of N" and Na**. F. Opren- 
HEIMER AND E. P. Tomuinson, California Institute of 
Technology.—A semi-circular focusing spectrograph of high 
resolution was used to examine the positron spectra and 
the gamma-rays of N" and Na*. The gamma-rays were 
examined by placing the source in contact with a one-half 
mil Pb foil. The positron distribution of Na* has an upper 
limit of 0.55 Mev. The peak of the distribution is rather 
broad, suggesting a complex spectrum. However no low 
energy gamma-rays, corresponding to different components 
of the spectrum, were found. Only one gamma-ray at 1.3 
Mev was found for Na*. By comparing the intensity of this 
gamma-ray with that of the annihilation radiation it is 
found that there are 1.1.1, 1.3 Mev quanta per positron. 
The N* positron spectrum is distinctly resolved into two 
components, the two peaks being at about 0.370 and 0.540 
Mev. This complexity has already been reported by E. 
Lyman.! The peak of the lower energy component is very 
broad, suggesting that there may be other unresolved com- 
ponents of the spectrum. The gamma-ray, reported by 
Richardson,? at about 280 kev has been examined. It ap- 
pears as a broad group of photoelectrons rather than as a 
sharp line such as is produced by the N" annihilation radia- 
tion. The 250-kev radiation must be produced by two or 
more gamma-rays. 


1E. M. Lyman, Bull. Am. Phys. Soc. 14, 2, 19 (1939). 
2 J. R. Richardson, Phys. Rev. 55, 609 (1939). 


50. The Second Townsend Ionization Coefficient for 
Nickel Cathodes in Pure Hydrogen. DonaLp H. HALe, 
University of California.—Measurements of the Townsend 
ionization coefficients in pure hydrogen for platinum and 
NaH cathodes have been reported.' An improved ionization 
chamber has been designed and the Townsend y¥ coefficient 
determined for a nickel cathode in pure hydrogen. It is 
found that the curve of values of a/p plotted as a function 
of X/p shows a negative slope in the range of values of 
X/p from 1000 to 1400 after which it again rises. The 
curve of values of y plotted as a function of X/p shows the 
same general characteristics as the curve for the platinum 
cathode. However, the increase in the value of y at the 
higher values of X/p is less rapid for the nickel cathode. A 
sparking potential curve has been calculated using the 
values of y found in this work and is in agreement with the 
curves found experimentally except at values of pé near 
the minimum sparking potential. 

1 Donald H. Hale, Phys. Rev. 55, 815 (1939). 


51. Gamma-Radiation from Fluorine plus Protons. C. C. 
LAURITSEN, W. A. FOWLER AND T. LAuRITSEN, California 
Institute of Technology.—An investigation has been made 
of the gamma-radiation from fluorine bombarded with 
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protons at 330 kv and 950 kv, with a pressure Van de 
Graaff generator. Analysis of 38 pairs in cloud-chamber 
photographs at 330 kv gives a mean energy of 6.2+0.2 
Mev for the radiation, in agreement with earlier measure- 
ments, while the mean of 122 pairs obtained at the higher 
voltage, covering all resonances up to 1 Mev, is 6.3+0.1 
Mev. This result, which is in essential agreement with 
the work of Dee, Curran and Strothers,' indicates that the 
radiation is due to an excited state in O'* which is reached 
by the ejection of a short range alpha-particle from Ne,’ 
and that the various resonances represent similar states of 
the Ne” nucleus. 

Five pairs, corresponding to a gamma-ray of energy 
10.5 Mev, were found at the higher bombarding voltage, but 
it is not certain whether they can be due to contamination 
or whether they arise from one of the intermediate reso- 
nances at 479 or 660 kv. 


1 Dee, Curran and Strothers, Nature 143, 759 (1939). 
2? McLean, Becker, Fowler and Lauritsen, Phys. Rev. 55, 796 (1939). 


52. Infra-Red Pleochroism and Fermi Resonance Asso- 
ciated with CH, Groups in Crystals. JosepH W. ELLis 
AND JEAN Batu, University of California at Los Angeles.— 
The near infra-red absorption spectra of two dissimilar 
organic crystals, pentaerythritol, C(CH:OH),, and diketo- 
piperazine, (CH;2.NHCO)>, have been obtained with plane 
polarized waves. Both crystals display marked pleochroism. 
Of particular interest is the region 1.74 associated with 
the vibrations of the methylene groups, CH». Both spectra 
show a strong band at 1.7034 when the electric vector E 
parallels the bisector of the HCH angle. This practically 
disappears when E is perpendicular to this symmetry axis. 
We identify it as 2v,, the first overtone of the symmetrical 
valence vibration. Pentaerythritol gives a double band at 
1.735, 1.7634 with components of equal intensities. These 
are excited by E in either its parallel or perpendicular posi- 
tions but more efficiently in the latter instance. We inter- 
pret these as [2»,, 45,], the first and third overtones, 
respectively, of asymmetrical valence and deformation 
vibrations. Fermi resonance must occur and equality in 
intensities indicates perfect superposition of the two fre- 
quencies. Diketopiperazine shows bands at 1.745, 1.754u, 
the former strong when E is perpendicular to the symmetry 
axis and the latter strong when these are parallel. Our inter- 
pretation is similar to that for the 1.735, 1.7634 pentaery- 
thritol bands, with the exception that Fermi resonance 
must be greatly reduced owing to a less exact superposition 
of 2y, and 4é,. 


53. Resonance in the Production of Short Range Alpha- 
Particles from F*+H'. W. B. MCLEAN AND R. A. BECKER, 
California Institute of Technology.—Resonance in the pro- 
duction of the short range alpha-particles from F'+H! 
recently reported from this laboratory' has been shown to 
coincide with the gamma-ray resonance at 330 kv * within 
+§ kv. Cloud chamber determinations of yield curves re- 
quiring extended periods of observation are found to be 
feasible if the alpha-particle yields are measured as a 
function of the range of the scattered protons appearing on 
individual photographs. Relative voltage measurements 
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were made with an inexpensive resistance voltmeter consist- 
ing of a circulating solution of xylol and alcohol. Variations 
in the specific resistance of the solution were compensated 
for by applying a known potential of the order of 3000 volts 
across a short section of the resistance column and balancing 
out the current in the column due to the high potential. 


1 McLean, Becker, Fowler and Lauritsen, Phys. Rev. 55, a (1939). 
? Hafstad, Heydenberg and Tuve, Phys. Rev. 50, 504 (19 


54. Photoconductivity of Tartaric Acid Crystals. James 
J. Brapy AND Joun D. Topp, Oregon State College.— 
Recent work' has shown that tartaric acid crystals, when 
illuminated, produce an electrical current without the aid 
of an external source of e.m.f. In the present work, we 
have investigated the effect of applying an external e.m.f. 
on the crystal. The dark current depends on the time the 
potential difference has been applied across the crystal. 
With 100 volts across the crystal for 24 hours, the dark 
current drops to less than one hundredth of its original 
value. The final value of the dark current depends on the 
magnitude of the potential difference. The application of 
voltages up to 300 has no measurable effect on the actino- 
electric current for illumination with light in the visible 
part of the spectrum. The investigation was carried out at 
room temperature. 


1J. J. Brady and W. H. Moore, Phys. Rev. 55, 308 (1939). 


55. Proton Activation of «Cd and »In. S. W. Barnes, 
University of Rochester—Indium activated by 7.2 Mev 
proton exhibits two activities, one due to In'"** and one 
due to Sn"’. The other two activities previously reported! 
have been shown to be due to impurities. Sn" has a half-life 
of about 100 days and decays by K electron capture, emit- 
ting In K x-rays. An active In of 105 minutes’ half-life with 
a y-ray of 0.39 Mev has been chemically separated from 
an aged Sn" sample. An exactly similar In has been formed 
by proton bombardment of Cd, which suggests the assign- 
ment of this activity to In"**, The absence of Cd K x-rays 
indicates that In"** decays to In' with the emission of the 
0.39 y-ray. In addition Cd shows the expected In isotopes 
In" 20m e*, In'* 48d e~ and In'""* 54m e~. A positron emitter 
of 65 minutes’ half-life with a maximum positron energy 
of 1.6+0.3 Mev is found and tentatively assigned to In''®. 
Activities of 72s e~ and 2.7d e~ with y's of 170 and 245 kev 
are ascribed to isomeric states of In". 

1s. W. Barnes, Phys. Rev. 55, 241 (1939). 


56. Production of Secondary Electrons by High Energy 
Electrons. W. A. FOWLER AND C. W. SHEPPARD, California 
Institute of Technology.—In nearly two thousand traversals 
of a 0.033-cm lead foil by high energy electrons and posi- 
trons (W~10 Mev), we have observed the production of six 
secondary electrons with energy greater than 1 Mev. The 
cross section is thus ~5 X 10~* cm* and is of the order of 
the theoretical cross section o~2a7¢Z/W,~10™™ cm? 
where W, (<K<W) is the minimum observed secondary 
energy. Energy was approximately conserved in all cases 
but conservation of momentum apparently did not hold in 
several cases due probably to scattering in the lead foil. 
No authentic cases of pair production were observed, in 
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agreement with the small cross section (107%5) for this 
process. 


57. Experimental Studies of Energy Releases in Re- 
actions of Light Nuclei. Samuet K. ALLISON, LESTER S. 
SKAGGS, AND NicHoLAs M. Situ, Jr., University of 
Chicago.—The study of the energy spectra of particles 
emitted from beryllium under proton bombardment has 
been continued, with the electrostatic analyzer previously 
described. Energy spectra have been obtained at proton 
energies or 262, 315, and 351 kv, and show quantitatively 
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the conservation of energy and momentum in the two 
modes of disintegration. Approximately equal numbers of ~ 
alpha-particles and deuterons are produced. The determina- 
tion of the energy releases in the reactions Li’(p,@)@ and 
Li®(d,a)a has been repeated by the range method in an 
absorption cell in which the only absorbing medium other 
than air is cellophane of 5mm stopping power. Thin 
targets were used, heated to prevent carbon deposition, 
and the ranges were compared with those of the 8.5-cm 
particles from ThC’. Preliminary results are 17.31 Mev 
for the Li’ reaction and 22.24 Mev for the Li® reaction. 
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